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Abstract: Let us consider three random variables X; (i = 1,2,3) with mean (1, and variance O'f . We denote
by p; the correlation coefficient of X; and Xj , and set {i, j, k} = {1,2,3}. Then the partial correlation
coefficient p,,, is defined to be (P = PuPy) ! \q \m (see [4]), which is equal to the correla-
tion coefficient of residuals R,, and R,,. Here, we put R, = X, — )A(l., )A(l. =u, +0,p,(X,—u,)/ o, being
the least squares regression line of X, given the value X, . In § 1 we study some properties of these partial
correlation coefficients to see their importance in the regression analysis and also in the theory of normal
distributions.

The purpose of this paper is to investigate the logarithm v, of cancer incidence in Japan (due to [2]),
which corresponds to the value x, = 2.5 + 5(k = 1) (1 < k < 18) of age. The fact that the correlation
coefficients between three data {x,, u, =logx,, v,} are all near to 1 was observed in [1], which surprised
the author and led him to the present study of these data. Indeed, we find outliers in the residuals
R...R. . R, and compute the partial correlation coefficients r,, and r_,, to note two remarkable low

values: one is r

uvex

= 0.0543 in the range 1 < k < 18 of age and the other is 7,,,=0.2614 in the range 4 < k
< 18 of age, which tells us that our real data v, can be fitted by the regression line on x, (resp. #,) in the
former (resp. latter) range of age.

The final section is devoted to a study of the simulated data w, that we generate by using the Weibull
distribution ([3]). Our method of simulation comes from an approximation of the simulation model
proposed in [1]. We obtain results on various kinds of partial correlation coefficients such as r, . , 7,

uwex?’ “vwex

and 7,,,,,7,,., defined by (1-1), and also 7,

xweu “vweu wexu

defined by (1-4).
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distribution
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§ 1. RAERREY, REERBOZRESTEERDH

COETIZES, BWISHET 53 0DMEREH X, X,, X; OB VOB Z6m L %, X, D
T, R u,er L, X & X OMBREE p, £ T5(1<i<j<3)o k% {i,j,k}={123} &
FrbTrLE, X OFBERCEHZO X, L X OMBREIEAR TER SN, REBRK
LIS ([4] p.53) o
Py = Puc P
V=P 1= P
X, X5, X3) DBRICIEBLGAGIHE D) W fr, X, (2HD X, D52 WIFHEIE

(1_1) P,-,-.k:

(1-2)  E(X[X,) =y, +%(X,{ —1)
k

L7, BRI X BB X, = B+ BX (B =0,p,10,, By =1~ Bp) 2 FHT B, 20
LA R, =X, - X, 13, X, LEAMR (BRSO % S5H07) TH Y, Z205HIE 62(1-p2) THR
bhd, 2HLT, X, OfixMo72L &, %% R, & R, OHBRIL,

E((X, - X)(X, = X)) [0,1-p; 0, 1= p) ={Cov(X,, X,) - BCoV(X,, X))} /6,1~ p;. 0, 1-p},

EFTETET, ERU-DIZFELL A0 bhb

(kn%mwék,E%%%T&UEO%%E%W%%%KﬂLT%%ﬁf%éO#&b%,m
&pjkﬁfmin(pik,pjk)zl—S(5>0li/J\é’W\)“C“, ERNGEC b DT, SOLE, p,21-8
£ 1B o0\ RIS P > R B, L LaDD, p A1

2 206"
L, p; 13 1-46+28° DLV T %, € LTHIC p,.j,k\g EBDT, ROMREEFS,

f il

k=

P ~ P P_/k‘ = \fﬁpzzk\;l P

RIZ, RAHBRBUIIRITCIER DM OBER B LR T 5 L SITANTHLEI LA L) X, D

BHEAL Z, = (X, — )/ o, & I TEREREL f(x), x,, xy) T2 &, éexp[—z% :|é:7ZcZ>o Z

i,j=1

2 TIROIENEATH] O = (g,) &, MBTTH] R=(p,;) OHATHNZSEL <, IEBALEE C I3 4HiPHIC
B [y, x, x) ORGP UTe B EV) FMETEE Do detR=1-(p), + py + P3y) + 2P P13Pss <

MELCTg AEET L :1—/)?,( _ zm 18L, o T,

EEpSS qii 5] y 4y det R ’ql'j qj'i detR pz] k o
3

DR Q4,52 OEIE, w, = ! psz LR UL, ZW =2 X Py L\ 358 Y
i, j=I \d R 1<i<j<3

DIRAIBIREL p, 2 IV 7T B ST 2 45T % B,
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GED) 2RTERGAHOHER, wi=z,/ detR(etR=1-pp) L LB IUL, FIEBED2K
TROTD w = 2p,mw, +w3 EF 5 2 LRV 2 LT ow, DA RIS 728 &0 w, D%
1
eXpI:_z{(Wl — P ) +(1- P122 )sz}:| 1 |
2 SRR = expl:_z(wl _plzwz)z] LEME S,

j(the same expression as above)dw, V21

T p,w, b DT ENHE) .
BRITED HARTCDIERIT AN B {i,).k 0 ={1,2,3,4} L § 5, 2KF (X,,X,) I2HED X, D5
o SEIfFE L, AR (-1D)I2& 5T

