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A Remark on the Darboux Theorem

Yoshihiko ITO

Mathematics

Abstract. Let / be a continuous function which is defined over an interval la, 5]. In
this paper, we will show that f is Riemann integrable over [, 5] without using the concept
of the greatest lower bound of all upper Darboux sums or the least upper bound of all
lower Darboux sums."?

Let P be a partition of the interval [g, 8] :

Pra=mon<n< - < xapy= b.
The greatest of the numbers di= xi— xi-1, (=12, -+ - - - , n(P)) is denoted by the symbol
|P|. Let & be any number in the subinterval [xi-1, x:] (1=1,2, -+« - n(P)), we define
the Riemann sum for the point &= (&1, &, *++ - . &up)) by

n(P)
2P, f)= Z‘.l f(&)d.
We will prove the next

Theorem (Darboux).? If { is a continuous function which is defined over an interval
la, b), there is a number 7 such that to each positive number ¢ there corresponds a positive
number ¢ such that

2P, F)—I<e

whenever |P{< 5.
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1. SL50EA
B [a, 6] AIC o=a<xi<xe<-v-+-- <hELRBIIITAREOE B EHST, D
K% N (i1, 2] (1=12,------ YicmET s R, ZooE

P:pw=a<mn<xelorre-- < aney= b
EERY, ZoFEPIZHLT,
di=xi—xia (i=120----+ , n(P))
|Pl=Max{di; i=12, +~~-- - n(P)}
EREET D, &<,
Po:xwo=a<x1=05b

L 12058 ALY n(Po)=1, |Pl=di=b—a
F EBXE (o, b] TEBENERLERE TS, f(x) DX/ g, bl I2BT b HEKEE M,
BMEE m, F 724/ K [J;i—l, ] ICBIAEKEY M, S0VEE mi £ T 5

m< f(x)< M, a<x<3b,
mi= )= M, xi=x=x ({=12 "> - n(P)).
S, OB F L KH (2, 6] 05 P L, 250k
S(P, )="S Mid, s(P, )="8 mid
FEBL, TITN S 0 PIEF 5BEAS L CTRAE I

m(b—a)<s(P, £)= S(P, /)= M(b— a). 1

DEIZ, ARM[a, 6] D 2O0FE P, P It LT, POSEITRT P D4 &8I0 - T
WHEER, PIREPOWMTTHLEN), FLTHENCFDOGHANESL VIBEELEHT,
ZikEE PCP TKRYT, SHEE, DEORERXAIEY LD,

s(P, fl=s(P, f), S(P, f)=zS(P, f) (2)



EMERKRECE —RAF $£35(1989)

w8 . (¢, D) OEED 2505 E P, Pi2XL T, DEDOARERAHY I,

s(P, )=S(P, f)

SRR Py, P:CPAUP: THEPL, 2)eMELD

s(P1, FI=s(P1U P2, /)= S(P1U P2, f)< S(Pe, f).
BE2. [a, 0] DHEIDFY

PoC PiIC PoCevevs

RO, ZOEEBRE

S(f)ZIiEE S(P., f), s(f):1£rgs(Pn, f)
PHELT, S(Hlzs(f) THB,

SERE 2 DOHFN{S(Po, )}, {s(Po, AV LD HICERT, @ LNEICEIFATH LA

5L, HCBETE, LT, SO &s(H)HFLEL, DEDSFHzs(f) THS,
HE3. aE2OTHOH (P} &4

|Paf=> 0 (n—> o)
Rz LT, S(U)=s(f) Ths,

S 3 [a b] T REERTH B I L b, BEFELVWI SIRECMLATYD,
(FEE) S, s(HREBCWHOTE PLB LY, LUBOMS Py OEHICKET 5,
2. BHEBEIZALNLDE
EETDERLZDENLHIZT S ¢
& XM [q, 0] TEBEINLER f COTERS L (@ D] OFE PIcHL T, 20 &
INKB [xion, 2] 2 5 FNFNEENS £ & L 1), Riemann O

n(P)
2(P f)= iglf(fi)di
25

(P, YS2(P, f)< S(P, ). {4)

WEYLERI PHEEL, BEOEH oL T, EHESH»HEBLT, |PIKo %258 P%
g, BED &< [xi, m it LT, FER
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(P, fF)—Il<e
FEET B L%, I3 (g o] CREYWERTHEEWD, ZLTC, ZOEHIT 255
ﬂbf(JC)dx

