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We introduced a detailed explanation for the mathematical method for solving the linear differential
- difference equations with absorbing barrier that characterize the signal processing function of the
neural cell. The equations are the same form of the birth and death processes. This method was firstly
introduced by Saaty 1961. The probability Qn(t) of n impulses in a neural cell at an arbitrary time t
was obtained by applying the generator expansion in combination with the Laplace integral
transformation. Qn(t) showed definite peak as a function of the ratio § = between the impulse
arrival rate and the signal processing rate of the neuron. As the number of maximum available
impulse number N, the dependency of Qn(t) on the j3value was markedly changes. The present
method,though basic will be available for evaluating the neural processing function.
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1. Introduction

Signal filtering through the excitable tissue is one of the
most important properties of the physiological cellular
functions. In the present study, we introduce a method
for solving the absorbing barrier problem which may
describe the impulse processing through the neural cell.

2. Mathematical method.

The main text is contributed to show the mathematical
processes for solving the linear differential -difference
equations describing the transitional changes of the system
Pia@®=-( Ai+ui)P'in®) + AiPi+1,n(t) + 1iPi-1,a()
P'on(t)=- AoPon(t) + Ao P1n(t)------ (2-3a,2-3b)

An=nA and yn=ny ---forcasel.and

An=A and ya= gy ---forcase?2---(2.4)

Since Pa,N(t) is the cumulative time distribution for the
unnormalized conditional probabilities Qn(t) dt, we have

Qn() = dPa,N(t)/dt ---(2.5) Applying (2,5) to he (2,3)
‘where putting i =n and n=N, using (2,4a ), we arrive

03(e)= =1 )0, (04 0, 1)+ A, (1) Lo N1

(=0, ()=0 -3 D
0,(0)= 8, - A(N 1) ~ (3, 3)
We set generating function for
N-1
0(.1)= 3 0, ()" - (3, 4)

nwl

N-1
On (3, 1) multiply 2" and sum as 2(3,1)~z""

n=l

S 00 (e )51 0. S e n0,4)

nml n=l n=1
N-1
+A ;z"" n+ 0, ()

since
0=02"+Q,-z +0, '22+"'+"QN-1 s
we have

dQ/dz-=lz° 0, +2:2:Q+3:2% Q4 +(N -2) 2" -0, ,

n-l
= E Z ne n+l1

n-l

n=1, ..,
- EZ e, -

n=]

7 ‘(N'l)'QN

and

72 '&Q/&z=l'zz 'Qz +2-7° 0, +3.24 .QA+,,‘+(N_2),ZN-! Ot

2:0Qf0z=12-0, +2:2° 0, +3:2° Qytt(N=2)2%2.0,

2:22Q0=220,+22° 0, +3:2° - Q#4221 Q|
Qo=0

we have
N-1

[J,‘EZ"'X nQ,, = y-[l'z“ 0 +2:2 40 432 Oyt (N 1) 2 -Q,M]

=i

- ,u'l?.'rQ] +(2~z2 +1'22p2 -x-(2-z3 ~}-2'zap3
+(2-z4 +3'z“p4
-~+(2'z”‘1 +(N-2)-2" pN‘,
~ N-zN 'QN-l]
= ,u-[Z-z-Q+zz 9Q[6z~ N -2V ~QN_,]

Further

(A+,u)zz””' n-Q,()

"(A*M")-[l 20422 Qz+3'zz-Q3+---+(N—1)~z”‘2~QN_l:|
=(A+u)~[1‘2'Q, +{lz+1:2)0, +(z2 +2-z’p3 +(z3 +3-z’)~Q4
e (7-2) 22 )0, ]
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=(A+ u)[z*&Q/o”?-i— 0]

Associating these , (3-1) is transformed to

00 _5.90, 1 Tnr0s2 9 yowag ]
_éT_AT+p ].2zQ+ = N QN—-lJ

J,.90
—(K+/u) Lz -FZ-+Q}

ER NS R

- (3, 6)
----- Solving this partial differential equation ---——

dt dz

I (puz~-A)z~1)

21 g - et 1
=) [(w-2) G-1)
since a=A-p
pla o

Ge-n) G-

ot = 1o -[log(uz - 1)~ log(z - 1)] then, we have

[ (z-1)]

z=log!‘(’u_x)j

S

Another combination of the equations is
Q1)+ (A+p-2pz) Q= p-N-Qy, 2"