OiPiker / 1- pzzé OiPisak 1- pii
X, X,)=u, +— ikt | X, — )+ —iFiek X, -1,
o XI=H, Oy \‘Jl_psz( (TH) o, \‘Jl_p:é(( o

LEMEEND, X, 5 Z, E5ICW AW EROLHETZIE, oK
EW\W,, W)= puo, W, +p, W, EESHS NS,

Wy, ws DIEZHI 5728 E D w, D5MED S BEEBEKIL,
IR SN, ZOVHE pLaw, — prows ICFE LV,

ST, (1-3)0fill & 2 & mlE O

(1-3)  E(X,

Nl

1
eXpI:—z(Wl = Pi2esWs T P33 )2] &

. o, 1-p’ o, 1-p2
Xi: + X, + X/ ( = Piker : M’ ) = i.il lk’ = i_( + /))
By + By X, + B X, (B = Pu o, |1 _p]i B = P o, |1 _p/i' By = 1, — (Bt + By1t,

2
KE%LT,%%&sz—X%ib%&,%@ﬁﬁulqzﬁ%%+%+ﬁwﬂmmmﬂf

P

5:bN%, ZOEE, Bk R, L R, OWBGREERD L, XRXEHBS, 2HLT, (1-1)
DR E L TRAHBREL pyu, DEREN D,
pij (I- plff) + (pikpjk + pi/,pjf) + pk/(pikpjf + pmpjk)
= (P54 PL+ P+ 2P PuPu 1= (Pl + Py + P+ 2P,y
Pius| SLW 2, ROFFEE

(1-4) Pijere =

B PR BN 12

D,

pij (1 - Pff) + (pikp_/k + pi/pj/) + pk/(pikpj/ + pi(pjk )‘
< 1_(n? 2 2 _(n2 2 2
= ‘\/1 (pik + 0 +pk€)+2pikpi/:pki ‘\sl (pjk +p,‘z +pk£)+2pjkpj€pk€

‘c“l - (pfk + pf[ + P?p) +20,PPu z

WIS, B f(x), Xy x5, x,) D2RIEADIHIZ, w, = TRV

detR '
4

IERBEWEAT) &, BRTEOHEDOFMA D w) =2 Y prwiw; BTS2 2L 2HBNT, 20
i=1

I<i<j<4
iz %,
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§ 2. FEREEIRRIOREREERORES T

COHITIE, HARIZBTAEEEROHEMBEY (212X 5) 2 BELM L 727 — % V=logY & 53
W9 %o SBAIZEE LTIR0MA 590/ F TORMPAZ SEHICK S L THONLEMEX, BLUZ
DR ENE U=1logX 2\ %, (X, U, V)3Z=MOMARBA TN O NTEWEEZ &5 2 LA%, K
FULRAZRL I IR S B @R SEA D S BOR S M(Z OBFFRIZ2012FFKIC [1ITREES 2), SRR
IR L TVOX & UIZXZOUG5H 2 s LI 728k, ZOEUEONETH S, KET
&, E7F=2 YD Iab—varyETNV(IZH) OMCELZ 297 A4 7V54IZH 20T,
ZNCHED VORET— 5 WE AT 5, £ L CRET TR L 7mAHEREORER 2 I 2 ¢,
WX EUIZEDEGEGHEZFETL, JIET 5 VOLie MBIRET 5,

ST, XEURWTNROMHEEHETHSH5, UD X2 X 58OGR AESH 2 ROIITH 2 &
LY, VIEREITIR W) OEDESHTEY) 42 FlE 1 2 ET 22 L0 5, MieDd b
F—=Z134, x=25+5(-1)(1<k<18) & u,=logx, TH b, x=45, 5,=26.6927, u=15283, s,
=0.4102 Z L THPERE r, = 0.9063 (ftalE 2 /R T CEE M4 D) 25 5. I RIE D% E
Q-1 R0 =w~u=PB. (=%, B. =r,s/s,

ERDDL L, ROBRADHD 7o,

(2-2) Y R.(K)=0, YR, (k)(x,~X)=0
k=1 k=1

18 18
Teo TEHH D RL.(k) OEHEEX16T, Z05H1E siz%ZRf,x(k)=0.17872 LERMRE SN S,
k=1

pr
oL E, HkHE R, (k) OFTRAMEE 5257 =% R, (1)=-05384 % 5, THY, outlierHIE
e ([5] p31B M) I HIADIE, A KL% Toutlier & H5E S b,

