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5% L We introduce a mathematical method for predicting micro hydrodynamical behavior of one bio
molecules at very narrow space that has been proposed by Ganatos (1982 ). One solution was an
infinite series in spherical co-ordinates which have planar symmetry about the plane y=0 which is
perpendicular to the longitudinal axis of the cylinder coordinate. This solution vanishes as r
approaches to infinite. Another solution was a double Fourier integral in rectangular co-
ordinates which produce finite velocities in the flow filed. The basic form of them were composed
of Legendre spherical function, modified Bessel functions. The coefficients of these solutions were
set to satisfy the no-slip boundary conditions on both infinite confining walls simultaneously for an
arbitrary disturbance representing a sphere of unspecified size position d velocity.  The present
method will be available for predicting bio molecular particle at narrow  biological space.

XF—T—F Microhydro dynamics. Cylindrical coordinate. Spherical Coordinate. Lamb. Legendre function.
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1. Introduction.

We introduce an interaction theoretical analysis of a bio
molecular particle that traveling between narrow inter
cellular space. The original approach was founded by
Ganatos. The present paper follows from previous our
technical report in this series. (IEICE.Tech. NC 20001-1.
pl-p7). The Vw is the velocity in rectangular co-ordinates

which produce finite velocities in flow field that is given
V,=uj+v,j+rwik @mn

u, = [  D(a,B,2)cosaxcosByda df,  (282)
W 'ﬁ: .ﬁj Dyfe,p.Dsinaxsinfyda dp , @85
w, 'L j; Dy(a, B,z)sinaxcos fyda df, (280
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+ Gi(n, 0’)'(]:—/3 {Q(a,ﬂ,c) +-§-D,(a, ﬂ,c)}

+Gy(o, 'r])
Dy, B,2) = ~Gi(o, n)—’i

©.17b)
+ Gy(a,mDya, B,-b) ~ Gy(n,0) D,(a, B,¢)
-GomLn@p. b+ 6molnap.e.
Dy(,B,2) = Gi(c,n)[gb,(a,ﬁ,—b) - gDz(a,ﬁ,—b)]
- G,(n,0) El)l(ct.ﬁ,c)‘s fD,(a.ﬁ,c)] @.17¢)

+ G4(arn)D3(a’ ﬁ’—b) - 04 (71,0) Da(a .ﬁ.c),

Ga(v) = 41mv[smh B, sinh7 sinh v]/é2 ©.188)
u T v
Gyaiy) = 4r{v[coshu sinht smhv] “[smh p _sinhz cosh VH/52
T v " T
. (2.18b)
G,(pn) = (-2sinh u)/8, (2.180)
Gy(u,y) =87 {" sinht [smh g _sinht cosh v]
T u T
! ) (2.18d)
H’[smh‘r coshp—smhv]}/éléz .
v
In the above expressions, subscripts 1,3 and 2,4 refer tothe+ and -
Signs on the right sides, # and v are dummy variables and
8, = 2sinhz, &, = 4|_sinh21: ~r’_1| (2.19a,b)
o=x(z+b), n=x(z~c) (2.20a,b)
T=x(b+c) (2.200)
The double integrals required in (2,8) can not be preformed analytically.
Hence, substituting
«a =K cosy, B =xsiny (2.21a,b)

transforms (2.8) into

1
u, -j; _’07 kD, (x,y,z)cos(x xcosy)cos(x ysiny )dy dx (2.22a)

1
v, -j; jo” kD, (x,y,z)sin(x xcosy)sin(x ysiny)dy dx (2.22b)

1
w, -j; ﬁ kD, (x,y,z)sin(x xcosy )cos(x ysiny )dy dx (2.22¢)

where D1, D2
respect to vy isobtined anakytically by Fourier Transfmation.
sui+vj+wk ---—-{,23)

and D3 are functions of « y. Theinner integral with

us =voo + & [ An {An'(x,y,z) +An'(x,y,2)}
+ Bn {Bn'(x,y,z) +Bn'(x,y,2)}

+Cn {Cn'(x,y,z) +Cn'(x,y,2)} ] -—(2-24a) ;
vs = X[ An {An"(x,y,z) +An"(x,y,z)} + Bn {Bn"(x,y,z)
+Bn'(x,y,z)} +Cn {Cn"(x,y,z) +Cn"(x,y,2)}] ---(2-24b)
ws=3 [An {An"'(x,Y,2) +A11”’();’,y,z)}+ Bn {Bn"'(x,y,z)
+Bn":(x,y,2)}+Cn {Cn"'(x,y,z) +Cn""(x,y,2)}] --(2-24b)
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1. Ganatos P. J.F.M. vol 99. pp 755-783. 1980.
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I. Induction of (2. 24)

1.The velocity field
V=V, +V +V, 2,2)
V., =u)f+v:j+wskA 2, 4)
V, =u,i+v, ]+ whk (27
cuf ey, ] rwk ru v, Jrwk+V,
The first three terms are derived from eq(2, 5) .
For the second three setting  in the equ (2, 8) as
a =K' COSy B =k siny
then, in terms of equation (2, 22)

