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A Convex Domain in the Parameter Space
that Generates Parrondo’s Paradox

Akio NopA

Integrated Human Sciences - Mathematics

Abstract: The author proposed, in his classes for medical students at Hamamatsu, a study of Parrondo’s
paradox described in these books [1], [2] and [3]. This paradox interested them and their naive discus-
sions in the classes stimulated him to investigate the class of all Parrondo’s games from a viewpoint of
generalized random walks ([4].

The game consists of two basic games A and B of the same type. Suppose that a player repeats the game
and observes the partial sum § = zn: X, at time n. Then, if § is a multiple of 3, she plays game A to get
the next result X, that takes on onke:10f the two values, +1(win) and —1(loss); otherwise she plays game B

to get the result X', in like manner. We can therefore parametrize such a game by means of the

1
expectations of games A and B, which we put E(X,,)=-0,E(X,)=B(-1<o,B<]).

Our main result is Theorem 4 which asserts that S /n converges (in the weak sense) to the value
8,=3{2B-a(1+)}/(9+~20) as n—oo. Hence we see that the game is favorable or unfavorable for a
player according to §,> 0 or §, < 0. Since the domain given by & < 2B/ (1+8%), 0 < B <1, is convex, we
now explain how one can generate Parrondo’s paradox. Indeed, noting that the mixed strategy of game I
with o, B, and game II with «,, B, becomes the game having the parameter
o =(o, +(X2)/2,B =(B, + B,)/2, we generate various examples of o, B; (i =1,2) in the final section,
such that the inequality o; > 23, / (1+ﬂi2) holds for each i, whereas we have the inverse inequality
a <2 /(1+ B?) satisfied by the mixed strategy.

Applying the theory of generalized random walks developed in [4], we can also solve the ruin problem

for every Parrondo’s game; we thus understand his paradox from another point of view.
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