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5% L We introduce a mathematical method for predicting micro hydrodynamical behavior of one bio
molecules at very narrow space that has been proposed by Ganatos (1982 ). One solution was an
infinite series in spherical co-ordinates which have planar symmetry about the plane y=0 which is
perpendicular  to the longitudinal axis of the cylinder coordinate. This solution vanishes as 1
approaches to infinite. Another solution was a double Fourier integral in rectangular co-
ordinates which produce finite velocities in the flow filed. The basic form of them were composed
of Legendre spherical function, modified Bessel functions. The coefficients of these solutions were
set to satisfy the no-slip boundary conditions on both infinite confining walls simultaneously for an
arbitrary disturbance representing a sphere of unspecified size position d velocity.  The present
method will be available for predicting bio molecular particle at narrow  biological space.
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1. Introduction. +C, c'(rr 7o-b.c )] 8,y e

Following our previous paper ( IEICE. Tech. rep NC 2000-1, p1-p7 A kG,

cr K ,~b,c K K
), we introduce micro hydrodynamical approach for creeping motion of 2( f f' 7] 7 ) g‘( ,7)tiyd
a bio molecular particle that travels between the narrow space /2
bounded by two planar cellular surfaces. The original one was * ZB’J « G" 0’77 B, /c,y,ab,c)'g, (K,}')d}/dK
proposed by Ganatos ( J.F.M. vol 99. pp 755-783. 1980.) The present
article gives detailed explanation for driving Vw component. ZC f f K G, 0 ﬂ) ,}',-—b C ,(K‘,}')dydir
Dia, B,2) = [ 4* 1+E ) e o gwrnas| o while G, (0,77) is given by (2, 18)
P P 2\T>7] »
o e e . ~ H
. [B* (1—0‘;2\) +B**a—ﬂz—B***az] e (2.90) A4,.B,.C, are givenby (4, Ag) ence
X K the integration about y can be determined.
Dya, B8, 2) = {—A*%ﬁHA** (1+%2z) +A***ﬂz] e Since  F, (K,y,—«b,c,n,m) in Al to A9 are determined by
N {B*a—’»{‘[—,’z—%B** (1 __Z;’sz) + B***ﬂZl e, (2.95) (2, 14), the nuclear I'unction(of the integrand is
K ~b,c,n,m X dx
Dy(a, B,2) = [A*az— A**fa+ A***(1 — kz)] e ﬁf ¥ ) & 7 Hr
. . 12 .
B*az — B** BRxx(f 4 -x2 (2.9 _ - R _ R
we substitute (2,17,a,b;c) Bz frt (1 xz)]e (2.9¢) ﬁ j: }:S",,.g K b:C) K, 4 (K', b,C) gt(x,y)d}’d’f
oo a2 L
V,= lj; A x-D, (K,}',z)gl (K‘,}')d}' ~dx % from c—25, the series part can be expressed
4o /Z b)’ Bn,m,'.l(zi =‘—b,C)
+Jj‘;j: K'_DZ(K,}',Z)gZ(K,)')d}/'dK !

o {2
.o =[ B, \x X, dx
skf [y (e,7,2)g5 e My -dn o Br e

For this, we substitute the terms in (2,17,a,b,c) by 0] Integration of eachterm of V.
N [
Converting (a, B ) - (K y)

The terms are related to £ and (2, 23)V = fu + }’v+l€w

1] Expansion of ¥, ) ) Hence, it leads to the form of (2, 24c¢)
g (ic,7) = cos(xx cosy ) cos{iy sin ) - . (o)

» _ pm D dsd
gz(x»}')=sin(xx¢osr)'sin(’<ysin 7) Rl Bz ) f fo (8”+ﬂ2+22>’ﬁ("“’ Pires 2)*) sinas cosfidsdt
g3(l( 7)=sin(xxcosy) ~cos(kysiny) = —a[z |= }J Spimelzs) (el P Ko s(x]2]), (2.14d)

IS \ 1 2/m)t o
VnF‘[[j; , X Gs(ﬂ) D (K 7»"”) 31(":7)'17‘1" S'n,,.q( 2) = sz,———.(;f”/‘;%—m—)lf (2.15)
_fwf'/z,{ 'G O')'Dl (K,)’,C)' & (K,y)d}'dl(‘ and X, is the modified Bessel function of the second kind of order v. Application of

these results to (2.12) gives

+ J{' ﬂ KG co§y D(K y,—b)—cosy~siny-Dz(tf,y,—b)]-g,(x,y)d;dr(
- G(n0)lcod v+ D\(ic,,c)~cosy siny - Dy, v} gy e » o
L;I: Z 6770')[0 Y \( Y ) | Y z( )] 1( ) Do pim - % [An&{:*(m,ﬂ,zi)+B"£:*(“;ﬂyzi)+Cng;¥l*(a’ﬁ’zi)]’ @‘(22:),
+[r [ Glovm)-cosy Dyl y,~b)- g,y Mrdx =

Dy 20 = 3 [An 57 o) + Bu Mo f,2) + G870 o)
o 2
s "‘Gl(”’o)“"”'Df*(’“’”“)g*("’y)dﬂ"” Dy f,2) = Gl) Do, . —b) = Gs() D, )

Dyle, fr2;) = %l [4, 2%, B,2;) + Bo Bk, £,2) +Co 3l B 2))