=f§;[An-A,',+B,,~B;+Cn~C,’,]
+}2[A"'A,’,’+BA~B,’:+C,,~C:]
+k2A -A"+B,-B'+C,-Cl]

+1J' f (ic,y,2 Jeos( loccosy)cos(xysiny)dydx
+ _]f f' Ly, z)sin(, (icx cosy Jsin(iy siny Mydx
kf f' K v,z )sin loccosy)c s(y siny Mydx

Here, for smphcxty
g‘(r(,y) = cos(xx cosy)'cos(xysin y)
gz(x,y) = sin(}cxcosy)sin(xy siny)
8; (c,y)= sin(xxcosy)-cos(xy siny)

We compute only the last three terms
For Dl(K>y’z) Dz(’(:}’)z) D,(K,y,z),
we substitute (2,17,a,b,c)

Vo ={fnwf/z”'D x,7,2)g,(k,y My -dx
”ff k- D, (x,y,2)g, (k. My -dx
+k.£)ﬁ' K'Ds K’Y’Z)gs(ff,r)dy-dx

For this, we substitute the terms in (2,17,a,b,c) by
Converting (a, B ) i (K, 7)

II] Expansion of V,
V =

lj; fﬂ [[G (x,y,~b)-G (U)-D,(K 7,¢)

+G (cr 77) K cosy/lc [Kcosy D, (K' ¥y

+G,(o.n) x -cosy [k - Dy(ic, A,-b)~G G,
-8,y My -dx

+j ,f f " ‘[[‘G(,(G,ﬂV coy-siny/i D[k, ,-b) +coy/siny D]

+ G,,( ,cr)- K’ cosy -siny/K2 [Dl(lc,y,c)+cosy/siny -Dz(x,y,c)]

+GJ(O,I])'DZ(K,}’,—IJ)—G3(7),0)D2(K,}',C)

-G,(o,n) «siny/x ' D4k, ¥,~b)+G, ,a)~xsiny/K~D3(K,y,c)]]

g, (kv My -dx

+/2fmfr [G on [KCOS}’/K‘ D(K y —b) xsiny/x-D (K,y,—b)]

-G, (mo) [ cosy /i D, icy,c)Riny Dy (s 7.)]
+G,(o.n) Dk, y,-b)~ G, (n,0)- D:(K'r»c)]]

'gz(’f,}’)d)’ dx

) Ksiny . D K'}/,—b:l
—Gé( 7,0 )K cosy/lf [xcosy D(Kyc) K-siny - D xyc]
o)k cosy/x Dylic,7,¢)]

, and Conmuni cati on Engi neers

Rearrange these in terms of G (U n)

-‘Hf f/ZK G,(n)-D,(ic,y,~b) g, (v Jdndx
[ LGy Dk ferin

+f [xGlom oty Dl(w, b)~coy-sity- Dyl ,-b)f & e
-ff '7’0)'[003 7Dl 1.c)-cogysiny Dl )} g or s
e J7 [k Gom) cosy Dyl b)-giloy M

_f"f”’zx -G, (n, 0 )cosy ~D3(K,y,c)g1(l(,y)dydx”
et sl Sty e
+ﬂf xGno '[°°9/'SiﬂY‘Dl('fv%C)%oir-Dz(K,r,C)}gz(K,y)d;dK
+ [ [k Galown) Dylsyimb) g (o Y

- [ ("5 6,0)-Dulkorac) a7 Y

([ 6 0m)'Sln7'Dz('f,y,-b)'gz(w)drdx
o[G0 dsing Dl e

[ J:'IZ’('Gz(U’”)'[COSY'D1(’f:7:‘b)'3in}"D2(K,y,—b)]g,(x,y)d;dx

- [ x Gl olleosy D y.c)-siny Dyl el gl e

‘“ff x G,(0,n)- Dyl 7,-b) 8, (xc,y Wy

‘ﬁﬁ: x G (m,0) :(Ksr,C)ga(rf,r)drdrc”

where D, (K,y,—b) D,,, (K,y,c) are given by
equation (2, 16). As

[ G,(om) D, (c.7,-b.c) 8. i
=j;ﬂ KG,. o,1 '2[/4.; -A,:(rc,y,—b,c)+3" 'B,:(K,y,—b,c)
+C,Cylic,y,-byc)) 8, (v Jivdx

EAff & G,(0.n) 4, (c,v,-b,c) g, (kv Mwix
XBI.IMKG o.n) B.(k,y,-b,c) g,(kc,y dndx
ZCff kG, (o,n) C.{x,y,~b,c) g, (x, y Mydk

while U, (0,77 )is givenby (2, 18)
A..B..C, are givenby (A, ~A,). Hence
the integration about ¥ can be determined.
Since F, (K,y,-b,c,n,m) in Al to A9 are determined by

(2, 14). the nuclear function of the integrand is

© &
[ (R rs-bienm) g, le.y Mdx

© & .
=ﬁj:ZES"M(K,—b,C)'Kn_qkl(l(,-b,0)'g,(IC,y}1ydK

% from c—35, the series part can be expressed
by Bnmu(z =-b C)

= [ Bonsa ) 81l Yy -

] Integration of eachterm of V,

The terms are related to & and (2, 23)V =iu+ jv +hw
Hence, it leads to the form of (2, 24c)
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The coefficients of A .

