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dimensionalordinarydifftrentialequationtotheboundary

YaIueproblem・Thegeneralprocedureisexplainedbelow．

lnaninfinitelylongcylindricalcellwhoseradiusisR，an

lrnPenetrablepolymerrodwhoseradiusisa，isassumedat

鵬centerofthecell・Themixtureoftwospecies（AandB）

Ofsphericalmobile counterions with difftrent size and／or

YaJenceisconsideredinthecontinuumdielectricmodel．The

DegatlVeChargeisassumedtobesmearedunifbrmlyonthe

Su血ceofthepolymercylinder．Thevalue，b，isdefinedasa

meandistanceofanelementarychargealongthepolymer

uis・TheradiiandpositivevalencesofthecounterionAand

Barede丘nedas一TA，qB，andzA，andzB，reSpeCtively・

WhentheradiusoftheionAisdifftrentfromthatofionB，

山ezonefbrtheequationisdividedintotworegions（inner

regionandouterregion）fbrtheradialdistancefromthecen－

terofthecell，r，inconsiderationofthedistanceofclosest

approachofeachionspecies・Thedefinitionsareadopted

SuChthaty＝eUkBTisthereducedelectrostatic potential

andLB＝e2／（4訂C。DkBT）isthe職errumlength，Whereeis

dleelementaryprotoniccharge，軟theelectrostaticpotential，

k8，theBoltzmannconstant，rtheabsolutetemperature，8。，
dlepemittivltyOfthevacuum，andD，therelativedielectric

COnStantOfthesoIvent water．Inthecasethattheradiusof

血eionAissmallerthanthatofionB（qA＜qB），thePB

quationswithoutaddedsaltareeXPreSSedintheSI（Systime
加でWJわ朋J）as

昔r砦）

昔r砦）

＝－4000J7TIBNAVlzACAOeXP（－ZAyi）］

d＋JA≦r≦d＋JB，（1）

＝－40001rLBNAV［zACAOeXp（－ZAy。）

＋ZBCBOeXp（－ZB），。）］

α＋JB≦r≦尺，（2）

WhereNAVisAvogadro，sconstant，andCAOandCBOarethe

molarconcentrationofthecounteriOnAandBattheradius

Wheretheelectrostatic potentialisequalto zero，reSPeC－

dvely・Thereducedelectrostaticpotentialsininnerandouter

reglOnSaremarkedbythesubscriptiando，reSpeCtively・

TheunitofmolarCOnCentrationCismol／dm3・Theboundary

COnditionsaredescribedinthepolyanionsolutionas

軌叫＝蓋（慧）r＝尺＝0，（3）
再d＋げB）＝γ。（d＋げ8），

軋＋げ。＝（慧」，　（4）
wheref＝e2／（4訂80DbkBT）＝LB／bisthecharge density

parameter・22Theintegrationsoftheionconcentrationare

de蕎nedas

2仁JACA。eXp（－ZAツ）rdr用2＝eA， （5）

十＝
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CB。eXp（－Z。γ）rdr用2＝eB，　　　（6）