+IH£J: -x)- cosy siny - D, (k,7,-b )+co§y-Dz(K,7,—b)] +Gy(0,7) 5 [2Dy(e, , —b) = ADsfe B, ~ D))
(2.17a)
T G, o) SlaDy(e, f,¢) - BDy(et, £,0)]
+[ (" rGlno) '[Cos"sim"Q(K,Y,C)+c0§rDz(K,}',C)]‘gz(K,r)d;dx Gl ) lelulen )= e P
g —b) - 2 Dy, 8.0,
fwf/zK'G 57 ' (" Yé*b)'gz(’f,}’)d}’d’( +6i(0, ) Dol fo ab) Gy(1,0)  Dalets £:0)
[ [ Gyl o) Dy (eyoc) &2,y v i i
- , )
/} a
. . . +Gs(77,cr)g§[Dl(a,ﬂ,c)-,\-ﬁDz(a,ﬂ,C)]
-f ﬁ"/ xG‘(a,n) siny D;(K,y,—é) g,y vix o) ]K)em 8, )= G, @) Dyl o)
» 2
+j; J;r K 'Gl (n,o)siny ‘DJ(KrY:C)gZ(Kyy)i}/dK]] - Gyfo, 7] ’B Dyla, B, —=0)  +Gy(7, ”)gDs(“;ﬂ;ﬁ): (2.17b)
» _p_f _
+/3[U j:IZK'Gz(G,n)'[COSr'Dl(/f,7,—b)~sin7'Dz(K,y,-b)1§3(K,y)deK (@ f,2) = Gl 7”[ s B =0) = Dol B, ”)]
/?
- —=Dy(a, B, 0)
—ff x G, (o cosy D(K,}’, ) —siny-D, (;c,y,c)]-g,(:r,y)i}d/c Gal1.2) { 0 a’“]
+Gy(0, ) Dyla, B, =)
[ [ Gulon)-Dy(,r.b) alear 0,0, 0) Dafes ,0), (217
where
_j;j: 1:'-G4 77,0 . 3(K',y,c)g3(l(',}’)i}’dl(:” @ 2(‘“ ) = 17/“’[ mluh/z smThTsmhq/@z ) , (2.18a)
' ' sinh7sinh v %@ _iin_h'_’
where D, (K',}’,—b) Dy,s (IC,)’,C) are given by Gﬁr“”’ V)= 47{" \:COSh/L_T—V—} i”[ % 3 COShV]}/sa’ (2.18D)
equation (2, 16). As o Gylpe) = (—2sinh u)/8;, (2.18¢)
J : sinb7[sinhg  sinh
J; J:/ZK Gn (U’n).Dm (K,y,—-b,c)'g,(x‘,y)dydx Gylu,v) = 8% {ﬂy[i@;—[fwﬁ%l COShV]
° o inh inh
=j(; J:IZK G, (0,77)'2[/1.. 'A;(K:79_b’c)+Bn ‘B, (K’Vr"brc) "‘V[SmT TCOSh/”*SHL v}}/é‘lsw (2.184)
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] T
iy , @F,(a f,e,n-12
Gé(n,ﬁ)[f f/2k[— cos’y -Dl(kyc)+cosy-smy'Dz(kyc)}l(kyc)dydk e /[(L::-Z/] )
2
o -/ (k) Tk
+ Pikfosy siny - DyGkre) + cos'y -ka;c)]gz(k;c)dydkﬂ ZAd DI SR
® % (n-t
=GO [k Dykrerfoos” 8,41 cosy siny -5, ) e | g Ly o
nt2g IR 74
+ [ ok Dy fost g, ) + cosy -siny -g«kw)}z}dk] B
. [(" / (k )" ~q-52+l/
From equation (2. 16) =%-c Z S,,lzq ¢ . ~K“q7
V3
D, (kye) =2E4n - A (kye) + B, - B, (kyc) + C, - Ch(kye) + |
- . [‘""/ ] oy A ,
D, (eye) = E[}; A (kye) + B, - BY (kye) + C, - C2F (kye) +] 2 5,0, & o kicos" VK,
=G (@,6) e
ﬂ: % from the definition of c-5
E A, [f f/zk <A, (kyc){- cos? y - g, (kyc) +cosy -siny - g, (kyc)}iydk {(M/]
5 o i B" _ s kY™ l~q+l—}/K
“f fék'Af(kw)@szy -8, Ukye) + cosy -siny - g, (kye) Ylydk et ™ 2y Srana) ik
. 5 . s - h putting -3/2=-1+[-1/2 ~3%/2=-1-j-1/2 l=0j=1
+23n{f j/k'Bn(kyc){-cos y~g1(k76)+cosr~Smy~g2(kw)}fydk putting  ~1/2=1-3/2 ~7/2=-1-j-1/2 l=1j=2

+fmj%k‘3:(k7’c)'§052y‘gz(k}'c)+cosy-siny-gl(kyc)}z’ydk> =7y. [ e 121/ "'1“/005 }’]

+zcn[fnf/zkc;(kyc){-coszy'gl(kyc)+cosy-siny~g2(kyc)}iydk _/ [B_,z“,—cos v B'”m/k

By the  similar procedure, we have

o f [AkC e fos? v - g, (kye) + cosy -siny - g,Geye) Myt Fy(pcn12)= /26 B, 100 502 1B, 1051 1
* ' E(a,B,c,n~12)- B(B,a,c,n—1,2) = 22 -c[k|sin®y - cos’y | B,
n-1,221
®~— a : Integrationfor the terms timed by g,(kyc)
s here, inter changing cand  z,
f J’ﬁ[{i;(—cosz y)+ A, cosy -sin y}, (kyc)dydk R R
e =7m/2-2}(1-2cos ¥) B, 1201 /K’i
- Q%’) ﬁ[@'@n—l)'ﬂ(a,ﬁ,cm,l)
=D [y Bren-12) - Fy(B.aen-12)] ®F, (@, f.c,n-10)
-n(n+1)(n~2)-F (a, B,c,n ~1,0) ¥~ cos? y) [w-n/z] e
- =/ .c. nel-g-}
+%l-(2n~1)F (a,ﬁ,c,n,l)+(n—2)~F,(a,ﬂ,c,n—1,2)}cosy~siny_] A ¢ Z w109 (KC) K "
- gy (kye)dyek 4 ey
A 2 - lO,q( c) g%
(+/ )f K- an- )-F,(a B.c,m1) 2
4= ?‘A.[Fz (@ B.¢.n~12) - Fy(B,a.c,n~12)] # from the deﬁmti{:m]
~n(n+1)n-2)-F(a,B.c,n- 1,0)}1— cos’ y)- g, (kyc)dydk B, yea= z S-10.4k¢ yrt %ok K . i,
+%z)mj{%[{r@"-D-F;(a,ﬂ,c,n,l) —1/2=-1+z—1/2 =3/2=-1-j-12 1=1 j=0