®kfj”xcn,

from (2, 16, c)

Dy(k,y,c)= E[AW A" (1,7,6)+ B, B (i,7,€)+C, -C. (k56|

m
B" . C” are

n

(27, c) g,y Mnd

omitting &  from after

= ZA,.‘I:J:/ZK G4(’7v0)'A;"(K’}'»C)'ga(’(’}’}i}’d’f
3B [ Gl o) Bk rse) g3y M

+ icnfﬁ:ﬂx G (n,

in the integrand, A
and Cmby A,

EAff' xG,(n,0 4/:r )[ -(2n -1k F,(x,7,c,m,1)
(n+1)(n 2)-F, (c,7,e,n - 11)] g, (v Wi
+§;anﬁr KG,, no -4/7r n-F, (K,y,c,n+],1)-g3(x,y)d;dl(

© o xf
+ zcnj; J:VZK GA(T]'O')‘4/”2 .FA (K,}’,C,ﬂ,l)'gl(/f,}’k}’dl(

a)-C."(k.7,¢) g5 (k7 Mrdx

,, is given by (A,7) B

n

Thus setting z;, =c¢

We compute individual terms omitting(4/ﬂz)
O—c: EC
ff' x G, (n,0) £ (c,7.c,n.1) g5,y ndx

from (2, 14, d)

7 2]
F:t (X) Vs c,n,l) = ”/2 *KCOosy 63 Esn.l.q (C XKC )""1'3/2 Kn-q-:’/?-("'-‘)
g

(2]
(.0 J; f zr/2 <K COSY “C zsn.l_q(c)(xt)"“"‘alan —-32le)
4
g:('f ¥ Mvdx
/2 neg-
7]: Ef Snlq ( ) ! J/ZKn-qJ/Z(At)

~cosy - g;(K YMVdK

n-q-3/2¢3
7[/2 Y], [Zf fﬂ nlq Kc

*COSYy * Sln(Kx cosy ) cos(xy siny )dydK
from the definition of C—5

n/2]
Bn,m,j,! (Zi )= ‘Elsn.m,q (zi XKZ.' )"-q’l v Kn-q—j—l/z(»a,)
&
-3/2=-j-1/2 .'.j=1
3/2=1-1/2 s =
/2
we haveé nlg XKC)”-WM n-g-320c) = Batnz
b=

~—-Jr/2 G, 77 O’j f 112 1/)( *Cosy su‘xxcosy)cos(xysmy)d;dx
* The integration is generally
J:ﬂcosy -sin(acosy)-cos(bsiny My =n/2-a-J, (u)u

u= (a2 +b2)1/2

=(z/2)-G

‘K

n-q-3/2{xc)

setting

by pytting
a =Ky b=xy
1/2 /2
u =(;(2)(2 +r<2y2) =K'(x2 +y2) =K
hence

J';'/z cosy -sin(xx cosy ) cos(xy siny )dy
=mf2xxJd, (icp)(p)

is given by 4,

" @-a: 4,

and Conmuni cati on Engi neers

thus
=7/2:G, (n’UH:BnJ,l,z (1/")'”/2"(){ J, (K/))/(K/D)d"f
= (/2] -G, (’7,0)_[:3,,_,._,,2 x/(ko) T, (xp)x
(/2 G0 Holohin

.‘.IE'G4 (17,cr)-H24

®-b: EB"
N
kLJ:ZKG4(n,0)~n~F4 (K,y,c,n+l,1)-g3(l(,y)d;d1(
from (2, 14.d)
n+l)/2]
F, (x,y,c,n +11)=7/2 K cosy - ¢* ZSM“" ey
Kn.»x-q-s/z(m)
hence
[(mwz]
=7/2-G,(n,0) ﬁ' KK -cosy ¢’ ZSMM(c)(xc)"*""'y2
&
Kml -q- 3/2( gJ(K }’y}’d’{'

K,ﬂzx) coy- g i

=72:G, ’7»0) ;ﬁf mu,q

from the definition of C—5
[(ns1)2]

Bml,m,j,l = 2Sn+l,m.q (KC)"-Q“H/Z 'K,.-q-j'vz
&
putting ~1/2=-j+1/2 =1
5/2=1+1/2 sl=2
=7/2-G, 77: "ff. Bz I/K) gs(K 7) cosdydx

=72:G, ’7’ ’ fﬂ Bz ‘(]/K)'CQSY'5“(’(7{0057)00@9’51“7)17‘1’(
= 2-G,10 Bunlie) /20522, Y i
=(=/2)f -G n,df By /K e (e K

=(”/2 77, szz )dK

ke GA( n,0) Hy

omitting ( 4/.17.'2)
kff KG (o) n-(2n- l)cF(x‘y,cnl) ga(rry)a'ydtc
—L /ZKG (,0) (n+1)n - 2)-F,
from (2., 14, d)
/2]
F, (,y,¢,n,])=7/2- x cosy - c* S;S,, ol &, y2le)
&