As a result the solution of (3. 6) is

S G o ) 0
{A —u(l-:))_” z(l e-a(l-x))}’

I R e o) i
{A - ue“")—- u-z-(l-e"“)}y

(3. 7)

=

Q(zzf) = “Nﬂazﬁ:QN—x( )

+(N-Dr-a’-e

- NE—I 0,(t)z™

" (= 2°:0 420, +2% - Oy 4otz ? ‘QN_l(t))
Since
0Q)0z =10y +2:2° 0y +3-27 - Qpt-+(N = 2)-2¥2 -0y,
8*Qfa* =2:Q, +3- 22+ Qv+ (N =2)- (N -3)- 2% - 0.,
PQfir’ =3-2:0, +4:3:2- 0otV - 2N =3YN -4)-2*2-0,
So we have
=1/1-9Q Jéz(z = 0)
0, = 1/2!'(9Q2/z9z2 (z=0)
Q, =1/31-9Q° [z (z = 0)

and generally
. 1 a(n—l)Q(z t)
Qn (n 1)' 8z(n-]) )
Then, differentiate (3, 7) with z for (n—-1) times

g o [l ) o)
S T §

Putting Xa = )»(1 - '“(‘"‘)) b= H_M-a(l-s)
C=A- ,ue““(":) d= ”(1._ e-a(l-:))
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o 1A ! {(a b- Z) } ":x LgN 1(2) hN-H(z)]

(C d )N+l
(n=1-i) N~ N+
nz-l d (z)‘ 'hey’
= G 32("""') oz
On the while
a'x* _ K e
o' (k=-1)
bk
About g(,)
oz
I=1 k_gk-l glgk‘gk-l'(—b)
1=2 k-(k-1)-g¥?-(-y

1=3 k(e =1)(k-2)- g% (-b)
So, generally
5182‘;) k!
axl (k l)l (2 ( )
Then, putting
l=n-1-i k=N-1
we have
{n-1-i) N-1
a - i n-1-i
&) (N 1)! g”"‘*“(—-b) 1
92071 (N T-n+1+i)®)
(N l)l N-n+i =11
(-b
(N n+r)|g(‘) %)
similarily
h(N;n _ ai(c_dz)'("’*‘)
' az'
CN-1) TP
c-dz (-d
-y )
since
(N-1)
(-N-1- 1)1
(-N-1)-N-2)(-N-1-i+1}-N=-1-iY- N -1-i-1}~
) CN-1-0)
=(-N-1)-N-2)(-N-1-i+1)

1)+ 2) (W ) (1) __,_(N“g’!(‘l)"-

Therefore

d ';M N+i _Ne§- i
ZH QDo gy (o)

Associating these

1 3"0(z,1)

R
R DEGR = EE R
(N+z)' WD) Y (=)™ ,(2_0)]
LR o W) @), (]
- l)ltz"“ Wone) N e J|
(n_ll)),Nz,,l %}%g_l(_%]b

DN +i+1) [}‘ (‘ -l l))J
IV -n+i+l) [y [ (i~ x)]’"
.|' A (1 _ e-a(l—:)) u(l _e-a(l-:))'li

l_ (”_.MI(!-:)XA-W-a(x-:)) }

(g
TR

LH e J)]-mn

here setting 8 =pfA  then,
A'u=l‘ﬁ'l=ﬁ'lz
As a result,

,,-

-ﬁA’ 1 ¢4

( re "’)XA W-a«-n)l

0 = (— o N+1+1 l
"Th

)iNZ,"l 'I‘(N n+1+1

| = gmat-5) }’ .