TET,

THOERICHL T, 2L OEBBICALNLIBFEZORMBIZDED L I ICHFHENS,
1) F »KE [a, 8] CEETHIUL, f1T (e, 0] THRSTERTHLZ L5, FHEL TR
DL,
KED—RHEFEICBITDHFICBEWT, FEREMLI VL 20HBREBROEL SICHEZES
FETHUBEMS L ER, TN IARTVMLERIZIFLI L VXTIV 0N,

2) f X [a, b] THEETHILT

Hm(S(P, f)—s(P, /))=0
|Pl—0

THDLIENBLPFHAL LWL D,

INTIE, BEOOHAELRICIE L > Tk, Z1UE, Q% &72T 1 205E DT P}
Lol 3L NLHWIRE S(F) & s(f) e Zitinf S(P, fl=sups(P, fIcH L2
t%ﬁmtfw&wﬂfwggﬂthﬁgdPJﬁﬁ%iL&w#%T%éo

3) #M3HIALT, oMz [ flx)de DEHELTL I HHELHS,

INTIE, BIROPEICZ (B DB HIEIC & 5 VBN H b,

3) E5i, 3) TEBLALERSOKT, RakEEzfE: L T LFTwaEREDLW
(O RLEND,

X n % - KEDOMS & BNOBMETH B0 b, ZOPEITELTH S,

4) fF R [a, b] TEBR LB L&, G2z TXH [a, o] DEED 2 DD HiG DI
MLT, MIET 2 200BHMAF] L 2 OO RFMOFIDZ N ZTNEL WERREICIRT 5 2
EERFERAT B4 0,

ZOFEC LSRN A MHIE 2w, L L, ZO%EL KA REER: OBLEIREIT
Vay

uimiﬁﬁkmm,L%%gyﬂde,T%%syﬁPJdeﬁ%%ﬁié:t
(Darboux NDEEDMBEE) % LICEBERAL TV A bELTWwR EELLNS,

3 . Darboux M EHE M EEE
A TR~ RME2FHIET2ERT, 22 CEE TROMSZBE W, EkEKICE
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T EEG DR Z T 5,

FI (Darboux)? [ % WX [a, b] TEREINEREHKET S, 2o s, S(f), s(f)
B3 THELNIAEBEDFEDFNOMIBMHEE 5 &,
(i) TEOEH LT, EHIINELT, [0 )DFEP % |PI<otudL)icE
g, DEDORFERIKILY 5,

IS(P, /)= SNI< e, Is(P, fl—s(N<e

(i) fidla, 6] TS TETH 5,
R (1)@ 2 S EOFTEERERELTLOE (P 2T 58, BEDO n Il L T

IS(P, £)— S(NHI=IS(P, /)= S(PU Pu, IH|S(PU P, f)—S(f)
@ @@L L LY,
|S(P, £)= S(PU Pu, IN<|S(P, £)—s(P, 1)
T, @QemmE2ELY,
[S(PU Pu, )= SIS IS(Pu, £)— s(Pu, £
f BB B e LD, BEOTFH oL T, FEf s & &1 & HIEL T,
[Pl< 8 7% 61F, |S(P, f)=s(P, fl<e/2
[Pa|< 81 7% 512, |S(Pa, f)—s(Pa, £)<e/2
$oT, HEDEH ¢ ITHLT, BF n 2 FoKELE>THTIE, EHK O »HIEL T,
[PI< 8 % bid, |S(P, f)—S(f)I<e

M FER Y BEEICETE 5,
(i) (i)oRErs, I=S(f)=s(f)eTdE, WY

—e<s(P, f)—s(AISS(P, f)—I=<S(P, f)— S(f)< e
(P, f)-Il<e

(FEEL1) (i)X0, SU), s(f)IEEBRZ2HEZT L LT [a bl oML HIZ L ST —
ETHDIEDGH5E, EbLIZ, ZnZrhb, (1 )JOREREIO2ENL S ITEEILTES,
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0= S(P, f)—S(f)<e, 0=s(f)—s(P, f)<e
S(f):ing(P,f), s(f):sgps(P,f)

(FEE2) la, bl n%5%2 P™ E§25E|PY=(b-a)/n THEIr5, PWIIZ0ER
DEGETZT, Lo T, ROKREEEL DEEI

Ei: a+(b_ a)z/n: xXi € [xi¥1, xi] (Z: 1)2’ ...... , Vl)
ETHE, DEDLIICELNSD,

[ rx)dz=1im B(P, £)=1lim (b— a)/nZ f(a+ (b= a)i/n))
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