(n 1)2)
; gl K

Jeie] g
=n/2-kcosy ¢ }; -t (N K o s2te)

Gi(ne, fxf “(2n-1)-x-c-(w/2) 1+ cosy - c%j S, qlcha) ¥

Ky gyater) 83067 Yy
G,nolf f n+1)-(n=2)-x-(/2)-x-cosy ¢ (gln ey
K gesiaie)” g5k, y ydx

{n2)
-1} Zs (che? -l
q

~cosy - g5,y Myix

s (e, y,6m=11) g5 (e, y e

‘F4 (Ka y.an '"]91) =”/2 Kcogy- C

1-g-¥2%)

Kyt

=7/2:G,(n, o)fﬁlzn (n
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[(,.-1)/2] - 5/2
n-2) ZS (0T (2 I

cosy - g5 (x,y Mndx

-7/2Gno ﬁf n+1)-(

=r/2-G, n,aI

o ,,/2] )n-q-][ld

[ nn-) 2 e K, o spt) €O 85l0s7 i
[(n 1y2) Icy'*l 5/2*3

K, ¢ 1) COF 8K 7)lydk]

ff n+1Xn 2 Zn_,w

by the definition of

n/2]
Bn mjd (C ) = Esn,m,q (C XKCY-‘“"_VZ ) Kn-q-j—l/l(n‘)
g

putting 3/2=0-1/2, ~3/2=~j-1/2

putting 1/2=[~1/2-1, -5/2=-j-1/2-1
=r/2-G, Y),UI

ff -(2n-1) ,,,lvz(c)w/x ~cosy - g,(ic,y Mk
—-j(') J:' (n+1Xn-2)B,,,,(c) Yk -cosy g, (x,y Wydx]
*f'lzcosr'gg(x,y)dr =x/2-x/p-J,(kp)
= (#/2) -G, (n,0)
I n-(2n—1)' B,ynale) c/x x/p-J, (xpMix
0 =2 B €)1 o]

cl=2,j=1
sl=2j=1

= (@/2f G, (n,0) [ x/lx p) I, (ko) |n (2n 1)
(n+1Xn

=(r/2) k-G, (r;,cr)j:Hzo (chx

anz(c)
B, nale }1’(

Associating them

k‘Lf x G, (n,0
- ZA" .(_ ) ,,,aﬁ’ Hy c}ix)
+ZB” G(n0)f Hlehix
+n2-cn G (mo)f Halcix

(k.7.¢)- 85y Mpdx

®tff' x Gs(0) D, (x,7,¢)- g, e,y Mydxc

Since, this term is timed by i , the form leads to
Equations (2, 23)&(2, 24, a)and 4, . B, . C,

Contribute as components. From (2, 16, a)

= ("ol S Al Hlene) . Cleelhafrbi
EAII' k Gylo) A (x,y,c
-»ZB,,fJ:r KGS
ZC fﬁ;’/sz

A,, N B,, . C,l
Putting z, =¢

ZA,,ff k Gy (o) 4/Jt )gl(/(,y)

{ (2’1 l)Fz(K 76 nvl) (n 2)/2[ (K,}’,C,n LZ) (777(6”—]»2)]
n+(n+1)(n -2)/2-F,(c,7,c,n -1,0)dydx

) g,y Yrdx
):

(x.7.c) g,y M

are given by  A4,,4,,4,

and Conmuni cati on Engi neers

AR AL ST TNCE)
2Bl rnen+12-Elpren+1d] enln+ 12
+2Cnf f’ x G o) '(‘4/” )'31("’7’)

Ai/2:[F,(,y,6,n,2) - E(y,x,¢,n,2)] +n(n +1)/2- Fk,y,¢,n,0)ldydx
@-C ¢, Glo)(-4/z*)2

{ j:pK-Fz(K,r,c,mZ)'g,(K,y)deK -f f K E{y k,en2)- gy
* n(n ...1)ij:/2’( £ (K’ y,c,n,O)-g,(K,r)d}'dK

s y,cn+10)dyx

: about

®-c-1 : me2

/2]
Fz (K %4 )C>n12) = ”/2 : C3 [E Sn.z.q ‘(CXKCY‘4'3/2 ) Kn-q-l/z(xc)
q=

n/2]
js,z.,( p o e K|
)n —g-3/243

from (2, 14, b), putting

n/2
=72 [ S,‘zq

[ﬁ
4=

K n-q=3/2(xc}

n2q K cos’y-c (Kc)f' 9-5/2 K_q_s,z(m)]

n/2] KC "ll‘fl/Z
= ;r/2 ’ [ Sn,z,q c 3 Kn—q—J/Z(xc)
q=l x
n/2} -q=5/2+5
KC
- [an,z.q (C)'L-—)"’(T—'K,,_q_s,z(m) -cos® y]
e

from the definition of C—5

n/Z]

