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A Remark on the Essential Properties of Determinants

Yoshihiko ITo
Mathematics

Abstract. Let K be a commutative ring. For each »X# matrix A=(ai;) over K, we
define the determinant d(A) by the formula

dA)= e(o)a(o),

where the sum is taken over the set S. of all permutations o of {1,2,--, %}, (o) is the
sign of the permutation, and

a(0) = @11 B202) + - Ga oty

Assume n=2, and let v be a transposition in S.. The mapping 7: : Sa—S» by the
formula 7«{c)=o07 for each o€ S, is a bijection. Then it is clear that the following
theorem holds :

Theorem. d(A):Za}( a(o)—alo7) ),

where the sum is taken over the set A. of all even permutations o.
In this paper, we will show that next two essential theorems B2 and C1 can be derived
from our theorem.

Theorem B,. Interchanging two rows of A multiplies d(A) by —1.

Theorem C,. If A has two rows alike, then d(A)=0.
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1. K#HEBEOTHRE LT 5, K LD n XEHITH A=(ay) DITHIR dA) 12, ELDHEE,
Z DRESLHIBIHRIC L 7247 - T

d(A)Zzgf e(0)a(o) (%)

TERT S, T2, 0lI nXFOBEBBRTH ), (o) i3 o DFFT, o HERE HITH],
BEERLLIE-12T 5, 272,

n
a(0)= @ 1018202y Anotm) = -H1 ity
=

2oL, DR 2EOEHE cHOTRTUTDNTE->RTH S,

ERACGO D HBE, THKD 6 SOREAMEIEP LD, T TREDHRN2DN
HHICERT 5,

Eﬂﬁgﬁﬂﬁ@ﬁﬁ@ZO@ﬁ%ﬂﬂ#it%@@,%t@ﬁﬂﬁmﬁ%%git%m
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EIHE C, THRDERED 2 DDIT2HFE LT UL, ZoA5IRIF0 %L v,

EH C1 ZEH B DEBROKR Y L TEPNDHED SV, Thbb, 2000 H%L
WITEIR A &L, FDMHEL VW 2ONTRAND 278 0E A T 5, BB LY, dA)
=—dA) TH B, A=A ThoHbH, dA)=—dA), LEh->T, dA=0:%25, Lo
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Bl2iE, n=3T, HLFLHEITHIHELVEE,

A(A)=(a11a20a15— t13@a2a11) T (G1223011 — @11023G12) T (A13a21012— Q12021 413)

=0+0+0=0

E 51z, TR % TR EERIENR (alternating multilinear mapping) & L’C%%Tg k&
X, EEB LNVRBULAEHEHC 2EEL CFOERICEATIHEALDY, 20k &1,
EH B I CL1 5P NE L DOBERELLNDTH D,
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T ot WEBETEZIES, FO1FIMETH L0 5, ROEEHIY) LODERLE»TH S,
FE TR OEHBRCK)IE, FEOEME il > TRDL I ICKED,

dA)=2 (al0)~a(o7))

T2, DR al2FEBER DTN DWT E S 2RBHITH B,
ZOEED L, FEEB FEBECIIRRNEILBLNS,

EEB DHBA ATV ANE AT LE wITE AL 2 TH LB E B=(by) LT 5,

bior i AL pDEH ick T, KDL HIcEREIN S,

biotiy= aiorii)
- T, wELY
d(B):ZU}( b(o)— blo7) )
=2( alor)—a((07)7) )
=2 alor)—alo) )
=—d(A)

EEC DR FATEBuITHELTINEA TR Y, Vo nDHEBE 175 L

&,
LF A uNEE, ot(i)=0(1)
i=A DEE, or(M)=o(u)
i=p  DEE, or(u)=o(A)
Soalor)=alo)
-7, EELD
d(B)=20=0
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