WhereCAandCBarethemeanmolarconcentrationofthe

COunterionAandBinthecellvolume，reSpeCtively・Ifthe

equlValentmolarCOnCentrationofthepolylOn，Cp，isde－
fined as

Cp＝

1　1　　1　　g

1000〃AV打点2み1000〃AV′汀尺2′B

（7）

theelectroneutralityconditionispresentedas

Cp＝ZACA＋zBCB・　　　　　　　　　　　　（8）

Inthepracticalcalculations，thefollowingde伽itionand
translationareutilized：23

〝2＝8000′汀JB〃AVCA。，　　　　　　　　（9）

〟＝ln′肌　　　　　　　　　　　　　　　　（10）

Then，Eqs・（1）－（6）areconvertedintothefbllowingequa－
tlOnS：

d2yf l

－＝一言eXp（2〟）［zAeXp（一ZA再］血2

〟A≦〟≦〟B，（11）

d2γ〃　1

－＝一言eXp（2u）［zAeXp（－ZAyo）＋zBrB．A血2

×exp（－ZB），。）］

〟B≦〟≦lnJ（凡（12）

（乳＝〟A＝2g，（軋－n〝尺＝0，（13）

ッ㈲＝刷，（乳＝〟B＝（乳＝〟B，（14）

2r

2r

CAOeXP（－ZAy）exp（2u）du／（KR）2＝EA，（15）

C80eXp（－Z。γ）exp（2〟）血／（山勘2＝eB，（16）

Where uA＝1nl＜（a＋oh），uB＝lnK（a＋ob），and rB，A

＝CBO／CA0・Inthecaseofcounterionswiththesameradius，

theequationfbrtheinnerreg10nisnotnecessary・

UntiltheconditionsEqs・（13）－（16）arefu1丘11ed，Eqs．

（11）and（12）areSOIvediterativelyvaryingthevalueofyat

r＝R andCAO，CBOWiththefixation（dy。／du）”＝）nd～＝0．

TheintegrationsinEqs・（15）and（16）areevaluatedbySimp－

SOn’Srule・Thesingleshootingmethodisefficienttoreduce

thenumberofiterations・ThesubroutineprogramOntheba－

SisoftheRunge－Kutta－Vemermethodisappliedforthe

initialvalueproblemofthedifftrentialequation・24Errorof

theelectroneutralitybelowl0－6，Whosede丘nitionisglVen

laterintheexplanationofEq・（27），isachievedbydividing

thezoneofuintolO240rmOremeShpoints・Thecorrectness
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htheMC simulation，the concentration atthe outercell

bundarylSCalculatedfromthe伽tingofiondistributionin

theouterregionneartheboundary（～R／10）byaquadratic

bnction．

Intherepresentation oftheion distribution，theinte－

gated＆actionoftheion丘ominnerboundarytopositionr，

q（r）isevaluatedas

Jニ＋JACA（りr’dr’

伽（r）

JghACA（r′）r′dr′

J三十けちCB（r’）r’dr’

Jgh。CB（r′）r′dr′

（22b）

Thefo1lowlngrelationisevaluatedinthePBsysteminthe
CaSeOfthesameValence：

恥（両B）＝1－㍍＝1－宝・　（23）

Insomeexaminations，thecalculationsareexecutedby

Yaryingtheffactionofioncomposition・Thereby，theequlVa－

knthctionofionAisrepresentedas

ZACA
WA＝

ZACA＋zBCB
（24）

Obviously，theequivalentfractionofionBisglVenaSWB

：1－WA・AIso，thevalue¢，equivalenttotheosmoticcoef一
鮎ient，iscalculatedasfbllows：28

¢＝
CA岬）＋CB（尺）／ACA＋／BCB

＝　　　　　　　　　　　　　＿

CA＋CB CA＋CB
＝¢A＋¢B，（25）

Wherethecontributionofeachionisrepresentedasfollows：

¢A＝芸慧＝豊こ，毎
CB（尺）　′BeB

CA＋CB CA＋CB

（26）

Thetemperatureappliedinthecalculationsis250C，and

the叫errumlengthistakenas7．135Åinallcases．

Whentheintegratedfractionofthecounterioncharge

bminnerboundarytopositionr，Q（r），isgivenas

以r）＝WAqA（r）＋wB恥（r），　　　　　　　（27）

hentheerroroftheelectroneutralityinthePBsolutionis

dehedastheabsolutedi晩renceofthevalueofcellbound－

a・yfromunity，Jl－QPB（R）l．Thisquantityisutilizedasone

OftheindexesofaccuracyofthenumeriCalPBcalculation．

InthepresentsystemofzA＝ZB＝Z，thePBEqs．（1）－（3）

SigmifythatthePBsolutiongivestheidenticalfreefraction

andselectivitycoe用cientasafunctionofproductofcoun一

血onvalencezandpolyionchargedensityparameterf，

Wheneverthecelldimensions，COntalnlnglOnSizes，andion

COmPOSltIOnarethesame・Then，thecomparisonsoftheMC

resultswiththePBsolutionsareperfbrmedatthesamezf

Yaluefordi晩rentz・Furthermore，thevaluez2C（r）mustbe

identicalinthecaseofdifftrentzwhenotherparameterSare
dN，SameinthePBsystem・
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FIG・1・DependenceofthefreefractionsfA，fB（lowerda（a，1eflaxis）aJld

