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A Mathematical Note of Card Games | II;
on Optimal Strategies in the Concentration Game

Akio NODA

Mathematics

Abstract: This is a continuation of the author’s previous papers [1] and [2], and is devoted to the study
of optimal strategies arising in the card game of concentration.

Suppose that two players A and B have both perfect memory and a set of cards consisting of all twin
cards is used in their concentration game. In the first paper [1], we started to investigate two basic
strategies, the strategies I andIl. Note that the changing situation of this game is characterized by a
vector (m,m — r), where the total number of the remaining twin cards is 27 , and the both players keep
in memory m — r different cards including no twin cards. Now, the player having the move have to
make a choice just before he turns up the second card. Indeed, he can select it randomly, either from the
set of m +7—1 unknown cards or from the set of m —# memorized cards for 1 =m—r=m—2;
the former selection forms the strategy I and the latter does the strategy II .

We are ready to explain our optimal strategy M. Before coming to a decision conceming the second
card, the player calculate the expectation e (m,m —r) of his points obtained if he adopts the strategy

I in the present situation (72, — 7) and he also gets another expectation e, (m,m — r) based on the
strategy IT. Then he prefers the one giving rise to the maximum value max {el(m,m —r),e,(m,m— r)},
which turns out to depend on the changing situation (m,m — r) in a rather complicated way. Such a
strategy of selecting, in every situation of his move, the optimal one in a family of basic strategies that
produces the maximum value of expectation is called the strategy M.

The purpose of this paper is to give a full account of the sﬁategy M and then to make a comparison of
various strategies such as M, I,IIand others. In order to exhibit an advantage of the strategy M over
the other, we discuss several cases of the concentration game in which A constantly adopts the strategy
M but B changes his strategy within the above-mentioned strategies.

On the same line as in [1] and [2], we invesﬁgate the expectation of A’s points in the situation
(m,m—r) of his own move, and succeed in proving its asmptotic behavior of the form
am+0, +O — |, where m goes to o for each fixed 7. The detailed study of these coefficients
a, and O, as sgzluences of r=1,2,3,--- enables us to state the following: The leading term «, m is
independent of B’s strategy, but the constant term &, does depend on it; if B changes his strategy from
the strategy M to any one of other non-optimal strategies, then &, increases. The key point in

discusions that follow in sections 2 and 3 is to show that A should select the strategy I when 7 is odd,

and the strategy Il when 7 is even, for sufficiently large values of m . For each value of m, on the
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other hand, the problem of solving the inequality e, (m,m —r)> e,(m,m—r) seems to be difficult,

which one can see by checking several tables listed in the final section 4.

Key words: optimal strategy, card game, expectation, a system of difference equations, asymptotics.
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(3-9) dy(mm-r)=0n»>od,(mm-r)=0
% BEEHRBIEIC X - CHEAT 5 2 LS TE B, ZOEADR, BIE 1 & HLATHEOBIEM O
BEE R LTS, FOREXIEFHET A0, m—> o DL X OBTERZFH I,
EE4 (i) mooDrtE RAVPHKYI(G=34):

(3-10) d(mm—r)=(- )k, + O(l)
: m

ZIT, rofdlk;, Lk, (K, =0) 3RAERT
@-11-1) &5, =(K,,; (rHFEOLZ)
{K4r  t2r+l-dra,, FHMEHEOLX)

(-112) &, =&;,, (#mf@rgz_ﬁbf)
(i) &;5,,,=k,,,=0 (=L2,)
(i) &, = Ky, FEFEMRERFICT, +o il T D,
FEA (1) rICBTAKERNRNEICLD, 2FD, r—1 ETGLOBELWVERET S, (3-5)3K
T & T 122 %@EA LT, |

I[=x,, ,(m-r)+OQ0),

T =(x,, +2r+1-4ra, Ym-r)+ o)
/D, MELICE> T, FoRERmITH L,

T >T) (r B&EED & %)

TI<T! (r @D & &)
L%, THOLT, B2BRBEMBH>Tm=M D& X,

m—r m-—vr (1)
3-5-1 diimm—r)=——d.(m-1,m-1- b O\—
( ) di(mm=r) m+r s(m=1m ¥ ’(m+r)(m+r—1)+ \mZ,