:Sn.z.q (C XKCY‘“’_W ' Kn‘q—-i-lﬂ(“) = B"-z-f-’
=

putting  3/2=1-1/2, =3/2=-j-1/2
putting 5/2=1-1/2, =5/2=~j~1/2

=7f2: I.Bn.2,1,2 /K3 =B, .25 /K3 “cos’ }'J
Similarly

FZ(Y,K,C,",Z) - ”/2 ' ‘_Bn,z.l.z /KS -B
Associating them

fj:ﬂ[;r "Fy(k,7,6,n,2) -k - Fy(y,x,¢,n,2)} g, (x,y Mydxc
=”/2_f:ﬂ'/2'( Busrs 4 Byrassin? y  + cos’ 7]
/) g, e,y Jamix
= :t/ZJ:j:/z(sinz y —cos? y)-B,I'zlz'J( x? )-gl (c,y Mydx
=7/2 L mB,,_m'3 j: ” (1— 2cos” y)/lc2 -cos{xycosy ) cos{ky siny Mydx

* J: " cos? y -cosla cosy )- coslbsiny My

=”/(21‘2)'la2 '-’o(")"‘(b2 -az)/u-J,(u)J

sl=2,j=1
cl=3j=2

3 a2
n,Z,Z,B/K *sin Y.I

Putting
a=Ky b==l(y and u=x'p
= 7/(axp? M2 T, (k) + % - 22 )i 7, (k)]

i
—n/(ZP)lx o)+ y? = Ylie)- 7, J
(

ﬁ' cos(acosy) -codbsiny Wy =-7r/2 Jo Kp)
[

=/ [ Baallolio)-2 0 f o)+ =2 Yle)- 7, (o))
-/ hiwax
LT3 P A IR A R (AT

PPt =ty 2t myt o y?

“”2/4J;w8a.2,2,3 '(1/"2i02XY2 ‘XZIJO("'P)"Z'J) (KP)/(KP)]d"
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Putting

B, =
K

1
2—[)2[JU(KP)-2 gy

= ”2/4zf:Bu.2.2.3 '(yz 'Xz)'Bsz

(k) (xp))

®-2-2 : m=0

n/2]
F, (c,7,c,n,0)=7/2-¢ ‘25 (XY K g pate)

4=
/2] «c ~q-12+1
= ”/2 2 Sn.U,q (c)'(—_)n— ' Kn-q-l/z(rc)
4=0 K
from the definition of ¢—5
n/Z]
E n()q( XKCy ek Kn -g-1/2(xc) “Bnom

=2 BnOOI(l/K)

from (2, 14, a)  and setting

hence
The 39 term =n ”+1f f :r/Z) B, 00,k ) g, (x,y Mrdx
* (7 g, ey Yy
=j:/zcos(xxcosy)-cos(xy siny)dydx
=7/2-J(xp)
=nln+1)-(e/2) [ B,pos Tolwo)ix

Associating these, the coefficients of C,  are

G412 [ )

)B +nln+1)B, o0 (Kp)dK]
=-Gs(p)'-1/2ﬂ) ]/, c)dl( - C!

% % ok K K ok K K K K sk ok ok
@b : About the terms related to B,

Gylo)-4/7*)2

f ﬁlzx{—FZ(K,y,c,n +1,2)+I~“2(y,1c,c,n+],2)+n(n +1)-Fl(1c,y,c,n+1,0)}

'gl(Kﬁ’p}'dK
@:b—1 : for F, putting in equation(2, 14.b) as n+im=2
(n+1y2
F, (K,y c n+],2) 7f2-¢ [ ESS"M" c)(xc)('" ¥z K, gyt

(2] 2 2 2 n+1--5/2
- Zsm.z,‘,(‘:)"( cos-y- ¢ (’m) K, 1eg-spales)

e
{(ne1y2] (Kc )n+1-q-3/2+3

=”/2'[ ZSINI,Z,(‘ (C _"“5—"Kn—q-\/z(xc)
40 K

g

{(as1)2] KC)" -q+5/2
Zsmzq 3 Kn-q—]/Z(xc)

[(nd /Z] ) s A 2
- };S:N'Zq(c).’( ¢ (KCT ! ‘Kn_q_:,/z(“)’COS Y

[(ue1)2} q+7/2
- ZS"”-Z-‘I (C) Qic-);:s——— ' Kn'q~3/2(xc) ' C052 7]
4=

from the definition of C—5
[(ne1)2]
n+1-g+l-1)2
Sn?llq( XKC) ‘ K gl = B, i (C)

q=0
putting  5/2=1+1-12, -Y2=1-j-Y2 l=2,j=1
putting  7/2 =412, =3/2=—j+12 ~l=3,j=2

=7f2: LB:NI,Z,I,Z(C)_ Bi22s ~cos” VJ /K3
By the similar procedure

F, (y,K,c,n + 1,2) =7f2- l_Bm.z,l,z(C)‘ Bm,z,z,a(c)' sia’ VJ/"S

and Conmuni cati on Engi neers

As a result

=fj::/f"{f/2(‘ Byaaia(c)+ B,12as(c)-cos? y)