~(n-2)Fy(a, B,e,n~12) fhosy -siny - g, (kyc)dylk =2 Brsoui [k

A
FZ (C(, ﬁ’ c,n,l) = % ’ 03 \';Sm‘q (kc)"‘g'% ) Kn-q‘%

As a result
.The 1* integ = (4/]:2 )‘uflz [K . {1 -Qn-1)-xf2-2} l}?,,v“‘o -c0s’ 9B, 1., ]'k

+(n-2)/2[w/2-2 k-1~ 2c08? 1) B, 15, )
=n(n+ 1) =2)/2-7/2- B, , 00, [k fJpos? .yl

V] neg =+ =4/x? il n-(2n 1) 22 ~cos?
=%'C {2) nlq(kc) /.Kn_q-% (4/ )”/?‘fj” [[ (2n-1)-2/ (B, ~cos ¥B,12a)

A n-g-% 2
—;Sn',lq(kc) ctea -KW_%

@

= +(”“2)/2’z,‘2 '(I‘ZCOSZY)'Bn_l,z,z,I
7, n-, -—5 N — -— . 2
i mS,,,x,,, (k)5  icosiye KL n(n+1)(n = 2)/2-B, 50, Jpos yjﬁydk
SZ k E ' . "-q—A o F} ((1, ﬂ’ < }’l,l) = ”/2 a ﬁ e [}‘ Sn,l‘q (kc)n_q_S/z :

Heg=5/2
¥ from the definition of c-5
n/2]
1 =7/2-k*cosy -siny -c* 'S | (ke)'-1-923 3
Bunss =3 Suns b K / Py S (YT K g
g= - 2]
o _ o = 7/2-¢* cosy -siny 3 S, <kc>""""’/k1<n_
putting : +1/2=1[-1/2 -3/2=~j~1/2 Sl=04=1 % from the def. qZ 9 9-5/2
putting :1/2=1-1/2 -5/2=-j-1/2 Sl=1j=2 [§]
S (kc)n qel - IZK- -
A A ¢?|B, 150 —cos® 1B, B, 1 1 n-g-j-12
fy z[ 1,1/ 121 COS )'] % [ 11,0 12,% o nlq g~
1/2=l—1/2 -5/2=-j-1/2 SA=1j=2

Setting c= gz, =%'2,’"_ Egn,m.o —cos an“J/-L/

. =m/2-cosy siny-c*-B, ., [k

,4‘11_
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[(nl)ﬂ]
@ Bapen-i)=alrapc 35, (k)™ K,

2 . i("-\m] no-g-7j243 /1.3
=m/2-k -cosy‘smy-c 2 129 (kc)y" /k A
&

% from the definition of ¢-5

[(n-1)2}
r-l-gel-§2
n-12,j,0 Z - ng(k‘) K, gz

~1/2=-1+1-1/2 -12=-1-j-Y d=1j=2

=mf2cosy siny -c*/k B, 1,

Therefore, the second integral is

= (—4/:7:2)flfﬂk{7~(2n ~Ds/2-cosy -siny -¢*- B, ,, -1/k
+(n-2)-75/2-cosy -siny -c*fk-B, 1, }cosy -siny - g, (hyc)dydk

X  inter changing ¢ and z;

) [ - @r-DB, 1y + (1-2) B0}
cos’y -sin’ y - g, (kye)dydh

Adding this to the first integral
- (2/n)fmfn[[n'(2n ~Dz{B, 10 ~cos’y *B,,,, ~sin’y B, ;]

+(n-2)[2-2 'Bn-u.z,x[l_ 2cos?y - 2sin® y]

(4 1)1 =22 B, g, ]|co5 18, drik
= @) [V @ DBy - B - =227 B

—n(n+1)(n-2)[2'B, 14, 1]]cosly -8, dvdk
Since the integration

[P cost gk =z/21/ (0 0*)- [P, £ xS, (ko)
w21 o2 [ Iy + (7 - x?) -, ) |

the terms  of coefficient of 4, that are timedby g,(kyc)
- j:[-n c@n=1)-22 -Boizo - Busas)

+(n-2)/2- ziz B v D(n-2)/2- Bn-l,O,D,l] Bl/PZ dy
= +[12 (Zi)

®—6:

1 Integration for
fwf P k[ cosysing g, (kye) + A7 cos™ g, (kye) Yyalk

= Cafz ) Al @m-D-Fye poenD)
+(n-2)/2-[Fy (@ B.e,n-12) - F(B,a,e,n - 12)]
—n-(n+1)(n-2)/2 F(a, B.c,n~ 1,0)} cosy -siny
+{p-@n=1)Fy(a, B.enl) + (1 -2F (e, f,e,n - 12)]]
cos” ¥ &, (kye)dyelk

@ Fya, B,e,nl)

8:(k,y,0)