DD, ZIZTT, bII@-11-1)DFETD L —KT 5 EH,
ZOWIEREELS FIEIHMEEFALCTHY . TORRGI10)Rr ORI T D, flLF,
d,(mm—r)IZoWTix, mzM oL x

m-—r
36-1) d,(mm—r)=——d,(m-1,m-1-r)—2rk, _ c{——
( ) : s(m,m =) m+r o " r)=2rks (m+r)(m+r 1)

11
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PE N, BHIZE-10RCED, 25 LT, BMEOIEANET T 5, (i) & (i) OFEI, «,,
PEDHE-INDKOBEEOERIGEEX 2\ [FEATI,

F—Ab. EIEM OB LB OZOM O
Eﬁﬂ%m—0KBH5$®%ﬁ%ﬁﬁ%ywmm—ﬂ\Z@%h%%ﬁmm—ﬂk§<&\ﬁ
PRI 2 = rEm -1 xko@y & 5,

2r
m+vr

m

G-12-1)  p(mm—r) = _:{1+ ps(m—1m—1-r)+——max{T;, T, }

m+
1
(3-12-2) T :_n7+r_—1-[1+ ,us(m—l,m—r)+(m—r){m—1—vé(m—l,m—r)}

+2(r =D {m— vy (m,m—r +2)}]
(3-12-3) T,=m—v(mm—r+1)

m

(3-13) v, (m,m—r)= _r{1+v6(m—1,m—1—r)}+ 2r {m— ps(m,m—r+ 1)}
r

m+ m+r
SEEIRIBLOMEOGE LB LT, BEEMOBENEEH X5,
(3-14-1) d(mm—r)= u(mm—r)— v(im,m—-r)=0
(3-14-2) d,(m;m—-r)=v{(mm—-r)— (m,m—r)=0
EBWT, YK@?WI:EE (mzr+1Lr=2) [CEY#HET,

2 :
max {7, T’
(m+rY(m+r—1) s

G-15-1)  dy(mm—r)=——d (m—-1Lm—1-r)+
m+tr

(3-15-2) I=2m+r+1+d(m-1m—-r)y—(m—-r)d,(m—-1Lm-r)
2(r-Dd,(m,m —r+2)+(m+r-Dmm—r+1)
—(m-r-Dv(m-1m—-r)-2(r-Dv(mm—r+2)

(3-153) Tl=—-(m+r-Dd(mm—r+1)

G16)  dmm-r) =g m—Lm=1-r) -2 d(m,m—r +1)
: m-+r m+r

d.(m,m—-1) = 035 L 0id,(m, 0) =2—ml_—1 {d,(m—10)-2(m~1)d,(m,2) }

(i=5756j=6,i=675j=5) PHAFZ—PLT, F—Ra LELOEFEEY, ROER
WCED,
EHS (1) m—>oDeE, WPV IS (i=5,6) :

(3-17) d(mm—r)=(- l)i_llc,.,, + 0(i)
m

IIT K, 3HHMEK,, = 0 L ROBERTRES N EIITH S ¢

12
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(-18-1) K5, =(Ky,; —QRr+D)+4ra, ; (r 3HFHDO LX)
{K'GJ_I (r MEZO L &)
(3-18-2) K;, =K, (FTOr 221 L 70)

(i) Kso =Kepyu=0 (G=12,)
(1]1) K5,2j+1 = K6,2j+2 (] = 1,2’")6\i$~§}ﬁt§ﬂuiﬁmﬁﬁu‘@\ +w L:%ﬁ&‘a——éo

BREIZ2=r =41zxt L. FERRXRGB-15)3-16)DEEMHFZ LT,
d,(m,m—2)=d,(m,m—-2)=0
9 12 6!
d. -3)==- +
smm =)= S Sm Ay mt D) (m-2)
d.(m,m—3)=d,(mm—-4)=0
1
dé(m,m—4):—2+ % __4 6!
5 Tm+4) 5 (m+A(m+3)-(m—1)
LA B
35 (m+4)(m+3)-(m—23)

r—Ac BEMORLEI ], 1477 LIRS TOXE
FOFEED L X OBEGFEL w(mm—r), ZOFEDL ZDENE vy(m,m—r) TRT L,

WEBEOSID 2= r=m-10 L %,

m-—vr 2r .,
3-19-1 M —F)= 1+ -Lm—-1-r)¢+ max{7,, T,
(3-19-D t(m,m—r) m+r{ Hy(m—1,m r)} ot 7 8}
(3-19-2) T7:;:_—1;-3[1+,u7(m~1,m—r)+(m—r){m—1—vg(m—l,m—r)}

