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B5 %L We introduce a mathematical method for predicting micro hydrodynamical behavior of one bio
molecules at very narrow space that has been proposed by Ganatos (1982 ). One solution was an
infinite series in spherical co-ordinates which have planar symmetry about the plane y=0 which is
perpendicular to the longitudinal axis of the cylinder coordinate. This solution vanishes as r
approaches to infinite. Another solution was a double Fourier integral in rectangular co-
ordinates which produce finite velocities in the flow filed. The basic form of them were composed
of Legendre spherical function, modified Bessel functions. The coefficients of these solutions were
set to satisfy the no-slip boundary conditions on both infinite confining walls simultaneously for an
arbitrary disturbance representing a sphere of unspecified size position d velocity. ~ The present
method will be available for predicting bio molecular particle at narrow  biological space.
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1. Introduction.

Following our previous paper ( IEICE. Tech. rep NC 2000-1, p1-p7
), we introduce micro hydrodynamical approach for creeping motion of
a bio molecular particle that ftravels between the narrow space
bounded by two planar cellular surfaces. The original one was
proposed by Ganatos (J.F.M. vol 99. pp 755-783. 1980.) The present
article gives detailed explanation for driving Vw component.
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and Conmuni cati on Engi neers

+C, Coli,y,=byc)] g, (ic,y Mydic
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while G, (o,n) is given by (2, 18)
A .8B..C, ~A9). Hence

the integration about y can be determined.

are given by (A,

Since F, (K,y,—b,c,n,m) in Al to A9 are determined by
(2, 14). the nuclear function of the integrand is
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W] Integration of eachterm of v,
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and K, is the modified Bessel function of the second kind of order v. Application of
these results to (2.12) gives g
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- - [<n %) oy T4 '
D, (fyc) = EE«; A (k) + B, - BY (kye) + C, -C. (kyc)+] 2 S,,_m (k) ‘4-1:%052 YK, o
- GO e
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By the similar procedure, we have
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b E(a,B,c,n=12)~ E(B,a,c,n-1,2) = af2- czlk[sm y —cos y]

@— a : Integration for the terms timed by g,(kyc) Brazan
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—n(n+1)(n -2)-F(a, B,c,n-1,0)K-cos* y) [('- 1/2] .
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As a result

. The 1* integ = (4/7;2 )’wfﬁ[[K -{1'(211 —])'11/2-2,2 [B,,_“‘o - cos? ¥Biaa }'k

_ fsmm Uy gy K,,-q-y] +(1-2)/2[/2-22 [k-(1-20057 1) B, ;. ]
= ? ~n(n+1)(n -2)/2-7/2-B, _,o[,‘/kE}:os2 g, dydk
(D_;y,c f/] s | (ke) n-g~ /+1 < (4/7: )‘Jt/sz [[ «(2n 1)z} (B, — 08> 1B, ,,,)
S /2 LZ a2 +(n-2)[2-27 -(1-2c0s’y)- B, ,,,
~n(n+1)(n =2)[2-B, o0, [pos* 1, ddk
)

[%]Snlq<kc)“‘g‘%‘*3
k @ Fs(a,ﬂ,cm,l)=n'/2~a-ﬂ-c’~2]

s 'k cos’v- - K
) O =

nlg n- -5/2
% from the definition of ¢-5 - . !
A = /2K cosy -siny -2
Bn.m./.l = 2Snmq(k)"—qal-% ‘K i ”/2 k cosy -siny -¢ & S"J-q (kc) - 3/k3 Kn—q-s/z
& n-g-j-Y
. _ . . . =n/2-c*cosy - siny S5, (kc)"""‘“/kK
putting : +1/2=1-1/2  -3/2=-j-1/2  ~l=0j=1 % from tho def. ,,21 o o2
putting :1/2=1-1/2 -5/2=-j~1/2 sl=1j=2 [u’2
n-grl-42
’V 2f nu/ 1121/ cos y] ”/2 [ 10,0 — COS® an,,'z‘;/ B = E Snq(Ke) K it
k
Setting o= z, 1/2=l-1/2 -5/2=~-j-1/2 sd=1j=2
b /2'2"' E?n.u,o -cos?1B,,,, 5 - 2
a4 =n[2-cosy -siny -c*-B, ., [k
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fn-1y/2]