2. The second term of (3, 7) is
{1'(1—6'“‘)—?(#—}5"” }""Z
B ) e Ge)f

Thus, setting, N - N-1 in the first tern

S o Lo+ [ -p¥ (i-e
(n—l)!(N—l)z "IN -n ) [(y—}e“”XX—ye'“‘ )]
R

f-pey

Therfore, on using the Leibnitz theorem

( n )e dit-5) {‘ _D(H))}/

Je-d-0 Y
_0(1_,) N&l ‘ }

=in- +i+ - pR (et PI
g{ 1) I‘E\(INnH i)l){(p "(S’)Xx ‘ue?a(l-s))][ r

Letae L e T
(n-1) {A pe= ¥

2;( :1) r{zx(fN;?z){

t—s—>1,

n~1

o=

{P‘— P

2.()

f|Q~1

n-1

{u —Ae -at

G _‘jﬁf)‘(j s )}

- 8) ("'—l) = "lcl"

a convolution of

where

B=u/A
The integration of (3.8) is

QN_l(S) and f(t - s)
L{ [ F(-s) g(s)ds] = L[F()} L[2()]

between
as

1. We transform the second term of

(-1)7 e o {\ . (1 e )}N-M
R |
n-1 F(N + 1) B2 (l e )a i
.2 w1 Ci (v - n+1){ ('-M-MX;‘“W"”)}
(n 1)( (' )"- AN I"(N+,)

C, —-
,..Eo e F(N n+z)( )
}LN—H-I‘#ZI ',A,_N_i ,Mn -1-i

ET '(1- %Le"’”‘"—l -(1- lye-’f)N
T o) ()
since ’/=[3

. (n 1): ( oy 2 mG

iw

=0
. (1 _ e_m )N—n»HZi R (1

(3, 8)

'{M—-)\e_m n~-1

F(N+1)
TV n+i)

e (- pe)

n=lei

Y (B A

N-i
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since AT - (%) '%M) -5 (u2)
ol e () D(N+i) i o
(n-1)i(un) i wiCi I{N-n+ i)(—l) BB
.<1 e )N-n-l+2i '(1 —pre ).N-; . (1 _ e_%) n-l-i
R A

‘E n-1 Ci

i=0

I‘(N—n+i)(—1) f

3 n-l-i
ot ) N-V

(n=1)i(u2)
‘(l—e“” )N n-142i (1

_aZ.(_]n—l. F(N+i) o o Wn142i
ey EC@——)H o)

Cpe Y S ) o

Therefore, the Laplace transform related term is
e"”(‘”) B (l _ e_w )N~n—\+2i . (1 _ Be_al )—N_

From oherhettinger p 40, 5-22 in table
LKI -e™ )H -(1 —zee™ )"' } B(s,v), By (u, 5.5+ viz)

setting

=t

n-1

t—>qa-t
v-1=N-n+2i-1
u=N+i z—>f

v=N-n+2

and since

Lff ()] Y- F(%)

L(1 e Y (- pe )v
= 1a-B(/a,N~n+21)F,(N+i,A:/Z+N-—n+2i:ﬁ)

More over, from the trabsitional theorem

L[e"”'f(t)]= F(s+a)
we have
LE-w(m) (e YT (i e -"-*‘"
=%.B[(s+a'(j+1))/a,N—n+2i:|v i
‘2F,(N+i,(s+a~(j+l))/a:(s+a~(j+1))/a+N—-n+2i:/3)
=%-B(%+j+l,N—n+2i)-
GFE(N+i,sfo+ j+Lsfoa+ j+1+N-n+2ip)

where B is a beta function. lHence, the second term in the

Laplace integral transform is

n=1

ol (=1 (N +i)

PR e AR

%~B(% +j+1,N—n+21)-2 l(N+1,s/a +j+I:s/a+j+l+N—n+2i:ﬂ)

The first term can be obtained by replacing
then, multiply M/).'QN_,(S)

N—=>N+1 and

a’ (- 1)"1 s Nflh)
-1
Lo 03 A Sl
a-B%+j+1,N'/'"'2t]j;F,(N+1+1,S/<1 +j+1
sfa+ j+1+ N+1-n+2iB)
5. Extinction

Inthe Eqe (5, 1), the significant termis

(Quai(s)=0

only the second

term , since for large N)

— 2() —

and Conmuni cati on Engi neers

Q(Z,Z'): u- (}\' _ u)z e'(""‘)f

1
[(A - pe O )— u(l — e Oow )z]"
- Yo

Then

1 gt
Qn(t)=m;z(,,—_l)Q(z”)

(n—l)!
differentiation with z for 7—1 times
2) (e-a)™ )
C2-(-1)) (-0 ()
L2 (E)-Cnyen-i)on-
(—1 n)' (-1-n)
S 2y E3)n)
=n-(n-1)-3-2+(-1)""