RIDET—% v, (1<k<18) IZDWVTIE, v=2.2129, 5,=0.9340 T, VO X |2 & NG
(r,=0.9829) ZHER T 1T, 5% R, (k) (Foutlierk &< HE &\, )7, VO UIZXDHIFEE
(r,,=0.8950) Ti&, 57 R. (1) H°10% DA EIAKUE Toutlier & HlE SN b,

Db, EOEHMICBU2RESHICE 5T, bhubhudx, =25 21T, 52590 F T
D x, Q<k<I8) ICHIPHZIRE L THND, ORISR, x=475, 5,=252488, u=15947,
s,=0.3069, v =2.2855, 5,=0.9088, r,=09502, r,=0.9833, r,, =0.9749 Z15C, #IEEIFOFEE

R..(k),R, (k),R, (k) % ZNZIERT 5 &, R, (2) 5% DHEAKIET, R, (2) H25%DHE
KHEET, x, ZEZOY6 LAk ICoutlier & HE SN b,

& 512, outlierk 525 x,=7.5 2T, 3<k< 18 IZHILT 5 1072 5907 £ TOHIFAIZRE 2
L, x=50, s, =23.8048, u=1.6397, s,=0.2526, v=2.3807, s,=0.8467, r,=0.9673, r,=0.9801,

r,=0.9935 %155, FKESHEITH &, R..(3) PEEKEINNT, R, (3) WAEEKIE25%T,
FEC & FAEE I Coutlier & HIE S LD,
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R, 1SEP B0 E TOHMPT (v 7T A X n=15)12BVT,
3DDT =% x,u, v, (4<k<18) HFND &, x=52.5, 5,=22.3607, u=1.6759, s,=0.2143,
v=24839, 5,=0.7652, r,=09769, r,=09785, r, =0.9980 %132, 5% R, (k),R. (k),R,, k)
VTN A EAREI0% TOoutlierx & F VW2 LD b,

TRAHBAREL 7., 1 E RO D L, RDOEEED
AF fii e 0~90 5~90 10~90 15~90
r 0.0543 0.7140 0.9023 0.9547

0.9110 0.8194 0.6607 0.2614

TRARBIR IS I (B 2 XI5~ 90D HPA T 12813 5 r,, =0.9547 ) & &, B R, D R, I2&

DEFEROR R (=R R.(k) 216D, v O x |2 X DEFEABORIMAT S &,

N
RM.X

<

,+%(xk_f)+kvox(k) lthHo TORIT2ZEE (x,u) | Y AEBEIFEOR (1-3) 12—+ 2,

x

ZLT, %% R, =R., —R, H32ODMKN
SR, ()=0, YR, ()x-¥)=0, YR, (k)u—-u)=0
T3 DT, TOBRMERE s, & \niinw(k) Lo TRDLEND,

—1
TAD s, D5, vOxIZEHRIREME L TITDOT, \/(l—r,fv)z_2 fan, HonkE R, O

95, R

uex

12 & B EREMO S TIZDEHS 2 BT, é%a:\(l—nu)— BEENT s, ITE

—77, ROy D u LB RIFEH KR TED LV — b EEE

n—2 B
— e RICET S, LRROKRIZBITS 1, & o1, PMEOHEL

®

1- 1-
\( \/(

W WVSEWIE, 0~905E & 15~90E & THEL TV A, FiETIE x ICXAABEHRDO Y TIZDIZE -
T, v OBEIOBFD RIS FHI SN, HBETIE w2 X 5 ERERO Y TIED O HWIAER % &
DDHZED, bbWOEREGTORKHTH 5o
GR2) 2B »Tid, 25575 L TOFmEMH 'z &b L, VO UIZLZRIFER(Y TE
HE, REEH] AXC ICL LU TEIO)DFEED, 025905 T TOLERBHTIZ, VO XIZX
BIARER (R L Y THREE, R Be™ 12X 24 TED) DN EELZEIRENRTVAS
ERBH e S X ORI N U DfEIE, 01ED IEELRFPKRE LAY, outlierd 5 A
L3 hbe0n) ZOHDOOHFREREPS, [1OTRAZHEMHES LI ENTEDL, B, VO (X, U)
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& B2EMEIEIRORK(1-3) % ¥ TREE, ¥=CX%™ &) iUz, NEFEHEHEHEARORE
S AR

FHEIH T2 BT 5 x, uy, x, DfEETEZFL LT, TOHIZHER 5,
x=50, s,=15.1383, u =1.6796, s,=0.1400, v =2.4920, s, =0.5342, r,,=0.9909, r, =0.9964,