4 7/2(B, 1002 (€) = Byunzas(e)sin® p )b /i g, i
=j:j:/2(n/2)-[cosz A —sin? 7]'3:-“.2‘1,3 1Vx? g, (c,y Mydxc
=2 (2005 y 1)Byu1z05(c) 8, (.1 )"

[ cos? g,y Mpdx
j: & cos’y -cos(xxco_sy)' cos(xy sinr)rl;dx
=/2:1 p*-[x* T olp)+ - 22 )1, o) o)
£ 8lerlty =af2-J,(xp)
= (2 [ Buuaas el 0 b T (o) -}
~Yle*) 7 Kp b
=7[4f Bougadle Yo N - 02l + 2y =2 3 ol ol
—pteaxt ==t eyt )2 =t -y
=74 Braaale) U -y Ve 0? Wolicp) -2, (o) (ep )i
here putting

1
szz [JO(Kp)_Z
= ”2/4iﬂm Bonzas (C) (XZ

ko) (ko)

J, o)/ (kp)]= B

-y?)Bydx

@-b—2 : for F, (k,y,c,n+10) , we have from (2, 14, a)
(Ml)/Z]
F (K Y,Cs n+l¢0)=”/2 4 anﬂDq XKC)”IW e Knd-—q 12xe)
[(n+1)y2] KC) n-q+3/2
=”/2‘ ZS’I“'U"’ (C)(—K—— ‘Kn-qd/l(xc)
7=

from.the definition C—5
[(M‘)IZ] n+1-g+l-Y2 ( )
S paoq (C XKC) Kegejoyale) = B0\

&
putting 3/2=1+1~-12and, }Y2=1-j-1/2 ..l=1,
=ﬂ/2.Bnol.D,U,l/K j=0

Hence

o o

j;, j:z’('"(n+1)'”/2'Bn+1.0,u.1/’('gx(’f!)’}iyd’f
o af

=”/2'n("+1)‘lz)£23n+x,u,o,1 'gl(K,}’)yd}dK

= ”/2"1(” +1)J:Bm1,0,0,1 '3/2'10(’(/7)7'1’(

From these, the coefficient of B, is

(”/2)2 U: B, 223 (C)'(XZ - yz ) B, + n(n + 1)' B, 1002 Jy (Kp)]d)(
~Gbi[ -H ek B,

@-a : for A, wehave Gj(o)-4/x?)
fof’ k- g,(cy)4n-(2n =1) F, (e, 7,c,n,1 )l pdx +
/zf J: -8,y 4B, 16, 7,0:m ~1,2) - F (v, K, con = 1,2) e
(n+1)(n 2/2ff" x - g, (kv )F, (k,7,¢,n - 1,0 ndx
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@-ra—1 : for Fz(x,y,c,n,l) m putting in (2, 14, b)as
m=1

/2]
F, (K,y,c,n,l)=7t/2'c‘3[ES,,M (CXKC)’HP}/Z 'Kn_q-s/z(u)
2
L 2 2 2 n-q-5/2
S5 o8ty e K
2
w3l 3241
R T Y5 Oy T A
2
", 2]
SR oy T K|
2
w2l vz
o2 S T e Kot
2
2 w2l —q-5/243
~-c Sn,l,q (C>. (KC)’I ‘ /K ) Kn—q—S/Z(Kc) COSZ Y}
q

-l

from the definition of C—5

/2]
ESn,l,q (CXKC‘Y—WM/Z K jeyaee) = Bunju
£

putting * =1/2=[-1/2, =3/2=~j-1/2 .~l=0,j=1
putting 1/2=[-1/2, ~5/2=~j-1/2 ~l=1j=2
=nf2:c[x an.l.l.U - B, cos’ VJ
Therefore

[ gilwr)nfen=1)-2/2:¢2 i (B110 = Byaa cos™ y ipde
=n(2n-1)-/2-¢? [ﬁ)ﬁ' B,10" 8Ky Mndx
[ [ Bupaa ey Joos? rdrdx]
= (z/2)-n(2n -1)- [f By /2 (ko MK
o A o e R ]

=(”/2)~ 2" 1 [f B,y J Kp)il(

_L B,... "1/ p*B, drc]
% B, = x*J,(k0)+ (y? - 2* o 7, (k0)

@:a—2: for FZ(K,y,c,n—l,Z) , putting in the equation (2, 14, b)

n—>n-lm=2
n-1)2] - ]/2
F, (k:7,6n=12)=x/2-¢ [ ZS 24 (X )y Kyroyite)

[(n=1y2]
- an-x.z.q (C)‘KZ cos’y 'CZ(KC)’I-’—q—S/Z 'Kn—l-q-s/z(mc)]

&
[in-1y2} 1eg-3243 | 3
=72 an_l‘zyq(c)(xcr /K Koo gesiater)
&
_[(,.-1)/2] (o \m1mge5/245 |3 2
ESn_u'q(c) (Kc) /K 'Kn-x—q-s/z(m)'cos Y