2] A2} ]
=n/2-c”~{§Sn,xq<kc>""'"“~Kn,7.n = DSy A P K, =

9-0 q=0

ni2} A2)
e {:E Sn;l.q (kC) R ‘3Ik K }'312 *(2 n Lq(kc) - -32*5//{5 * - cos® 14 ‘K,r_,,_yz !
° 2-0

q=

% from the definition of ¢-5

bl negel-2
Bn,l._/;l = ZSn,l‘q (kc) ! K*Hi—/-lll
&

3/2=1-1)2
5.,2=1-1/2

~32=-j-1)2
—5/2==j-1f2

=mf2- [Bn.l‘l‘l - cos? Btz ],ks

putting sl=2 =1

putting s l=3j=2

and Conmuni cati on Engi neers

@ F(a,B,c,n-12)

(n-1)/2] "
~wf2ect [ ZSH 12 ()T K g
[n-1)2}
- 2 S 1zq<kc)" e ¢ Kn—l-q—ﬁ/l]
§=
{tn-1y/2)
= /2 2 a2, (ke)” - 5/2']/1‘3 no~ge32
=
{tn-1/2]
- 2 ang (RO T I kP cos’y K, _M,Z]
& J
ey n-l-gsl-)/2
B2 = an-&lq(kc) Kigeian
putting Y2=-1+/-1Y2 -5/2=-1-j-Y2 ~I1=2j=1
putting 3/2:1—3/2 -7/2:-—]—3/2 =3 j=1

=mf2- E?m‘z,x,z /k3 ~k? cos? V/ks : Bn-—l.2.2,3:

By the similar procedure, we have

F,(B,a,c,n-12) = w2 l/k3 [Bn—l.Z,l,Z ~sin® YB,1223 ]

G@® Fi(a, B,c,n-10)

[tn-1y72] g
"”/2 c ZS 40:;(/“:)" o n\q\/l

[tn-1)2]
_,g/z 1fe?- ZS_mq(kc) TR,

(o] Legsl-)2
Bn—l,O,j.l = an l(}q(kc) - K,. —g-j-y2

32=-141-12 ~3[2=-1=j-Y2 ~I=3j-0
=af2-1c? 'Bn.x.o.w/k3 =2 '1/‘7"‘2 ‘Bn-x,o,o.z/kl
@ ry(a,B.en LD
5 [”/Z] n. 5/2
=nf2-a-f-c ~2S,,.l.q(kc) Rl S
&
(2]
=/2-k% - cosysiny 2&'” (kc)"""s/z’s/kS K,
g= B
bzl negel-y2
Bn.l,/’,l = an,l‘q (ke)y™o+™ Kn—q—J-I/Z
&
Sf2=1-12 -5[2=-j-12 ~l=3j=2

=n/2-cosysiny "B ias /¥

©@ Flapen-12)
[(n 1)/2] . 5/2
"7‘7/2 a-B- ¢ Z‘Sn 12:;(kc)"~ - n‘1<q 52
&

b
+cosy siny
&
[(" 11/2] A-g+l-}2
Z n-12,4 (kc) o K
&

Y2--140-12 -7/2=

2]
=xf2 -k Spazg (keymaTas /ks Kn—l]-7/2

By = nelog-j-y2

“l-j-Y2 . 1=3j=2

=m/2-cosysiny/k* B, ,,,

Associating these

Gl Y [Tl @n 0wz [Bruge ~ 008ty By [

+(n-2)/2 Er/Z 1/E* (1 -2 cos? y)] B, 1223

~n(n+ D@ ~2)/2-7/2-Y 2} B, 1005/ * }cosy -siny
+4{1-(2n-1)-7/2-cosy siny - B, ,, /&
+(n—2)-m/2-cosy -siny [k - B,1223 }cos2 y]] g, (kyc)dydk
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= (.- 4/ )Z/nfmflz 1/ ~|H1~(2n ~1)+B,,,, cosysiny
+n@2n- 1){- cos®y -cosysiny +cosysiny -cos’ y } B3
+(n=-2)/2 {1 ~2c0s? y)-cosysiny + 2cosysiny -cos’ )/}B,,_IY“'J
(M D) =2)[2-1/ 22 B, 405 -cosysiny || g, (eye)dyedk

« zf2

~=2fn TR Jr-@n-1-B,,,, - cosysiny
+(n=2)/2-cosysiny B, ;.3
—n(n + 1)1 = 2)/21/22 B, 05 -COSy siny [y, (kyc)dydk

=4 Z/n:fefr/zl/k2 -[[— n-(2n-1-B,,, ~(n=2)/2"B, 1425
+n(m+ DM -2)/(2-27) B, 1005 ]}:os ysiny - g, (kyc)dydk

% J:'/lcosy sin 1z, (kye)dydk = ~/2 - kxp (k2 o) (k p) = 2T, [k p§

- [/ p* Wotkp) =2, (k) (k) }

[‘ n-(2n-1) 'Bn,l,l.z —(n- 2)/2 B,y ans tH(+ Dn-2)B, 003 /(Zziz)_‘
=x'y-B2- [— n-(2n-1)-B,,,, - (n- 2)/2 'Bn-l’2,2,3

+n(n+1)(n-2)B, 1003 /(ZZ.z )]

Coefficients of EB,,

®—b-1 B isgivenby A, and B, isgivenby 4,

[ kBl hrex(-c0s* y - g, ey
ff "k B} (kye)cosy siny - g, (ke)dd

~(4f2) e fy2 Rl ren +12) - F(nken12)]

n(n+D/2-F (k,y,0,n +10)f~cos’ y - ,(Fe))
+ k(= Fy(k,y,c,n+1,2) - cosy -siny - g, (kye) ) [Hyelk