> xXu > XV

ry=0.9980 TH %, FAGHZATH L 1DOLHAELFL , outlierlZ i) Z Lid %\,

§ 3. TATNA L SEKRSNBEEET — 2 OEFES

(OO ERE L&, B FAYEERRIE LR WIHERE SO L35, [1]TIREE N BT
Ial—YarEFVCEBE, SO RETY U EPE#EH LR TEENS,

(B-1) S@)= eXp[—{M(l —a- p)')}z']

[1DEFNZHEHOT BDIIE, BETF I NV— 7O r T, IUTOHATERE IR TWES,
ZLTp3EESRE, MRB 7NV —THNOEETFREMBBOEDPSELHIED/INT XA =5 Thb,
R 4FEilx T TIOREZ 2SR 1 13 x D1IRRTH 5,

L2 HTERE p PO TNEWIEA, (1-p) D2HEEROD S b, p* DEOHEZ EH LT,
1-(1-p) =pt LEWTEL, Mp=A,2r=y LB L, B-1)%RDT A 7 V54O ([3] p.135
~9)ICHEZIHET I LN TE 5,

(3-2) S@t)y=e ™’

ZORIZBWT, "= I ZxDLRAD R, SO s, = 0.99978 (Z DI THLY M EF i PH [ D45
HTHBHISFKIZBU 5 KIEFROHEEMER) IS 2 ¢ DfE 2L D, KIZ 5= 0.882 (I DFEL
TH BN BT 5 RFEROHEEMER) IS T S ¢ O 1], kKb, LT,

v DX <<, #1555 L, kFEROGE 1 2B D SO s, =V ZFHELT, Hkifix,
XHIE T 21005 A5 72 ) OFEREBEL (5, — 5,,) X 10° 23K, ZOWEE w () (k=1,2,--15) & T
5o 2MH14FETOMB y 1L, EF—% v, L B-2)RILDEERT—4 w(y) & LEBERZEL
IeAERDS, COHONETH 5,

(GE3) [1JICBIAEFNTIE, 22085 4= p M ZHIAIZEHML, EF—F v 12X HEE
T2E)%MP,M) &t 2ET x DIRAEZHERLTWE, bLbIOTA TUVGAMICESEY I 2
L=2arTiE, Mp=ADRIINRI X =% Zz170fb L, #ill ¢ Ex DLRAEWETSHDT, A
DEZZRETHLED R, BB, B-1)IZEIWTEET— % 215 L, RHBEREE 720
TR & FAT LT, Sl ET 7V — TR ZZET A ON, FHEOHKRETH b,
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il w (A <k<15) OFH L FERERZITROMY o
4 2 4 6 8 10 12 14
w 2.8155 2.6427 2.5581 2.5086 2.4784 2.4575 2.4421
S 0.3108 0.5629 0.6504 0.6925 0.7173 0.7335 0.7450
y & EBITPHEEA L, BRI 5.
2. BRI, B L OEHBEERE 1., 1., PTEIZROHED
4 2 4 6 8 10 12 14
T 0.9354 0.9788 0.9897 0.9939 0.9959 0.9970 0.9977
Ty 0.9886 0.9999 0.9971 0.9941 0.9918 0.9900 0.9886
e 0.9892 0.9986 0.9902 0.9823 0.9759 0.9691 0.9658
Foveu -0.9393 0.6419 0.9644 0.9816 0.9880 0.9909 0.9932

r, Lo, dy EEBICHINT A, o, & or 1 d y=4 DEERKT, y24 TERDPT L, £

2, y=4 DL E g OWIHEAM & ASTH% ) /A S W ESH£5] <

we

R MBURE - B X ORHBRE v e r . OIZKROED .
Y 2 4 6 8 10 12 14
T, 0.9833 0.9985 0.9971 0.9947 0.9927 0.9911 0.9898
Fowex 0.9315 0.9633 0.9715 0.9745 0.9759 0.9774 0.9768
Foweu —0.3435 0.6296 0.4128 0.3781 0.3598 0.3513 0.3392
Bovexu —0.2964 0.6237 0.6295 0.6715 0.6806 0.7110 0.7096

o & T E y=4 DL IRRT, y24 TEBEIT L. M5, 1. & 1., 13 y=120L3HEK

T, y<12 TR¥EMT 5. &b, r,,r,. PEFENLS UL VESHZ5] <,

vw? Tywex

e

§ 1 TR L 7 RABARRELDRERR 1 X, AFLERIEREAT GED S OBFEWVEMAR S -3 2 52T
iz F72, §20@WHHEERZE 2 (X, U, V) 3EEOWITRIE, ARFUWIR 7RI O & i s
EIZE-> TV D ([1])o MEIEHOBTELZLTRETT . KR, WHAEROZITLZAHIZY
BbH 59, FERIEHICINT T TF & o 723 H (B IAF- 2 AL, Dotz HLHIT L9,
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