4%

from the definition of C—5
{nz1y2) ,
2 Sn—l.Z.q (CXKC)'_I-W K

&
putting  ~1-32+43=1-F2, ~§2=-1-j-Y2 ~1=2j=1
putting  ~1-§2+5=1-32, ~J2=—j-32 ~d=3j=2

=;z/2-|.B"_).2','2 ~B, ;.5 cos’y |k’

neleg-j-yf2 = Bn—l,z./‘.l

By the similar procedure
Fy(y.x,c,n=1,2) = /2 [B,l_m'l,z =B, ,,;°sin’y yKJ

Engi neers

Associating these
o x
(=22 [ g, (cr )2/ 2/ -apax
[Bn—l,z‘l,Z =B, 3250087y - (Bn—l.l,l,l =B, 1223 sin’y )}i}’d’f
=(n- 2)/2'Jr/ZJ;WJ:/Z'g1 (K}’)/KZ(Sinz y - cos® 7)~B,,_L2‘2‘3dydx

-2)2- -
= _(C’_JZLL/Z_ [f f/zcos xxcosy )eos(kysiny ) B, , ,,,dwix

- Zf f cos®(y )cos (i cosy )cos(xy siny) B, 12,23 dydx]
= (n - 2)/2'75/2/’(2 : [j; B, 1223 '(”/2)"/0("[’)1"‘
=22 Y 2 o)+ -, (ko beo)B, d'f]

= (”/2)2 (" - 2)/2'/”2 ' [j:Bn-l,z,z,a '{l/pz}
Valko)-2(x? - 74(k0)+ (v - 2 ), (o ) o i )
2-2x2-xz+y2—2)(2 -y -yt
(”/2)( ‘2/2/5 ]/’(ZP U; w1223 "XZIJU("/»‘Nl(KP)/(KP)]dK]
here putting
2 =202 )7, k0) -2, (o) k)]
(”/2) (” 2/2(y X y‘B "B, 12234k

©@-a—3 : for FZ(K,y,c,n~1,0) Jfrom the equation (2, 14, a)

[(n-1)2]
F, (k,y,c,n=10)=7/2-c ZS (XY™ K, vt
P

[(a-1)y2) (KC )n-q—J/ZH
=n/2- S8 o
x/ ‘; 51,0, (C) P

‘K

n-q-3/2(xc)

ﬁ"bm the definition of C—5
(ogy2] PRIRY)
2 Sn—l,(!,q (CXKC) ‘ : Kn-]-q-j-VZ
&=
putting -1/2 =] —3/2, .‘.l=1,-3/2 = -3/2-j sj=0
hence  F,(x,7,¢,n =1,0)= /2B, 40, /K

=B

n=1,0,j1

Therefore, we have

=nln 1) =2)2 [k g,y ) m/2B, gy [ dmix
=-x/2:n(n+ 1) - 2)2 [ [ 8,y )B, s 00sdrix
=~(z/2} nln +1)(n - 2)/253,,_1,0.(;,1 J (koMK

Associating these, about the 4,

(12 oo 2° | By ) [ B B
(=202 =) B, 10as B,
-n(n+1)(n - 2)/21(;”3»-1.0,0,1 Jo (Kp)]dK

=(w/2f{(-H,(c))  components of -4, C,
The An, Bn and Cn functions in (2.16)

a

Al(@,B.z)= -niz{n(zn- DF,(a, B,7,,n1) +%(n-— 2)
x[Fy (e, B,2,,n-12) - F,(B,a,2,,n~1,2) |--m(A-)
—-1~n(n+l)(n—2)F(a B.z, n-—lO)‘L

B:.(%ﬁ;a)--f—{——[ﬁ' (@,B,zn+12)-F,(B,a,z,,n+12)]
--(A2)
+—n(n+1)F(a B,z,,n+10)
C(aﬁz,)-——-{ [F(aﬂzn2) E(B.a.z n2)]+ n(n+1)
) ) ..g,.F(aﬂ Z, n.O)i
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AT(0,B,2) = - == [n2n - DF, @, B.znD) + (1= DF; @ B2, - 1D }-0ed)
. 4

B (0fu2) = —5 B(a B+ 12),

Clapa) =~ B@Ban2y e @8

Al (@, B,z,)= —;t—[n(2n -Dz,F,(a,B,z,nl)~ (n+)n-2)F,(a,B,z,,n- l,l)]

BT (0, 2) = —enFy (@, 8,2, + 1Y), e a®)
b1

u 4
C,, '(a,ﬁ,z‘-)=FF4(G.}3,Z,-,’!,1)~ .............................. A9
The inner set of integrals required by (2,22). u= ¢ (a*a + b*b),
J0 and J1 are Bessel function of the first and the second kind.
1
j:x cos(acosy)cos(bsiny)dy = %Jo (u), B0

bl

1y —at
IS cos? y cos(acosy)cos(bsiny)dy = zn—:[azJo(u) r— a Jy (u)], B2
u

1
ﬁ cosy siny sin(acosy)sin(bsiny)dy = —%g—i’-[./o(u)—%./,(u) , B9
u

j:_x cosy sin(acosy )cos(bsiny)dy = %g.ll (). B4
u

The primed An’, Bn'and Cn’ contained in (2-24)