[tre/2]

1] Filk,y,c,n+1,0) = ”/2 Ce Z Snol,(Lq () (kc)qufl/z Kn+l—q-l/2 (ke)
=

{412}
RCAINHORCO K, k) [k
[(n+1)2] i
anﬂ'oq(c)(kc)M o K orgejopy k) =By,
&
SY240=3/2 Y2=1-j-Y2 l=1j=0
S R(kY,cn+1,0)=7/2 'Bm],o;o,)/k
(n+Df2)

A Blren L) = a2ty )8y ) 60K, k)
q=0

sy} er 22 1
- Siizq (k) cos }'cKm_q_ﬂ(_k,t)}
g=0
. finny2]
=7/2 -c? Zsmm.q (kc)”qu/m/k AKmlaq—3/2
&
fnsty/2] 1 cos 16 (ke [k - K )
- ZSn,l,z,q(c) cos” e’ (ke) nalag-5/2
£
f(ne)/2] reagi2
=.rr/2~cz ZSMI'Z";U{C)M ASARY N —q-l/Z/k
&
2]

S pan2.q () (k)" B C IS8 SR & coszy}

[(n1)/2] ) ’
anu,z,q (C)(kc)"d_wlvvz 'Kn+1—q~;'4/2 = Bml,l,k,l
& N
putting  1/2=/+1/2 “Y2=1Y2~j o1=0j=1
putting 3/2=1+1/2 =3/2=12-j ol=1 j=2

=2 c? [Bm‘z‘l,o - cos’ Y .Bnu,ll,l}k
By the similar procedure, we have
Fy(y,k,c,n+12) = /2~ c? [Bml,z.x,o ~sin®y B, 221 ]/k

[tnatyr2]

3] Fy(ky,c,n+12) =mf2-k* -cosy -siny ZSMM (ke)-a32 . o*
= M Km-l—q-S/Z(kc)
[ine1)/2]

=7/2-k* -cosy -siny ¢’ ZS"“'Z"’ ey PR K
&

{t=40)/2]
ZS/m,z,q (kc)mqi»ld/l Ky gy =Banag
&
3Y2=l4l2 -3[2=—j+lf2  nl=1 j=2

=7[2-cosy -siny-c*[k B, 10
Hence
@-b-1
o 72
=(- 4/”2)f f [[% : (‘ 1/2)' ”/2 : Cz/k : [Bnu,z,x,o - cos’ 7B, 021
=Bzt sin® ¥ Bunaas
+ - (n e 1)/275/2 By [k f-cos” y -, (kyc))
~kem/2-cosysiny c*[k B, ,,, rcosysiny - g (kyc)]]
s
= (-4fxyz/2f [
ﬂ: /- 2cos” )’)1/9:,1(.;,}3 «c?(~cos’y)—cos’ ysin®y-e” B0, }’1(1‘}‘5)
+n(n+ 1)/2371»1‘0,0,1 }"COSZ Y & (k}‘:))_]]
w 52
= (-4/z")xf2f [
[(C'OSZ y-1/2 +sin’y)-c? 'Bm,z.z,x(“cosz v - &1 (kye)
4101+ D/2B 100005 78, (kye) ]
s
~C4faraf2 12 f [P
E"ZBMI,Z,ZJ +(MrA+1 'Bm,w,o,l }032 y - g (ky)
= (~4[x*)mf2-1/2-H,

@-6-2

The components of g,(kyc) are

{7 kB hre) - cosy -sin g (kre) + B cos” 1 kye) drete

“ [ [ Gl M VLR e +12) - FaGhoen +12)]
+n(n+1)/2-F (k,y,c,n+ l,Oja}cosy ssiny
- Fy(k,y,c,n +1,2)cos y}z (k,y,c)dkdy

[tn0r2]
1] Fi(k,y,e,n+1,0) =m/2-¢- Z Sparog (C)(kc)"“qd/z K gya (k)
£

f(na1)2]
=mf2-1fc* ZSMM (@ Che)™ 2 [ Ko (k)
7=

[na1/2] ,
Bn+10,j,1= XSMN,., @hke)™ K o
=
72=1+1/2 Y2=—j+1/2  ~1=3 j=0

=m/2 'l/C2 ‘BMLO,O.'J/k3
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{n+13/2]
2] F(ky,c,n+1,2)=mf2¢* [ Z S iz () (kc)m -9~ K g k)
&

[(ns0)/2]
I e (kc)}
2

[(na1/2]
= ”/2 ° [ 2 S’l+l,2,q (C) (kc)"d-q“m*3 /k3 Kn»q-l/l (kc>
i=

{tnany/2]
- Z Sng (©) (kc)”—q_3/2+s/k5 “k* - cos? 7 Kugop (kc)}
& .
[tren)/2] 1z
Bn»l,z‘/,l = ZSnH,Zﬂ (e)(ke) o+ .Kn—q—-JM/Z
&
putting  1+3/2=1+1/2 -12=—j+}/2 . 1=2j=1
putting  7/2=/+1/2 ~32=-j+1/2 sl=3j=2
=mf2 Egmu,],z - cos® Bunzos ]k3
Hence,

~Y2[F,(k,y,e,n+12) = Fy (y,k,c,n +1,2) ]
=-1/2 [Bnﬂ,l,l,l =008 ¥ - Brans = Baugna #5077 Bruzas ]k3 -2
= -12(1-2c08* y)/K B, ,; 72

[ne1/2]
3] F(ky,c,n+12) =x/2-k* -cosy -siny -c* ZS"’”"’ ()
&

(he)™ K s (ke)