OftheselectivitycoefficientKA．B（upperdata，rightaxis）ontheproductof

COunteriOnvalencezandpolyionchargedensityparameterfinthemixture

OftwocounterionspeCieswithdiffbrentsize（qA＝3．0Å，qB＝5．0Å）and

SameValence（zA＝ZB＝l）atsamenumberoftwospeCiesofion（wA

＝0・5）・TheMCresultsfbrz＝）（circles），2（squares），and3（diamonds）are

presentedtogetherwiththePBsolution（lines）inthecaseofa＝5．0Åand

R＝172・0Å・LoweropenSymboIs・fA；ClosedsymboIs，fB；andupperOpen

SymboIs・KA．B・DashedlinerepresentsKA．B＝）・

日．RESULTS

A・Dependenceonchargedensityparameter

First，thedependencesonthechargedensltyofthepoly－

ionarePreSentedfbrthemixturesoftwocounterionspecies

Withthesamevalencezandwithdifftrentsize（crA＜qB）・

Asdescribedabove，ifthedimensionsofthecellandions，

and theion composition are the same，the PB resultsare

identicalwiththeproductofz2andtheiondistributionC（r）

asaLfunctionofzE・Inshort，thevaluesfA，fB，andKA．Bin

thesamecellareCOmmOnfunctionsofzfontheframework

OfthePBequation・Ontheotherhand，thedifftrenceswith

thevalencezareexpectedduetotheion－ioncorrelationand

theionsizeef托ctintheMCsimulations．

InFig・ltheMCresultsfbrz＝1，2，and3arepreSented

togetherwiththePBsolutioninthecaseofa＝5．0Å，R

＝172・0Å，qA＝3・0Å，andqB＝5・0ÅatwA＝0．5，COrre－

SPOndingto Cp＝2・5041×10．3molequivalent／dm3at f

＝1・AsshowninEq・（7），Cpisproportionaltof．

Whenzfislessthanunity，theselectivitycoefficientdue

tothedifftrenceoftheionradiusisnotremarkablefbranyz・

Withhighvaluezfexceedingunity，thefreefractionsof

bothionsareseparated，andtheselectlVltyapParentlyrises・

ThedeviationsbetweentheMCresultandthePBcalcu＿

lationbecomesignihcantinstillhigherzfrange．Thefree

kactionsofthehighervalencecounterion apparentlyde－

CreaSedownwardincomparisonwiththePBsolutions．How－

ever，theselectivitycoefficientisnotsosensitiveasthefree

fractions・IntherangezE＜2，theselectivitycoefficientsfrom

theMCsimulationsareindistinguishablewithinthestatisti－

Calerror・Atzf＝2，theorderofselectivityisthesameas

Orderofvalence・Themonovalentiondistributionisvery



丁．NiShioandA．Minak細a
10788　J．Chem．Phys・．Vol・113，No・23・15December2000

r【Å】

50　　　100　　172

r【Å】

FIG．2．Comparisonoftheiondistdbutionsz2C（r）（a）（log－logplot）and（b）oftheintegrated＆actionsq（T）ofbothcounterionsatzE＝2inFig・1・TheMC

resultsfbrz＝1（E＝2．circles），2（E＝1，SquareS）・and3（＝2／3・diamonds）arepresentedtogetherwiththePBsolutions（lines）・0penSymboIs，ionA

（qA＝3・0Å）；ClosedsymboIs，ionB（qB＝5・0Å）・OtherparametersarethesameasinFig・l・

themonovalentionsisobviouslyduetoveryhighaccumu・

1ationoftheionswithfiniteionsizenearthepolymerrod

Thecorrespondingfbrmsoftheiondistributionz2C（r）

andtheintegratedfractionsofeachionatzf＝2and5in

Fig・1areShowninFigs・2and3・reSpeCtively・Theaccumu・

lationofthemultiValentcounterionsinthevicinityofthe

polyionishigherintheMCresultsthanthePBsolution

consideringtheCoulombicinteractiononly・Thisdeviadon

closetothePBsolutions（seeFig．2）．Theselectivityinthe

trivalentionsisalsoslightlylargerthanthedivalentions

eveninstillhigherzErange・
Inthemixedmonovalentcounterionsystems，eXtraOrdi－

rLarybehaviorappearsinhighze（≧3）range・Thefreefrac－

tionofthelargeionfBishigherthanthePBsolution・and
thefreefractionofthesmallionfAgOeSdownward・lnthe

rangezE＞5，higherselectivitiesareobservedevenincom－

parisonwiththecaseofthetrivalentions・Thisanomalyin

r【Å】

50　　　100　　172

r【Å1

FIG．3．Comparisonoftheiondistributions，（a）Z2C（r）and（b）oftheintegrated＆actions・q（r）ofbo血counterionsatzE＝5inFig・1・TheMCnsulbb

z＝l（f＝5），2（f＝2・5），and3（f＝5′3）arepresentedtogetherwiththePBsolutions・0therparametersanddetailsarethesameasinFig・1and2・
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0ftheMC什omthePBresultissignificantatthehighcharge