+2(r —D{m—vg(m,m—r +2)}]
(3-19-3) Li=m—vy(mm—r+1)

m— 2r

,
(3-20-1) vg(m,m—r)= — {1+v8(m—1,m —-l~r)}+m+rU2

1
(3202) U, :m[ 1+ v(m—-1,m —r)+(m—r){m——l—,u,,(m-l,m—r)}

+2(r—l){m—,u7(m,m—r+2)}]+—;{m—,tlﬁ(m;m—r+l)}
Fh, m=rDL XX
321-1)  p(m,0) :TI—I {14 4, (m=1,0) + 2(m~ Dn— v, (m,2))}

1
m—1

@212 vy(m,0)=7 {14 v(m—=1,0)+2(m ~ 1)m — 11,(m.2))}

13
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m+2

L0 w(mm—1)=v(mm—1)= LEID 2 50— L Eb bR,
r=2 OBAIC LRSI ER b
11 4 11 59 14
—+

| > _2:_ -7 g _2 =T -
polm,m=2) = Fom =, v(mm=2) = fem =t 1)

%?%60
FHE6 (iym—o>odrix, RAXPBEYILD:

(322-1) p(mm—-r)y=am+r71,, + O(—l-)
’ m

(3222 vy(mm-r)=am+r7,, +O(l)
’ m

2 :
7T, T (1, = g)lﬁk?&f“ﬁii LEFNTH D,

323-1) 7, = a’z_ ~ 7y, (P MEEKO LX)

3 1
_(47' +§)ar +2I"+E — T (r BEHED LX)

1
(3-23-2) 1,,=-(Qr +5)ar +r—7,, {@FTXTOrz2iZx1L70)
(i) 7,-8,=0;j=20&
J
1
Tia; ™ 50,2;‘ = 2(41_ 1)(5 -y ,)>0
=2
BLOjzlorx
! 1
Tz — 50,2j+1 = Z(4l+1)(0{2, _5) >0
I=1
FWThb, jo> oD E X4l ZRET S,
. . 1 ,
(i) 8= Ty = 24+ D@ =5)>0 (=1.2,)
I=1
BLW
4 1
Sar = Bagn = LA+ ) >0 (=12
I=1

s, jo> oD L &+l lHET 5,
EH6 THW Sz 2 DDEDET, ~3,, &6, —7,, 1% B L I2BEZ LICTVF AT
BEEES L N BAD, BEREM OEHEETL TS, |

14



ERERRERE —HBEE $17% (2003)

§4. &0

EEOWX (1], 2] LI OWmITH U HERE) O 4 OBIEZ HBRE L, B
HHEO LNV CTELLHE LEEREYEL DD, 20D, FERIEM % & 5FDOMBNLED
BREBETLHILETE, 2F V| ABWEFOLLKEERE & 5T IO > BRI ERT
BHE. FICENEEOFRNSZ BT ILILRD0N, IRECOBREERL TEX D,

ZOEORIHIE, B OMBm P RELRD L XOEEEHICESEE T, BRIIFROM D
. (EEOHFKINE, 2=Sm =T OHEIRET 2) T 2BE (mm—r) BOGRIFED
EHEROETTT, B2, BEEMICTEBWT, BRI O (2KBEEZREV— FOFNLERS) XV
FHEEED (2B ZEAD— ROPFNLLESR) LV LEE LVWBEEZ T ITROFTHELRT,

E9. ZHEBIEM 2 L AHE 0D X 5, FE(m,m— r)iZB1T 5 H OB/ RHHEO TSRS
Ix.