[e2]
=f2-k* -cosy siny - ZSM'“ (€)- Che)™ o [i? K, oo (k)
&

X
[tra1)/2]
Boags = ann.z,q (C)(kc)n—q»’dﬁ Kgio
&
T2=1+12 =3[2=-j+12 :l=3j=2

=m/2-cosy -siny 'E,,.;,z,z,z/]"3
As a result,

[f " afa?y k- Jcos y ~ YD B /2 4 n(n 4 Df2-f21]c
wcosysiny <B, o5 /k

+(=7/2-cosy siny B,.,, [k cos? y [, (hye)dsetk

= (=4/5™)-G/Df [0k gy hye)dylh

I[{cos2 y =1/2)-cosy -siny - cosy -sin Y}Bm.z.z,:
+n(n+1)/2-1/c? “B, 1003 *COSY *sin y]]

X
cos’y —1/2—cos?y = ~1/2
Y vfuf/z(l/kz)'gz(kyc) cosy - sin yedydk
[E/2 “Bigas —n(n+1) /2 '1/c2 : Bn+1.0,0,3]]
~x-y[2 B, [Bnn,z,z,s ~-n(n+ l)/(:2 Bn+l.0,0.3]
= Hls
®—c¢ : Coefficients of EC,,
@—c~—1 Integralfor (g,(kyc)

f fﬂk[[c; (kye) - (=cos® y) + C; (kye) -cosy -siny [, (kye)dyelk
from (4, A4s)
-f f’ *4fn?y W20, Gy y.0m2) - By e n,2))

+n(n+1)/2F,(k,y,c,m0) [-cos’ y)
+Fy(k,y,¢,n,2) - cosy -siny [k, (kyc)dydk

[/2]
11 Flitk,y,c,n0) =m/2-c- ZS"”" (©)ke)™ K,y (he)
&

2}
=2 an_w(c) (ke)™ V2 [ K (k)
&

and Conmuni cati on Engi neers

[wi2]
Bn,\)./,l () = 2 S,.,u,q (C)(kc)n_qu,x/z Krv-q—-;l/l
&

1/2=1-1/2 ~1/2=-j-1/2
:‘”/Z'Bn.o,o.l/k

d=1j=0

(/2]
2} Fy(k,y,e,n2) =mf2-¢? [25,,“ (c)(ke)™ -2 K,y lhe)
pa

f2]
- ZS"'“ (ke "k -cos’ y -c* K, s (kc)]
&

/2] ‘
mf2 [ S, (@ ) i K,y k)
L9
n/2]

=SS0, (€) (he) 23 I k% cos? y K ass2 (kc)]

4

[7/2]
B, 20(0) = 2Sn,2,q (C)(kc)"_q”-x/z . Kn—q—j—l/Z (kc)
&
putting  -1/2=7-1/2 —3/2=—j—-1/2 sd=0 j=1
putting  1/2=/-1/2 ~5/2=—j-Y2 =1 j=2

=m/2-¢? [Bn,z,x,o ~cos®y- B, 22 ]k

Hence p
V2[F,(k,7,6,n,2) - Fy (hye,n,2]
=mf2-c*[k E— cos’ y +sin? y):} B,aa1 12
=7/2-¢* [k (12 = cos* y)- B,

(/2]
31 Fy(k,y,n2) =n/2-k*-cosy -siny -c’ésm,q(kc)"-"-sﬂx
£

n-g-5j2

b2l
=m/2-k* -cosy -siny -c* 8, (ke)™ I 1P K

7=

[r2]
Bn,z,j,l = an,l,q (C)(kc)"_qd_m 'anq_,_vz(kc)
£

12 =1-1/2
=7f2-cosy siny-c*-B,,,, [k

n-g-5/2

~52=—j-l2 s j=2

Associating  these

(

—i}/i'!ji‘”ﬂ 'fmfzm:cz/k “(/2=cos’y)-B,,,, +n(n+1)/2 “B,o01 /k] (=cos’y)

+cosy-siny-c®-B,,, [k -cosy-sin y]l;l(k;c)d;dk

= aif4) s f2- " [ 2B, = nr + /2B, 00, Jeos?y - g, Gkpe)dyalk

~1/2 + cos® y+sin’y =1/2

‘f?l/zl:cz 'Bn.z.z.l —-n(n +1)Bn,0,0,1}Bl/pz
“Hs(l)

@-c—2: . Integration for g,(kit)
R o . . )
[ HC; k) -cosy -siny + C; (ye) - cos” y T (kye)dyd
(4,,45)
- f”’ f’ k- (afe Y2 F kyen.2) - Fy(y. b eon,2)}
+n(n+1)/2 -Fl(k,y,c,n,o)]- cosy -siny
+ Fy(ky.e,n2) cos® y b, Grye)dyek

[2]
11 Flik,y,c,n0) =xf2-c- 2 S,,}o‘q(kc)”""‘/zK"_q_Vz(kc)
Fe

[/2]
= mf21/c?- ZSW (he) V[ K, (Ke)
&
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2] i
Bn‘o.jJ(Z) = 5 Sn)o,q(c)(kc)n-q’ A S
20

sf2=1-12 -)2=-j-12
=wf2:1c* B, oo K

=3j=0

[/2]
2] Fy(k,y,e,n2) =mf2-¢* [ZS”"’ (e)ke)" K, _, 5 (kc)
&
[2)
- ZS"'M (hke)™ "k cos’y-c* K, g (kc)]
&
2]
=2 [Z S0, (@ hke) PP P K, o (Ke)
£

[n2]
N R (kc)]
2

[n/2]
Br2sa(@) = 3 Suag @) ™K oy
g .

putting 32=1-12  -3/2e-j-Y2 =2 j=1
putting 5/2=1-12  ~5/2=—j-l2  sl=3 j=2
=72 [Bn,z.l,l ~cos”y+ B, 22s ]lk;
Hence