= n!(— 1) -
therefore
Pl

ey - AT

n

=n!(i) L
c) cd

By these conputatlon
- “)1 oGy [ u(l — g Omr¥ )]"
(-1} G t)

. [“(1 - e ) (.- peoon )] !
et (A - ) e lonX (1 _e-(en) )‘" Q — e O-rX

6. The case A=A , u =pn
erv(t): —(}"“ "‘)Qn(t)*';"me +p0,,

(6-1)

Nl

Sz (61)

Qo(t)=QN(t)= 0

o, (0)= Ab,
t)+/\ NEIZ’ O

Setting generating function
Nl

N-1
G= Ez"" 0.0)
+ /*"E_Z" O

nwl
since na1

Nel
223z 0. (t)=2G

S0,() -2

. el =]

N-1
22" Oua =2 Q27 Qyeotz¥ -0y

=l

0,()- &

~{n+1)
(5. 2)

Multiply z"on (6~1) and sum as

NETZ” Q! (t =—(A+u) Ez"-

=l

=-0+Q +2(, +2? Oyt “Owa +2M Oy
N1

=_Q1+Ezn—l_Qn QN =0
e

=-0,+G

N-l

EZH'QH =2:Qy+2° Q™0

n=i

= ZZ(QI +20Qpteriz 'QN-:)
Gy =0
= ZZ(Q} +2:Qp 4" Qo +2" “Ona -z 'QIH)
=22(G-2"7-0,,)
Therefore
239Gt = ~(u+Ayz G+ u-z*-G-p-z"-Q,  +AG-AQ,

- [

—(k+u)z+/\}?—y'zN'QN~l-/l'Ql - (6, 2)
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‘The Laplace transform of this function is
4sG * ~G(0)] = [ ;e ~ (A+ w)z + ]G *—p-2"- 0, -2 -0

from (3, 5)
G(0)= A~z
Therfore
N A O = AgN
G*J”z Oy A0l - hea] (6, 3)

[;zzz—(/l+ u+s)'z+},]

The solution of characteristic equation is

A +1/A —4ph
(+y+s) +u+s) U 5. )

To converge G as a series, the numeratorof (6, 3) hasto

be zero for z=q, anda, . Since
#‘Q;}—l.a{v_x’.al)\,-]"')“Ql.:O :O‘ZN
BeQuaray Ao +A-0 =0 e

Then, Ql* and Qn-1* as solutions of these equations
(a ) ~all )Q,,,+l( -a p (”Iaz”-az" ‘al")
N-1 (al l)
(@ -a)

O =al ! al

o }"(‘7‘1 —ale)
(el -al)
Substitute then in (6, 3)
1 [ M-
G* = . .M.
, [yzz—-()»+y+s)-z+l] {LH z u(a{’—af)
—A ¥+ A

azw-\ (C‘z —-a,) }

)

A I[z” <(a7~l—a;‘"1)-z”" ‘(al” —az“)
u{z’—(’““*%-“%}[ (e -al)
+ (0‘10‘2)N—‘ (o -y )]

_A 7. ( N-l azN—l)_ZN-l(alN_azN)

ﬂ(z o )z- aXa -aj )

+{oa, Vo (o, -, ):l

Since  o,a, =Afu

Then, the numerator is
=2V g Mg gV g g al”+(/\//1)N'](a,—az)
=2a oy )= 2" el (-, )+ (M) (- ay)

Therefore

s )'_(Z'az)“ (.)ﬁ " (,-a,) 1
a, - [ z-0,) (z-a) \p (z—a,)(z-az)j
i {( ) NG al)”‘J,{?_»)”".f o]
La -a) [ H 1(2‘0‘1) (Z‘O‘Z)]

since

K HK
AR AR

e )i[ (-a) C-a)

and Conmuni cati on Engi neers

T e - (1-<az/al>~)J
T[S e -S weege]

since @, 0, =Afu and @, fa, = Afu-1fol
(al )n-N '(0(2 /‘11)“ - (}\./;,L) Nk ‘l/al(-m(zku)N)
alar¥ -(cx2 /0‘1 )N* - (}»/H.)M.N-k . l/a‘m-N+2N-l=