() ROFBOL % : g(m,m—r)zarm+50r+0(l)
’ m

(1) ZOFHEDL X m—a(m,m—r)=(l—ar)m“?w*o\(l)
? m

&5, F—EOamé(l-a,)mit, LTI TORIEBT 0T, FIHOEHKS,, L -0,
BIEX DEIEDOBIZB W TEhEh, BEOELZZRT I LICEET D,

(1) BEEM ORIZX LT, 2K % L 25%4E
CHEBEMEZE OTICEIE I 2 BAE I EPOELIROFNSIT, m—>o DL &,

; 1
() ROFEDLE : ,u3(m,m—r)—e(m,m—r):lc3r+51r—50,+0(——)
ZOEEEREEHRDE, Ky +0,,,-6,,;=0, £LT

- _I 1
K350+ 0251 = G2y =22 (41+1)(ay _'2')_) © (Joronlx) ki,

=1

(1)

(B) ZOFEDOLE a(m,m—r)—v4(m,m—r):K4,r—51,,+é}),,+0k—)
m

J
1
EOEEEEHD L. Ky, — Oy + 8,5, =22 (4 +1)(ay, - R (o o0Lw),
I=1

LU TKy 5m _éi,zj+1 +50,2j+1 =0&745%,
(2) BIEM OBIZX LT, ZABKI %2 L 254
LM% L LTI T 2BALZ LA LIBHOFRIIE, m oD L x|

15
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(1) BHoFEOLE: u(mm-r)—emm—r) =Ks, + 0,, =0, + O(—}%)
ZOFEEEIT, K5, +0,, =0y, =0,7 2216 LT
Ksy, +054, =0, :22(41—1)(%— &y )>®o (joonEE), £LT
Kspt 0y 0g0,0 =0872%,

(n) ZOFFEOLE : e(mm-r)-vi(mm—-r)=K,,~-06,, +3,, +O(i)
EDEREL, Ky, —Opq; + 0, =0, FLT

J
1
&”Mﬁwﬂ+%uﬂgiku+gs—%my+w(f»w@&%)&m@
I=1

1
(3) BEEM ORIZH LT, TR, H%E@%EF?/&?“N:igsi%‘a%%&é%é
ZOHELRRIC, ROFRIEZREIDL, m>o0oDL X,
1) BOFEFEOLE: ,u,,(m,m~r)—g(m,m—r):rlr—50r+0(-1—)
’ ’ m

R, EEHET, — 5, IAEE 6 (i) TRULATVER, (1) ORETHEREE (2) 0%
& DOFHE 7 5 i,

|
(a) ZOFEDLE : e(mm—r)— vi(mm—r)=6,, - 7,, +O(—)
, : "

n. EEES,, - 1, ER 6 (i) THUARTOAR, (1) ORETSEREL (2) 0%
& DIEIEIMIR B,
BEWFROBAIINTY, Bs M OFm 5k E 0 e 5. r OBEFICEE L bR
i, SED . rAEE TR L ORDFIC, MBI T O FIH D
EE2 HLoNAEI—FZ 1K LPEETEARB, HE VL TR TX R C 2 AMBHEFIZT S
L. OMEE TR E 0, M MEES T Ic—BT 5, [2] §2ORRELY . LWPROS—RICE

1
WTHSERIZERET 5 R OB S HHEIm - O(—) (m—>oDlE) THY, MEXEETHIT
m

EDEALITILD,

T, AROm OMEIZx LT, EBig M OROFF STV NE LD, FE(m,m— r)Bodisd
LEMLRIE> TR OB AHHELZEH L, UTOX2IZROBICE LD T, ZOHERAL S, B
DFEBO L XITEIE T O FIZHES Bmik { } CEPIRL, BYORBETHE., bhAARK
BIORYFZAY 4 v F4 5, 2B, r SIOBALRS—AZERL, 2=r=m =T OHEEIC
FRE L7z,

16



ERERKFRLE —BEF £175 (2003)

(0) HEHFOZNEIEM & & 57— R
(1) BOFEDOL X, FOBRBHEs(mm —r)&ETT, 7‘@3\ () ZOFEDOL X|T. HO
BEIIEEM — e(m,m-1)1Z (1) ORRD BT b7 oD TRE,

r=2 r=3 r=4 r=5 r=6 r=17
2
I { 3 { * * * * *
0.667
7 7
_— S { S | * * * *
1.4 14
32 72 63
m=4 15 { 35 { 35 * * * *
2.133 2.057 1.943
43 37 109 116
= = == =2 *
m=5 15 { 14 ‘ 45 { 45 } *
2.867 2.643 2.422 2.578
18 334 661 3589 171
I TR O R TV
m=6 5 105 225 1155 55
3.6 3.181 2.938 3.107 3.109
13 { 129 } 115 4174 { 7633 } i 1566 }
m=17 3 - 35 33 1155 2145 455
4,333 3.686 3.485 3.614 3.559 3.442
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A Mathematical Note of Card Games, II; on Optimal Strategies in the Concentration Game