V2[F, (k,y,e,n,2) = Fy(y,k,c,n,2) ]
=xf2-12- 1K E— cos” y +sin? y] B, 523

bl
3] Fy(k,y,c,m2) =mf2-k* -cosy -siny -¢* Z;S,,‘z.‘,(c)(l«:)"“"s/z Koy
9

[/2]
=m[2-cosy -siny -k’ 2.S',,,M(c)(/cc)"""sﬂ"s/k5 K,y
&

5/2=1-12
=m[2-cosy siny -1/k*-B, ,,,

-52==j-12 =3 j=2

Associating these, we have

wf2-4fm)f (T k2 YR (~cos’y wsin® y)- B,
+n(n+1)/2-1c* Ak’ B,,‘O'D_l:}:osy siny
rcosysing Yk B, .0 -cos’y b, (kye)dik

1/2(~cos’ y +sin® y)cosy -siny + cosy -siny -cos* y
=1/2(~cos’y +sin’ y +2cos® y)cosy -siny

=1/2(cos® y +sin® y)cosy -siny
Hence
=72 (“4/ﬂ2)fmfnﬁ/2 ‘B0 +0(n+1)/2 'l/‘:2 Bn,()‘OJ]
cosy -siny - g, (kye)dydk
=7[2-(~4[x?)-H ((c)
Appendix 1.
The An, Bnand Cn functions in(2.16)
Al(@Bz)= —iz{n(zn— DF (@ B.z,m) + 2(1-2)
n
X[I:Z(a’ﬂszi»"”lxz)-E(ﬂra:zl’n—l’z)] """" (A-1)

- %n(n +)(n-2)F(a,B,z,,n- 1,0)1

. 4 1
B pia) =l s g an 12~ FB.an12]

1 ~(A2)
+ —2—n(n +DF (a,B,z,n+ 1,0)}
. 4 r1 »
Hepia) =~ (5B B.an2) - B(p.ozun2)]
................. (A-3)

» 2l +1)F,(a.ﬁ,z,,n.0)}

Al(a,B,2,) = —%[n@n ~DF (e, B, zn,1) + (- 2)F, (e, B, 2,1~ 1,2) }--(A-4)

. 4

B, (a.8,z) = ;;—7: E(a,B.z,n+1,2), e (A-5)
. 4

Cn (a’ﬂ,zi) = _7;2- F;(a’ﬁ,zhn’z); ........................ (A-6)

AT (@ B,2) = =121 =12,y (@, B, 20 - (1 +Dln = DF, s B,7,m-1D)]

B (&, B,2,) = —4—2-nF4 (@ B,z n+1]), e A-8)
k4
. 4
C,'(a,B.2,) = ;;F_‘(a, Bzoml). e (A-9)
The inner set of integrals required by (2,22). u= ¢ (a*a+b*b),
J0 and J1 are Bessel function of the first and the second kind.
1
7" cos(acosy)cos(bsiny)dy = %Jo ), @D

bZ

lx ~a
IS cos? y cos(acosy ) cos(bsiny)d y = 2—”; [a’.lo @)+ ” a (u)], B2
u

1
jj cosy siny sin{acosy)sin(dsiny)dy = -%-3—?[./0@) —%Jl(u)], ®B3)

1y : .
J: cosy sin(acosy)cos(bsiny)dy = %% Jy (). ®B49
The primed An’, Bn’'and Cn’ contained in (2-24)

A, = [T{GmH(-b) - G0 H (e)+ G0, mHy(~b)~ Gn,0) (<)

G0, Hy(-b) -G, 0) B9}k (C1a)

B, = [0, H (=)~ Gy(0)H (€)+ Gy(o,)H (-8) - Gy, 0)H, (e)
+Gy(o,mH(-8)~G(n.0)H(c)dx  C1b)

Cln = J: {;s ONH(-b) -G, (0)H,(c)+ Gs (o, m)H(-b) - G4(n,0)H ()
+ Gy (o, mH, (-b)~ G, (n,0)H, ()dx . (Clo) ’

AL = [ B (0 H o(-5)~ G, (1,0)H ()
+Gy(0,m)H 3(~8) = G, (1,00, (e)
+G,(o,mH  (-0) -G, (n,0)H,,
B] = [ s(0,m)H 5 (~0) ~ G, (n,0)H 5(c)
+Gy(0,m)H 5 (-5) - G, (1,0)H,5(c)
+ Gy(0,mH 4 (-8) = Gy (1,0)H,u ()
C = [ Baom)H o (-8) - G (m.0)H (¢)
+Gy(0,m)H 3 (=) = G (1, 0)Hy (©).
‘ + Gy (0 Hyy (-0~ Gy (01,00 H, () F
A7 =[5, (0,m)H 5 (-b) - G, (1,0)H ()
+ Gy (0, mH (-5) - G, (1,0)H )k, (C1g)
B = [ {5, (0,m)H o (-8) ~ Gy (0,0)H o, () + Gy (0,mH  (-D)
-G, (m,0)H (),

()

W 1d)

C 1b)

C3 = [ G20, H 2 (=b) = Gy (1, 0)H 5 () + Go(0,mH ()

~G,(n,0)H,,(c)¥x,
Where

C1

2
V4
H(z,)=~n(2n- 1)7'12‘]0 (Kp)Bn.l.l,O (z) + n(2n- 1)p—'2818n.|.2,l (z,)

-5 (1= D07 <X )B,B, 121 (2) 104 D=2 (k0B 1001 21)
. (C 2a)
. ) ) 1 2
Hy(z,) = {" n(2n-1)z; )[Bn,u.o ()= B, (zi)]* E(” =2)z{B,.131:(2)