Al = j:{Gs(n)Hl(—b) - Gy(0)H () + Gy(a,mMH(-b) - G(n,0) H(¢) ‘

+G,(0,MHy(=b) - G(.0)Hy(9}dk  (Cla)

B, = [[ 15,0 H.(-8) - G,(0)H ,(¢) + G, (0, mH (-) - Gs(n,0)H (c)
+G (0. MH(-b) -G m.0)H,(c)dx € 1b)

C’,. - j: @5 H,(~b) - Gs (0)H,(c)+ Gs (U-H)Hs (-b)- Gc (VI’U)H. (©)
+G, (o, H, (-b) - G, (n,0)H, () dx

(1 ¢)

A; = [ Go(0mH o(-6) - Ge(1,0)H o (c)
+Gy (G MH 3(-5) - G, (1,0)H 5 (©)
+Gy(@.H, (-5) -Gy o)H (O i,
B; = [ e (o mH y(-5) - G, (1, 0)H (c)
+Gi(0,MH 5(~b) = G, (0,0)H,(c)
+Gy(0.mH (-8 - G (n.0)H,. ()
Co = [ Be(omH o (-5)- Gy, 0)H 4 (€)
+ Gy (0, H 4 (-b) - G, (n,0)Hyy (©)
+ Gy(omH, (-6~ Gy 1,00 H, () Mk

A" - ﬁ’ G.(0.mH 5 (-b)~ G, (1,0)H 4 (€)
+G (0 Hy(-0) =G, (1.0)H () Hx, (C 1)
By = [ 6.0, mH 1,(-b) - G, (n,0)H, (€) + Gy (0, )H , (-b)

(C 1h)
-G,(n,0)H () }x,

C = [ G2 (@ m)H 5 (-5) - Gy (1,0 H 1, () + G (1) Hau(-5)

-G, (n,0)H,(c) K,
Where

C1)

2
2]
H\(z;)=-n(2n- I)Z?JO(KP)BA.LI,O (z)+n(2n- 1)7;2‘B18n,1,2,1(z.)

- 2120 = ¥)B,B, 10, (2)+ S04 D=2, (0B 0, (2)
(C 2a)
Hy) = [ nCn DB Buiss G b 5 0= 25185002

1 B,
+ —z—n(n +1)(m-2)B, 001 (z,.)}p—‘2 (C 2b)

and Conmuni cati on Engi neers

Hy(z)=x z-’z [‘ n2n~-N0z,B,,,0(z,)+ (n+1)(n- Z)B""'I"'O(Zl)]‘g;— ©2
Ir .
Ho(z) = 5[0 - ¥)BuB s (2) = 10+ DI Brnoas )] c20

1 .
H(z,)= "5[’-’123,‘.1,2,2,1 (z)+n(n+1B,, 40, (z‘)]f—lz (C 2e)

Kz}
H(z)= n—;Ble,l,l.o(Z.-) C2p
P

Hy(z) = =3[0 - ¥)B,By )+t + 1, ®P)Bon(z)] €29

1
Hy) =B ) -1+ DB, IS O

Ho(zi)""zian,l,l,o(Zi)'f_; (C2i)

Hio) = B, P2 = DBy112(2) = 0= DB )
€2))
=D B2
2z

i

H,,(z,) = xyB,ln(2n-1)B,,,5(z,) + (1-2)B, (2] €2

Hy(z) =x0B,|=n(2n-1z,B,,,,(z) + (1+D(1-2)B, ,,,,(z)] €2

1 1
S L

H\(z) = ~xyB, B, ,,3(2) (C 2n)

H(z)= m"‘szBm.x,l.z (z) (C 20)

1 1
H(z)= _Exsz [Bn.2,2,] (z)+n(n+ 1);‘{Bn.o.a,s (zx)] (C 2p)

H\;(2,)) = xyB,B, ,,,(z,) €29

Hyg(z,)= KWBZBA.I.LI(Z!) (C2n

H(2) = =22 o 0fB11202) - B @)

. . (C29)
=2 1= DB, (2) 5 P+ D= D)5 B )}

i

Hyp(z) = xR (’;" Ma(2n - 1)2,B,y35(z) ~ (1 + 1= DBp12(z)] €20
K

1 J 1
Hy(z,) = _E" IK(:{:’) {Bm‘z.m (z)+n(n+ 1)73n+l.0.0.3 (z‘.)} (C 2w
()= 2EB g ) ©20
K
1. J 1

Hy(z,) = ‘ix ‘K(’;:) [Bn.z,z,s(zf) ~n(n+ 1)FBn,o.o,3 (z )] €2w)
Hy(z)= x:]l(’(—p)Bn.l.l,Z (z) €20

K
where
B, = x*J,(x p) + (¥’ _xz):]_,(x_p) (€ 3a)

xp
—— {Jo(Kp) -2M] (€ 3b)
Kip Kp

!

p=(x*+y)? €9

L
" 1

2 n-q4 -
B )= DSz )iz K k) ©9)
=0 2
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