TS

SR AR R KKK KK R KOKK K KKK oK SR O K 36 HE KKK R KK K oK KK K 3K 3K K KK K K

wu)"*”*} e

alm(h-Zk)N

In the next we operate Laplace invert transform on (6, 7)

L—! [a;(lkﬂ)N«m -

~(2k+1)N+n }

P»+y+s+(()\.+/u+s)2 ~4Ay)/2]
(2 u)-(zku)mn l

J

r (2k+l)N+n
(§+ (sz 4 1/2) ]e_(,\,,“), _(2”)(21:“)1\/—::

- L—xi[(s* ¢ '4/\u)lﬂIS- (- 4;,,)I/z‘]'(“ﬂ)~m :
|

="

="

~(aep) (2k+1 N -1
(Y—(SZ—AM};)VZ) J ( ) {
'(32 N 4}»”)—(2“1»1”. .E_ (sz ‘4)%),,2 ]lm)n-n
.e_(;wx)r . (2#)(2k+l)N—n :l

= o~ (hen) .(4A“)~(2k+l)Nm .(2“)(2/:.»1))\1-,. e [‘;_ (Sl "47»11)1/1 )le)N-n]
\

Oberhettinger

p 242, 4-41 of table
L {(s_ (6 - 42" )} ~vft- ol ) 1, Gl )
Setting v = (2k + 1)-N -n

For the recurrent formula of modified Bessel
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function, setting z=ar

2'—{% (@)=1,.(a)-1,.(at)
[2¢

a=2,/Au

61675 Sy . )

vl
=(2J?) '[Iv-x(2 bty 1,., W)]
(2 WYM)M“

e L ) N .
Therefore

I Ex;(ztm)/vm]

- e—(l«y)r ,2—2(2Ic+1)N~>2n _2(2k+l)N-n ,2(21:*1)14-,:

. (AH)A(ZIH-I)N¢II . u(zk,,l)N,,, . ()L“)(an)N/z-(n-l)/z

'[’(zmw-n—-: (2 Aut )— L (2 ?»/u):
= g~ (hewk .(le )—(2k+l)N+n . (,u’ﬂ )(zkn)N-n '(/'\,u)‘/z
‘I:](Z"*‘)Nw-—l (2.\/)-\722)— 1(21:*1)2\/-“1 (2 A'F‘t):

= o (enk .(M/A)("*‘/Z)N-ﬂ/l _()w)l,z
.[I(lk*‘)f"—"-- ‘(Z\Wt)— ](2k+1)N-n.1 (2 }‘V't):

L1001 17001117111711777

By the similar procesure, we have

Hence, by setting

I Ex]'(zkol)N—n t

d

e .(H/A)("”/‘)N*"ﬁ .(A“)’F

'[’(zm)m—l @B )T ?»ut)]

As a result

' A Yre N (k+1 R W-n _I(Zkol)N-"-l(z A,ut)
Q"(S)=(E) {"'“(A/u) (MIA)( " Llhmw—ml(zmtxl

S S ol ]

k=0

e .(M)'/ZB

(2 0 (3 s )
a (7;) ad {Z‘)[(Zkﬂ)N—n—l M
~Lerapienn (ZJX;t)— Lo apana (ZJX/:’)* - (2 AW)]}

7. Solution P,(1)
Pe)= B () (7-1-2)
P,’(t)=~(k+u)-Pl(t)+2u'Pz(t) (7—1-0b)
Pit)=~A+ P )+ A-(n-1) Py + pe(r+1) P (1)
(7-1-¢) lsnsN-2
By ()= ~(A+ wYN =1) Py ()+ A (N =2) Py, () (7-1-0)

for

Pi(e)==2-(N=1) Py, (1) (T—1—-e)
})n(o):éi.n
Setting generating function

¥

Plz,t)= S P (1) 2"

@)= 370

N-2

(7—1—a)'z°+(7-1—b)~z'+2(7—1~c)~z"+(7—1~d)'z"’"+(e)-z”
. n=2
By this operation
Fi(t)=n-P (1)
2‘P{(t)=—(}»+u)-z-F;(t)+2u~z-Pz(t)