@ F,(a,ﬁ,c,n—l,Z) =”/2>a'ﬂ'cs ! 2%4.:1(1{6)"_‘—?_5/2 'Kn-l.q_s/z @ Fz(a,,&c:”_lvz)
2 2 2] ) 7243 /1,3 =nf2 e [(”‘1’/23 (kC)"_Lq‘a/zK
2ok cosy siny-e? S S o) YK,y 2 e e
- fin-vr2] '
¥ from the definition of ¢-b _ an-l,l_q(kc)n_l_q-ﬂz o? .Can-l—qdﬂl
eyl 1-g+1-¥2 "
B, 2= an.l,z ke )UK, gz {tn-1/2]
o/ p A q-J _ JZ/Z'{ an.l,z,q (kc)" -q-5/243 /k3 ~K" a2
~1/2=-1+1-1/2 -7/2=-1-j-Y d=1j=2 ”
2 ) U245 [1,5 12 2
- an-l,l,q () 12+ /k k*-cos’y-K, -g-72
«mf2cosy -siny -2 [k-B, 10, i
fby2] n-l-gal-if2
Therefore, the second integral is Bn_x,z/,t = Sn-l,l,q(kc) Kn—l-q»rl/z
=
=A(-lt;/;zfz)fwf'/zk{7'(2n-I);r/2~cosy-siny'cz-B,,Ml -1/k . putting Y2=-1+[-12 -S52=-1-j-Y2 ~I=2j=1
. . i =I- —72=—j~ sl=3 j=1
+(n-2)-m/2+cosy -siny c*fk-B, ., }cosy -siny - g, (kyc)dydk puting  3/2=1-3/2 7f2=~j~3/2 3
¥ inter changing ¢ and  z =mf2: [Bn_x.u.z /k3 -k cos y [k “B,2a23_
=~(2/Jr)ff {1-(271 DB, 5 +(1=2)-B, 1,5, }z,z By the similar procedure, we have
cos? Y -sin® y g (kye)dydh F(B.a,c,n- 12) =m/2- l/k3 [Bn_x,z.l,z ~sin? ¥B, 1223 ]

Adding this to the first integral -

. gt )

~emf | [[n-(?.n -2, 0 ~c05¥ *B,,;, ~Sin’Y “Byya,]
+(n-2)f2°2 B, ,,, [1-2cos’y - 2sin’7]

G® F(a,B.c,n-10)

2]
: wmf2ece 8,0, 0k) K,
- n(n+ 1) ~2)[2°B, 50, 1]]cos2 18, - dydk / ,Z L0 ey
@ 2] 2 2 2 (2] nog-3243 13
- @) [ @n D2 B~ Buiaa) - (=222 By C 2S5 S, 0, () [PK, o
, £
~ i+ 1n ~2)/2° B, o0, ]|c0sr g1k o]
. Bn— = S,,_ kc)n-l-q;l-l/l K”_ o
Since the integration i ; tos 1-g-7-Y2
[Poos™ - gk =2 p1)- [x, £ 0 = XW J,fh) Yrm-lelolf2 =32=cl=j=lf2 l=37-0

=mf2Ac* B, o0afk’ =722 B, 004k
w21 p* [Py + (7 =X, [kp) ]

the terms of coefficient of 4, that aretimedby g,(kyc) @ F,(a,B,c,n D)

- _j:"En.(zn 122 (Byaso ~ Brsna )

+(n- 2)/2 . 212 "B, 21+ n(n+)(n - 2)/2 'Bn-l.o,o,IJ‘Bl/lO2 dy
=+H,(z;)

/2]
=xf2-a f-c’ -ES,,M (kc)"“"5/21(',,_('_5/z
&

2]
=7/2-k” -cosysiny 2SW k)™ K o
P :

-6: iz}
®-6: B, = Zsm (k)™ K,
1 Integrationfor g,(k,y,c) &

. . 5/2=1-12 -5/2=-j-12 ~l=3j=2
[ cosysing g, (ko) + 47 o051z, ) Bk -

S Y RN ACY LD

+(n-2)/2-[Fy(a B.e.n-12) - F,(B,a,¢,n = 1,2)]
—n-(n+1)(n-2)/2-Fy(a, B,c,n~1,0)}-cosy -siny