(1) FoFFEOLE, FORAHFEL (mm—r) ZRT
r=2 r=3 r=4 r=5 r=6 r=7
2
_— { 3 | * * * * *
0.667
7 7
_— S { . | * * * *
14 1.4
32 274 274
m=4 15 105 105 } * * *
2.133 2.61 2.61
43 683 109 349
m=5 15 210 % 35 % {135% * *
2.867 3.252 3.114 2.585
18 797 { 16726 1332 {1332, .
m=6 5 210 4725 385 385
3.6 3.795 3.54 3.46 3.46
13 6766 {130, 14371 565787 | (365781
m=17 3 1575 33 3465 135135 135135
4.333 4.296 3.939 4.147 4.187 4.187
COFEDOL A, BOEEIHEM — v,(m,m—1) ZRT,
r=2 r=3 r=4 r=5 r==6 r=17
i 3 %k 3k sk K
m=2 3
1.333
3L 5 * * * *
m=3 15 5
2.067 1.6
119 211 72
m=4 45 105 35 * * *
2.644 2.01 2.057
47 36 2612 2948 . .
m=>5 15 35 945 945
3.133 2.457 2.764 3.12
107 3599 16288 7628 1040 .
m=06 30 1260 4725 2079 297
3.567 2.856 3.447 3.669 3.502
107 5416 23591 18551 530399 79108
m="7 27 1575 5775 4455 135135 19305
3.963 3.439 4.085 4.164 3.925 4.098




Q) HBHEFOLIEELE L DT —

ERERAERE —BHE #1775 (2003)

(1)

(1) ROFFEDEL &, RO (nm—r) EFF
r=2 r=3 r=4 r=>5 r=6 r=7
2
—_- * 3 *
m=2 { 3 } * *
0.667
7 7
I S {Sf * * * *
1.4 1.4
32 72 68
m=4 15 ’ 35 { 35 % * * *
2.133 2.057 1.943
43 37 283 283
= — == = *
m=5 15 { 14 % 105 105 l *
2.867 2.643 2.695 2.695
18 ’ 334 } 1769 10804 { 10804 % *
m=6 5 105 525 3465 3465
3.6 3.181 3.37 3.118 3.118
13 { 129 % 23326 1 491 } 177077 { 177077 %
m=7 3 35 5775 126 45045 45045
4,333 3.686 4.039 3.897 3.931 3.931
COFHFEOLE, BOBIHREM —v,(m,m—r) 2R
r=2 r=3 r=4 r=5 r=6 r=17
4
me?2 3 % %k %k * *
1.333
8 8
m=3 5 5 %k %k %k L3
1.6 1.6
28 72 72
m=4 15 35 35 * * *
1.867 2.057 2.057
32 373 116 116 . .
m=5 15 140 45 45
2.133 2.664 2.578 2.578
12 1381 964 11426 11426 *
m=6 5 420 315 3465 3465
2.4 3.288 3.06 3.298 3.298
8 4111 812 40702 173456 173456
m=7 3 1050 231 10395 45045 45045
2.677 3.915 3.515 3.916 3.851 3.851
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(3) HWHEOLAWM T, [ RS TT ¥ LIESRIE L 57— 2
(1) FOFEDL &, POFIMEFEL (mom— 1) EFF