S Bi)=~(hr u)-gn 2B )+ A S (1= 1)P (1)

n=2 ne2

and Conmuni cati on Engi neers

N-2
+ uE (r+1) P, ()"
n=2

2z -PN’_](/)= —()»+1,LXN-1)~2N“] -Pan(t)-b}.-(N—Z)'z"" Py(r)
2V PU(t)= —)v(N-— 1)-2” 'PN_l(t)

N-2
left side = Bi(t)+z* P{t)+ Ez" “Pit)+ 2Py +2V Py
n=2

= iz" -R,'(t)

n=0
The right side

1. Tor the first set of the terms

we B2z B+ S (o 1) Py 2

N-1
= #En.z"-! -P,

n=l

N
since, P= Y P, z" =R +z: P +z* Paovz By

n=0

OP|dz =P +2:z- Pyt +N-z¥" - P,

N N-1
Ll p o gl p NN
=3z B, = Snez P - Nz B

=l nal

= u[oPJoz - NP (1) ]
2. For the second set of the terms

~(A+ ) [2~Pl(t)+wz-zn‘z” P ()+ (N - ) ,,_,(x)}

n=2

(s u)-z~[1’,(t)+ Szt B ) (V- 1)242 ~PN_1(t)]

n=2

=+ uyz SR l)

nal

==—(A+,u)-z~[&P/&z—N'PN '2”‘1]

3. For the third set of the terms

A jz":(n_ ) Pos()y 2" 4 (V=2) 2% Py (6)- (N - l)z”PN]

=
&

- /\zz[ nez B+ (N =2) 2% Py ()= (N - 2P ]

=

N,

Sz 'P"(f)] =[ePjaz- NP ()2 )5 2=

nml

:Azz[

Associate 1 to 3, we have following (7-5)

L P i p (. ne

) AT o RO (IO
(7. 5) is

CP(e)= =N (- ) (- 2)A - ) By ()X

{L. (1 _ )= )_ . (A - pee-) )}’“

' {c— e Ar)e=s) _ A.z.(l_e(A-FXI-:))}/*‘ ds
{H (1 ~ elhr) )— z- (A — pe®ey )}'

+

o= Ae®r¥ -—A-z-(l—e('\"‘)')

The general solution of

(7, 8)

N R T T e —————

A reflecting barrier at the orgin and an absorbing barrier at
N with coefficients given as in the case (2).

In this case

Pi(6)-

[ = (e, = ) = 1) ]
al (A, - uXa, -1)-a (A, - uXa, - 1)
a; = [()» Sy ((A+ ,u+s)2 ~4Au)p}/(2k)
ol Oz = /“/A

O (t>= & (z)

But ——nn
dt
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0/ (s)=s-Py(s)
scay’(ay =1)-s(a, = 1))

o, - 1[0‘2 (Ao, - u)a, ~)-a) (Aa, - - ufe, - 1)]

A (a”’ ot )—,u'(a,i —-a;)
Y (OHNH —a;’”)— #,(a]N —a;’)
PP I PP
tor PR(t)
Afal -ai )-pe (o - o)

7. Solution

0/(6)- 5B () -

A-(a,"“ -ag"")-—,u.-(a]” -—oc;")
. A-al?
. 9 = 1
= k~(a1""—a§'*‘)—pc'(a{"—a2")
sincea, ‘@, = pfA, puttinga, = ufA-1a
and reduce only the function of <
B (alN-i - o )_ u/}»(a”"" _az al-x 1)
1 1

= (al,,.i _alﬂu /aiil)[l_p/).(aN—l-] —a ,a-z-l (a,”" —a 'a,'"‘)]
(a‘ it —az a," ’)]

(G e

AR "*‘/a'*')E( )
22( ) (f:l-. N :.‘ //O:,,.)zﬂ
Aumerator=a; (#/)")N/(al)Nw'H

- e - uaY! feu ]
(e [ e ]
%= [ ---l(azm (H/A)Nq.]/aN,‘ ]tu

Since N is sufficiently larger than i

~ E( ) % =(+1)k-k-1) oM (N-vl)(kﬂ)}

k
g8
k=0 A’

o)=L {Q,-"(S)}. Then we seek the invert

Since

Laplace transform of o "™*

LMai-v¢
S ey

= o~ (end .L—l]

| e

_ e-(/\jvp)t . ((9+(S —4}41)/21 (s — 45 )
(2;\)“”"‘ 1 ( G 4A,u)ﬂ)