denslty・Thisseemstobeanappearanceoftheion－ioncor－

relationsbetweenindividualionslgnOredinthePBsystem．

IntheMCresultforthemonovalentionsinFig．3（a）

ShouldersofthedistributionareaPparentfbrbothions．A

PadofsmallionAisstronglyaccumulatedwithinthehrst

“layer”closetothepolyionrod，andtheremalnlnglOnSare

PuShedawaybytherepulsionofthecorepotential・Then，the

hegularityoftheiondistributionappearS・Inparticular，the

largeionsBarerepelledfarfromthepolyion，andshowa

Shoulderoftheiondistributionsinthesecondlayer（atr

毎a＋2qA＋qB）．Asaresult，highfreefractionofionBand

low丘eefraction ofion Aare Observed．The fbature for

monovalentcounterioncompletelydisappearedatzE＝2in

dleSameCelldimensionsasshowninFig・2・ThePBequa－

donseemstobeagoodapproximationforthemonovalent
COunterionsundertheseconditions．

B・DependenceoncoLJnterionsizeandpolymer
radiuS

hthePBsystem，thefreefractionsandtheselectivity

COe托cientaredeteminedbytheratiosof（a＋0，B）to（a

＋0’A）andtoRatgivenzfandwA．Asdescribedbelow，the

dependenceoftheselectlVltyCOefncientonRisnotsore－

markd）le・The selectivity depends mainly on the ratio（a

＋0’B）／（a＋qA）inthePB systemunlessRissmal1．How－

eYer，eVeniftheratioisfixed，Variouscombinationsarepos－

Siblefbrthemobileionsizeandthepolyionradiusinthe

MCsystem・Whenmanybulkyionsarecontained，theap－
PearanCeOftheionsizeefftctbecomessignificant・These－

1ectivityisexpandedintheMCsimulations，ifthedifftrence

intheradiiofcounterionspeciesislarge・

WhentheradiusofionAo，Aisfixedat3．0Å，the
dependenceofeach丘ee血■aCtionfA，fBandtheselectivity

COefncientKA，BOntheradiusofionBJBareShownfbr

monovalent and divalentionmiXtures at zf＝5and wA

＝0・5inFig・4・Theotherparametersofthepolyionandcell

arethesameinFig・1・Thehighselectivityfbrthesmallion
isrepresentedwhenthedifftrenceoftheionradiusislarge・

Allowerzf，thedependenceoftheselectivitycoefficienton

theradiusofionis weaker．

Inthemixtureofdivalentcounterions，thefreeffaction

hmtheMCsimulationisalwayssmal1erthanthatofthePB
SOlution．ThismeansthattheMCresultoftheconcentration

nearthepolyionislargerthanthePBresult．TheMCresult

fbrthelargerionisclosertothatofPBresultthanthatfor

thesmallerone・Thedependenceoftheselectivitycoefficient

OntheionsizebytheMCsimulationisgreaterthanthatof
血ePBsolution．

WhentheionBisbulkyinhighzfrange，aneXtraOrdi－
narylOnSizee蝕ctappearSinthecaseofthemonovalent

COunterions・ForlargeqB，theconsiderablylargedeviations

Oftheselectivitycoefncientbetween the MCandthe PB

methodsareObservedasshowninFig．4．Ato・B＝6Å，an

extensiveshoulderappearSinthedistributionofionBofthe

MCresult．IftheradiiofbothionsareSmall（≦3Å），the

extraordinarye晩ctofionsizevanishes．Similartendencies

OftheionbindingselectivityWereObservedandanalyzedin

thesimulation fbrthe monovalent cation competition to

RodIikepolyelectrolytesolution　10789

3　　　4　　5　　6　　7

び｝【Å】

FTG・4・DependenceofthefreefractionsfA，fB aJldoftheselectivity

COefficientKA．BOntheradiusofionBqBinthemixtureoftwocounterion

SPeCieswithhxedradiusofionAo・A＝3Åata＝5A．zE＝5，R＝172．0Å，

andwA＝0・5・TheMCresultsforz＝1（circIes）and2（squares）arepre－

SenledtogetheTWiththePBsolutions（1ines）．Otherdetailsarethesameasin

Fig．1．

DNA．34，35Atlowerzf，thefreefractionsoftheMCres。1ts

areveryclosethePBsolutions，andthedependenceonthe

ionradiusis smallerthanthatfordivalentions（datanot
Shown）．

ThedependenceonthepolyionradiusaisshownatzE

＝4inFig．5，Whenthecounterionradiiare触ed．Withde－

CreaSe Ofthe rod radius，thefreefraction of smallion A

0．28

0．26
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0．2
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FIG・5・DependenceofthefreefractionsfA，fBandoftheselectivity