r=2 r=3 r=4 r=5 r==6 r=17
2
—_— 3 %k
_ { 3 | * * *
0.667
7 7
3 S ! . | * * * *
1.4 1.4
32 239 239
m=4 15 105 { 105 * * ,*
2.133 2.276 2.276
43 2347 2047 2474
m=S5 15 840 i 756 } { 945 } * *
2.867 2.794 2.708 2.618
18 { 4229 E 30313 138283 { 138283 ; *
m=6 5 1260 9450 41580 41580
3.6 3.356 3.208 3.326 3.326
13 { 1369 } 131639 560569 { 452581 } { 2422139 }
m=7 3 350 34650 124740 102960 540540
4.333 3.911 3.799 4.494 4.396 4.481
LOFEDLE, FOBAMFEM —v,mm—1r) 25RT,
r=2 r=3 r=4 r=5 r=6 r=7
4 ,
m=2 3 * 3 * % %
1.333
L S * * * *
m=3 6 5
1.833 1.6
203 121 72
m=4 90 60 35 * * *
2.256 2.017 2.057
79 71 20563 2563 % "
m=5 30 28 7560 945
2.633 2.536 2.72 2.712
179 5179 17801 535097 32876 *
m=6 60 1680 5400 166320 10395
12983 3.083 3.296 3.217 3.163
179 22969 37651 3740287 1599487 39563
m="7 54 6300 8316 997920 393120 9009
3.315 3.646 4.528 3.748 4.069 4.391




ERERKERE —REF £17% (2003)

(4) KBOSEBER L LT, BOTESEK I %2 L5 — AT, FEORORLIAFE (m,m—

r) ERT,
r=2 r=3 r=4 r=5 r=6 r=7
2
—_— % ® * ® *
m=2 3
0.667
14 7
——— — * * %
m=3 15 5 *
0.933 1.4
61 72 274
— - — * * *
m=4 45 35 105
1.356 2.057 2.61
28 229 2878 109 . .
m=5 15 84 945 45
1.867 2.726 3.046 2422
13 4253 16286 3194 27362 *
m=6 30 1260 4725 1155 10395
2.433 3.375 3.447 2.765 2.632
82 1259 4427 19780 439742 515337
m=17 27 315 1155 6237 135135 135135
3.037 3.997 3.833 3.171 3.254 3.813

(5) B, CHEVFEELZ & 57— AT, FEOROEBEBHFEvm,m—r) ZRT,

r=2 r=3 r=4 r=5 r=6 r=17
2
me? 3 * * * * *
0.667
— L * * * *
m=3 5 5
14 14
32 68 68
m=4 15 35 35 * * *
2.133 1.943 1.943
3 327 283 283 . .
m=>5 15 140 105 105
2.867 2336 2.695 2.695
18 1139 1769 30 30 *
m==6 5 420 525 11 11
3.6 2.712 3.37 2727 2.727
13 3239 23326 10702 58517 58517
m="17 3 1050 5775 3465 15015 15015
4.333 3.085 4.039 3.089 3.897 3.897
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(6) HiWsE T O LERBE T DOLASTHT B — A
(1) FOFFEOLE, HOBMMIREE L (mom—1) ZRT,

r=2 r=3 r=4 r=5 r=6 r=17
2
< * *
m=? 3 * ® %
0.667
14 7
— — *
m=3 15 5 * * *
0.933 14
61 209 68
= == — *
m=4 45 105 35 * *
1.356 1.99 1.943
28 89 2113 1777 * *
m=35 15 35 945 945
1.867 2.543 2.236 1.88
73 429 12062 4946 30452 s
m=6 30 140 4725 2079 10395
2.433 3.064 2.553 2.379 2.929
82 5609 1762576 90929 30320 623221127
m=7 27 1575 605605 31185 9009 212567355
3.037 3.561 291 2.916 3.366 2.932
ZOFEOLE, BOBEMEEm — v,(nm— 1) EFRT,
r=2 r=3 r=4 r=5-. r=6 r=17
4
—_— *®
m=?2 3 * * * *
1.333
8 8
_— S S * * * *
1.6 1.6
28 146 146
m=4 15 105 105 * * *
1.867 1.39 1.39
32 367 2282 2282 % *
m=5 15 210 945 945
2.133 1.748 2.415 2415
12 463 2773 978 978 .
m=6 5 210 945 385 385
24 2.205 2.934 2.54 2.54
8 4259 2797 5175637 390122 390122
m=17 3 1575 825 1816815 135135 135135
2.667 2.704 3.39 2.849 2.887 2.887
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BV, FERVWERBEFT LW EDTEEL TT S - HIBIITH T S s, BEOSELHR L
BRFEF,
BENE ,
[1] HEEB, b— K- F— 208/ — b ; EETHE) (0BT 2EIIC OV T, BRERK
FHOE—HEF 15:1-18,2001
(2] HEEAB, 1—F - 2083/ — M ; [FREB] BT 585V T, EBRER
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