— ‘f(zm;u)'“ [ (s> ~4a )”‘]’V” ‘ ]

)
|

(ZA)"”
PRl

since L™ “E-_ (Sz —ddu 12 ]I+[—i ]
= g.v_ttk__i)]f\,“_i (2 A[Jt) (2m )N+k-;

. e (N+k-i
t

I)IN”‘_, (2 },#t) (A/“)(N+k-;)/2

2. The second term

(ZA)i~N~k . u,-_N_k ,2f—N—k e {E _ (Sz _ 4)# 12 ]A’f i—, I

and Conmuni cati on Engi neers

Aol
0"(s)= A o Y@ —ad)
1
(aNH o Nn—,—x) ,u/)m(a, az-,x a;l—i—l)
1 1
T e e el e el )

~i-1 _ N—l 1
(al o )
R _ W+l
(aNH O‘z' 1 a;" .)
since @, = pfA o

35
-i=1 m N-i-l m N 4
5@ ot () ) )
[ ey T
N I+I-N1i
A [NH+2 (/A,)NH -—N] Lid
- 2 (%) it a](mm)k—(mm)(m)
k=0
k+i+l
- (fi)
PV
Because of
AT vy € oF N+k+i+2 RR
Ll[al(Nk Z)] ( { )INQRHVZ(Z A,[l,t)(l/ )(Nklz)“

Then, we have the invertion for the second term

kit (N+ksiv2)2 -
le (l)= z(ﬁ') I(%’) .(N_”L;I +2)IN*£+H2(2N’)€-(AII)’

ZM

H\g|

since N))i

a;(mmm)

k=0 A
3. The third term is
gy oo
Qi (S) )\,'(C(lN” _q;’+l):y-(a{4 —(X;V)
K Aal
A @ -l Y- ulef ~af')
Then,

o Z ) (N +k-(- 1) L (2 JA_W)' (A /“)(N+k—l+|y2

kel (Mak-ie )/z .

A N+k-i+l

=z(§-) )
k=0

4. The fourth term is

Qi.a (S) =

oo

o )l - o)

k'(a{""

Then,
ke4i=1+1

04)- (_Z_) ;) (%) (. (N +k +ti -142)
Ty ipsimnz (Z\I;l;t)

Thus, for I(( N, we have finally
N k=i
NP N g
u t

oo 3 &

(™3 R Nk viva
A U t

INU:—i (21/Zﬁ-t)

Ly skeinz (2 Aut )

k+l

i (ﬁ) (ﬁ) (Nsk-ist) Nak-ivl
A 2
reeniep N+k+ivl

RTINS

IN»I;—H»I (ZW)

IN¢k+i+l (2\/;:’:})

The mean is [ ( )M]
1, 10, ()t = lim e Q= A (N Byl E i,
I A
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4. Exrricit SoLurioN TO CASE (1) FOR LARGE N

There is a simple method of determining Q,,(f) for large values of N, the interesting ~—

case for most applications, without resort to Laplace transforms. We now obtain this
expression for large N.

In (3.8) we note that Qy_,(s) is a conditional probability distribution, with
Oya(0)=(N-1A In fact by assuming a solution of the form G+HB* after
integrating the set of differential-difference equations (3.1) on [0, 0], it is easily shown

that
[ronna- ﬁv

Consequently for < X (the case of interest) and with n=N-1,

lim QN—-l(’) dt=1.
N-+w
Also lim Qy_,(0)—co, and hence QN—},(’) is almost a right-sided Dirac delta function.
N>

But for such a function 8(x) we have
[re3as=r0.
Therefore for large N and fqr t away from the origin we have
[or-0re-9a~ 50,

ie. equa]s the value of f(t—s) at s = 0, since for large s, Q. (s) is zero except near the*
origin where it has a spike of order N. ’
Applying these ideas to (3.8), one has

Qn(‘) —(- 1)7.—1( B2 )!e g:v::Bn—l
()
2 Nen-1 @1
+(-1)"~1(7_‘§m eMA—CW—BM
<2 (o)
- where 4 = A(l—e“") B= p-ke““’ and C= /\—ye“‘".
(e
<5 {u-p- g a-pe=) ("71) () mi-vre
Aol G602 1)+ +()(n1ff)} |

Also NPre—9% = O(1), as af >log N (N> 1,p;<q;). For example,

0. ] — e~ N-2
Therefore
Iogk(?‘(;)g_ log N—at+(N—2)log(1—e~*)~(N+1)log (1 —Be)

~logN—at—(1-B)Ne™,

and it is clear that the main contribution to Qy(r) is obtained for values of af in the
neighbourhood of log N.