COefGcientKA．BOntheradiusofthepolylOnrOdainthecaseofthefixedion

radiio・A＝3ÅandqB＝5Åatzf＝4，R＝172．0ÅandwA＝0．5（a）．（b）

expandedplotfbrfB・0therdetailsarethesameasinFig．1．
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0　　　　0．2　　　0．4　　　0．6　　　0．8　　　1

WA

FTG．6．Dependence ofthe什ee fractionsfA，fB and ofthe selectivity

COefficientKA，BOnthefractionofionmixturewAinthecaseofthe触ed

radiia＝5Å，qA＝3Å，andqB＝5Åatzf＝4andR＝172．0Å．other

detailsarethesameasinFig．1．

decreasesconsiderably．Thefreefraction oflargeionBis

not affected so．Then，the selectlVlty COefficientincreases

Withthinningtherodinallcases．Notably，theffeefraction

oflargeionBhasaminimumaroundd？》4．6ÅbythePB

Calculation．TheminimumpointmustexistintheMCsimu－

lations，anditspositionseemstobegreaterthanthatofthe

PBresult［Fig・5（b）］・However，itisdifficulttodetermiヮethe
polntaCCuratelyfromtheMCresultsduetothestatlStical

error．ThisindicatesthattheaccumulatedsmallionsarOund

averythinrodpushoutthelargeions．

The discrepancy ofthe selectlVlty COefficient between
the PB and MC resultsincreases with decreasein the rod

radius．ThefreefractionsfromtheMCsimulationarealways
smallerthan that of the PB solutionin the divalentions．

Furthermore，thedeviationsofthefreefractionofthesmaller

ion A between both results arelargerin the divalentions

thaninthemonovalentions．However，thedeviationsofthe

SelectivltyCOefficientarelargerinthemonovalentions，in

particular，fbrthethinrod・Thisfactalsoisinterpretedbythe

StrOngelectricforceandthesmallvolumefbrtheaccumu－

latedmonovalentionsClosetothepolyionaspresentedin

thedistributionpronle．

C．Dependenceonfractionofionmixture

Thedependenceonthefractionofionmixturewisex－

aminedatzE＝4．AsshowninFig．6，thefreefractionofthe

smallionAdecreaseswiththedecreaseofthefractionofion

A，WA．ThedependenceofthefBValueismoregradual・As
aresult，theselectlVltyCOefficientincreaseswiththedecrease

OfwA．ThePBcurveSareSmOOthevenatapolntWA＝1

－1／zE＝0．75．ThedependencesonwAareCertainlystronger

thanthoseofthesimplecompetitivebindingmodel・

IntheMCresults，SmallionsAareaccumulatedstrongly

aroundthepolyionwithlowenngwA・ThistendencylSem－

phasizedinthecaseofmonovalentionsduetothesizeef－

ftct．Thein飢lenCeisexhibitedasahigherselectivitycoef－

T．NishioandA．Minakd

0　　　0．2　　　0．4　　　0．6　　　0．8　　1

pG．，．。sm。ticc。emCient坤tsfrac．i。n。feachi。。。A，。，depJ
lngOnthekactionofionmixturewAunderthesameconditionsinFig・丘

TheMCresultsforz＝1（¢A，0penCircles；¢B，Closedcircles；andI

triangles）and2（¢人，OpenSquareS；¢8，Closedsquares；aJld4・，inYerd

triangles）arepresentedtogetherwiththePBsolutions（lines）・

ficientinthelowwArange．Forthedivalentionmixture，血

dependencesonwAOftheMCresultsarealmostparallelb

thePBcalculationsinthelogplot．

InFig．7，theosmoticcoefficient，¢，andthecontributioA

OfeachionareShownfromthecalculationsinFig．6．In血

figureofthelinearPlot，thedeviationsbetweentheMCad

PBresultslookverylargeinthedivalentions．Thisdeviadd

inthemultivalentionsdecreaseswithdecreaseofthep軒

ionchargedensity．TheMCresultsformonovalentions膿

ClosetothePBresultsinsplteOfthesizeefftct・Thede血
tionsofcontributionsfrombothionscanceleachotherin鵬

totalvalue¢．nen，this valueis not so sensitiveto鵬
fraction ofmixture．　　　　　　　　　　　　　　　　　　1

D．Dependenceonpolymerconcentration

alleltothePBones．Ontheotherhand，thedeviationofdl

lentions・However，theselectivitycoefficientish叫
tothe difference．

1argerthanthisvalue・Nevertheless，anapparentdifbnce

cannot be determined by taking account ofthe s呵