B
+ -;—n(n +1)(1=2)B, 4 40,2, )};)L2 C 2b)
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Hy(z) = n@n 028,100 2+ @4 D0 -2Bo GO (€20
H(z,)= _;_[(yz -x! VB, B,y 22:(2) = n(n+ DI, (k) B 00,0, (Zi)} C2d

1
H(z,) = —E[ZI'ZBnH,Z,Z.I (z)+n(n+ 1)Bm,o,o,l (zi)]%‘ (€ 2e)

1Branno(z:) €2

Hy(2) = 2[5 = ¥)B,B, ) 4 100 Dy () Brna2)] 20
1 B

Hg(z,) = E[Z}Bn.zﬂ,l (z)—n(r+1)B, o0, (z )Jp_‘z (C2h)

B .
Hy(z,)=x2B, .0 (z,);% (C 2i)

H(z,)=xB, [‘ n(2n-1B,, ,(z,) - ’;“(” -2)B, 22202
© 2
b+ (- DBy s (z.-)}
2z g

i

H,(z,) = xyB, l_n(2n - 1)B..,x,2,3 (z)+(n- 2)B,.1223 (Z:)J €2k

H,(z,)=xxyB, l_ n(2n-0z,B,, ,(z,)+(n+H(n-2)8,,,, (z,)J €2y

1 1
Hy(z) = ”z“WBz [Bm,z.z,a(zl)“n(n + 1)'2-{3,"1,0.0,3 (z‘)] (€ 2m)

1

Hy(z,) = ~xyB,B,.;523(2,) Cz2n
Hl_’s (Zi) =nK x.szBml,x,x,z (z,') (C 20)
1 1
Hig(z,) = ‘EWBz [Bn,z,z.; (z)+n(n+ 1)‘273.,,0,0,3 (ZI)} (C2p)
H17 (Zl) = x.yBan,z,z,s(zz) (C29
Hy(z,) =xxyB,B, 12(z) (C2r)

Hy(z,) = "xJ;(TK:) {7(2” - 1)[81:,1,1.2 (z)- Bn.l,z,,s (z, )]

1
_{ant,o.o.s(zx)}
Z

Hop(z) = -5 250 ion 1)z, (2) - (14 D= DB, 102 (2)] €20
Kp

(C 2s)
1 1
- E(n - 2)3"_,'2.“ (z)- En(n +1)(n-2)

1 _J 1
Hy(z)=-—x l(,: p) [Bml,z,z,s () +n(n+1)—5B,,,00s (z:)} C 2w
2 «x'p z;
Hyp(z) = )IXMBINLLLZ () C2v)
xp
1 J 1
»(z)=-x= (,z( P) [Bn,z.i,z (z;)-n(n+ I)TBn,O,O,J (21)] (C2w)
2 x z]
Ho(z)-x 280 2 €29
K
where
By = 5y p) + (7 -5 TEED ("") ©a)
B, =—— JO(KP)"2M ©3b)
k'p Kp
ki
p=(xt+yh)? Ca

2" negeted
Bo i@ = SSua(eede) ™ K b €9
=0 n—q-/-z

FiaBoz,mm) = [ [
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The equation (2,11) reveal that the .
unknown D1, D2 and D3 functions evaluated at the two walls are
simply Fourier transforms of these disturbances. These equations are
inverted to give

4 2ol ' 3
Di(a,B.z) = - Jo b {E[A,,A,,(s,t,z,)+Ban(s,t,z,) ]I
=l
+C~C;(s,t,z,)]}cosascos Bt ds dt,:
4 o af>
Dy fz) =~ [ {;[m;'(s,x,z,nBﬁ;’(s,r.zo | ie1a
+C,,C,"(s,t,z,)]}sin assint ds dt, |

Dy(a,B,z,) =~ ;;—f:j:{i [AAXs.t2) +B B s 1,2,

!
l
!
+C,Cllls, tz,)]}smascosﬁt ds dt, J
Evaluation of the double integrals required in (2,12) is based on the
associated Legendre function by its polynomial representation (2,13).

@12

(1= g2)bm i) (= 1)¢ (2~ 2g)1 gr-tem

FR) =", d=0 ¢{(n—q)t(n—2g—m)!

(2.13)
Once this substitution of (2.6) has been made,#he second
integration is  performed

Fla, B,z;,n,m)
L, L
® @ 1 P,,”'(z,/(s2 +17 4 2)?
1

(P + £

: cosascos Btdsdt
2 2 2 E(Ml)
G +t"+27)

=—Iz| S 2 ), DK (), @4
Fi(a. B,2,,n, m)
pe 8 PR/t ezt

=_L;£ - T ——cosascos Bt dsdt

1
D) 4
>+ 427" (s +12)7

v o
~Zpf E;Smxzo(kiz.«p LD

= Sy (2)0%2 Kz, )T K 5(k|z,|)].(2.14b) (
. v

1
st P"‘(z,/(s2 +12+2,%)?

; sinassin £¢
2 237"
(5" +1%) dsdt

(m»l)
GEYET L

‘_n]
-2 aplz[ & Sumg (KD __i(klz,b, @149
2

!
T sinasCOSBr
(S + 1 +22)7) dsdt

S

{
Fa,B,z,n,m) ”j:fm Ly l
\

P+ +zh2
L meed 2.14
= —ctlzi[ Equ(Z,)(klz,l) K, (kizl')’ @149

2 = gz »

8,y z)= @y

-2 qln-2g - m)iz™

@16) z=-b=c

Result.
¢ Fig 1 shows the velocity field induced
: tby the rotation of a sphere about an axis
1+ parallel to two  plane parallel wall
; computed by P. Ganatos (1980).
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