Hence, a term aj, NP~ js either O(1) if at~log N and p;. = gy, or is negligible
for p.<q; and at small, or is arbitrarily large for ar>log, N> 1, and pp>q;.
However, since Q,(¢) is continuous and bounded for all # and N with

1=
[Fouma= =5

it follows that all terms in which p; > g, must cancel. When these ideas are applied
to computing Q,(2) (n = 2,3, 4), for example, we have

A e s (=fP N 4281~ BP Ve,

o) | (1=t (e
A (1—Be Vs 2!
=N eI N,
QA(I) (1 — e—ul)N—d. (1 — B)9 Née—tod
A (l_ﬁe—at)lvq»s{ 31
+2B(1 — By N3 e 3 4 682(1 — B)S N2 g2 1 4R3 ...
“for large N may now be written as ————

0,(0) (1=BF (1 —e=h¥=n-lnl pl(n—D)l _ o e N
A TGoDl (—fehye k=°(n—k—-l)lk!ﬂ I -pRtete

(k1!
(1 —e=ot)¥-n-1n=1 e L (Veshyk+l B
= si"€ ) 1 ek \MYE )T 4.
= (=8P (e ., 1) B - @)
Wooe e .
(a) The Mean
We can work
mean p, defined by

g _ (0.0, "G _Bykr2 gnik s 1
T_f {___/_\___d{ v k+1 a ;3) ;3 (k)

[ A T L

><{w»{y+logN+)og(l—-ﬁ)—log(k+&))T,\,H(y)dy. 413 0=

to obtain the unnormalized

RPN e‘“‘} .

and Conmuni cati on Engi neers

‘Writing o = A%(1 -—,B)- and using (4.8) and (4.9), this expression becomes
. k-1]

"5 (,,1)(1—13)“[ M{xogzm@g(l per-23]-
i I |

Hence the normahzed mean (dmdmg by 1 B") is given by

1 (1= —pr)
/\(1 =5 [{logN-Hog(l By+vi— =B 2 5‘ I ] (4.15)
(b) The Variance
We continue to work inside the summation sign in (4.7). The normalized
o2 is obtained from
B O /X ) . On() o Eh
= [ s [ st
which on using (4.9), (4.10) and (4.11) simplifies to:
1 1
202 = - 1—R):gn—k
R =g [(1—5)2{,-_1 k-l( )a-pre
] : Ak k—ll 2
camm, 5, e o5
B 1(1—Bf>(1~ﬁ"-f>< 1

B (1-B")% ja1 J
It is significant to note here that the variance does not depend on N.

> (k+ I) (1= Bkt gr—tian KT (k+ 1)

o~ (h+D) Y~k e=¥

Qn and bgta at N=10

15
o Q4
. //N\‘w
//
] —— @ /
—a— Qi
/
A
7
5 - /
/’/
D/’/ Qa3
. /k\N_“
_’__,_-R‘/
g B beta(N=10)
0
0.0 0.2 0.4 0.8 0.8 1.0

Mean vs beta at N =10 Mean vs Beta at N=100

Fig 3

3 4 F 20 ~
1

—— Mn2 g 2

—+—  Mn3 -

= Mn4
2

10 o
14
beta(N=10)

0 T T T T 1o — — T
0.0 0.2 0.4 0.6 0.8 i 0.0 0.2 0.4 0.6 0.8 1.0
3. Results

Fig 1 showsthe Qn (n=1,2,3,4) values as functions of
beta( =g /A)forN =10,t =1.0 and ¢=0.1. As the beta
value increased, Qn value showed definite peaks. Fig 2
and Fig 3 shows the beta value at N=100 on the mean of
Qn. The dependency of beta was completely different
between N=10 and N=100. The present approach ,when
extended will be available for evaluating the signal filtering
function of the neural cellular membrane.
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