=g/2-cosysiny -')'9_1“,‘3/163

® F(a,B,e,n-12)

. ~1- - ~12 ' [tn-n/2}
e G D E e enD s (-Dh e pen 1] S G I A i) S
cos” ¥ g, (kye)dydk 4=
2]
@ Fyla p.cnl) =2 k* - cosy sin 72 a2 R)TTEIECK,
2] 2] 1 i
n-q -4 n-q-92 . 2 . 2. [n-1y/2}
=nf2-¢c (Z,S"'”(kc) ¢-32 'K,._7_yz - 2 0S"_,.q(kc) q a® ¢ K"_q'yzj Bn-l,z.;.l _ an—u.q (kc)n—l~q4l-1/2 Kn-l—q-;_l/z
&
eiz] 4 3f2=cl4l=1/2 =T7[2=-1=j-Y2 :1=3j=2
= ﬂ/z.{isn“ (kc)"'q‘:’z*a/k“" .K"‘V’l _’2 8,1, (e’ 425 2 cogty Ky oy / / / -V
=0 40

~m/2-cosysiny/k*B,,,,,
¥ from the definition of ¢-5

f2] Associating these
= ke) VK >

Bras ;S"'Lq( g e (‘ 4/ } f{lzk ) ﬂ:{‘ “@n=1)-7/2- [Bn.l,l,Z ~cos’y - B3 ]k3
putting 3(%=1_1/2 -3/27;—;.—1/2 wl=2)=1 + (1= 222 Y (12005 1) Brsas
putting 5. 2=0-12 -5/2=-j-Y2 :l=3j=2 ) . )

—n(n+ D(n=2)/2-70/2-Y 2} B, 1005/ }cosy -siny
2 3

=7/2 [Brssa =005 B Ik +41-@n=1)-7/2-cosy -siny - B, 5 [K*
+(n=2)-m/2-cosy -siny /K> B, ,,, }os2 y]} g, (kye)dydk
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= (—- 4fnt )Z/Jrfwf‘/zl/k2 [Ht *(2n-1)-B,,,, ~cosysiny (tmenr2]

Z Spang (C)(k"‘)ml“q”*w K pegejap = Brazks
& .

putting  }/2=/+1/2 ~Y2=12-j ~1=0j=1
putting 3/2 =/+1/2 -3/2=1Y2-j sl=1 j=2

=m/2 ¢ [Bn+1,Ll.D ~cos’ Y Bz ]’k

+ n(Zn - 1){- cos’y -cosysiny +cosysiny - cos’ y}B"‘m_3
+(n=-2)/2 {1 ~2cos?y)-cosysiny +2cosysiny -cos” y } B, 1223
—n-(n+1)(n—2)/2-1/22 B, 1405 cOSy Sin y]} g, (kye)dydk

= —Z/Jrffml/kz [[n -(2n=1)-B,,,, -cosysiny
+(n-2)/2-cosysiny-B,_,,3
—1(n 4 (1= 2)[2-1/22 B, 0.0, -cOSY siny [, (kyc)dyedk 2 ) s
Yy fw f/zl i [-n-@n-1)-B,,,, C(1=2)2-By 10y, 3V Bilkysen+l2)=mf2-k"-cosy siny ;S"M’q(kc) et

. Kn“_q_s/z(kc)
D(n-2)/(2-22) B, osy siny - g, (kyc)dydk . fimny/2} et
+n(n+ )(l’l - )/( Z.) ,.-1,0,0,3]}; Y Y gz( VC) b4 =Jl’/2'k2 'COS}/'SID}/'CZ ZSMLM (kc) 4-3/2 3/k3 'K,, o
£

By the similax procedure, we have

F,(y.kc,n+12) = /2 - [Bm,z.l.o -sin® 7Bz ]k

P j:/zcosy sinyg, (kye)dydk = ~mf2-k2xy[(k* 0 ok p) =20, [(k pY§

- *
= [/ 0* Pole) ~2+J, (ko) o) } o)
! n-g+l+y2 | - A
[—n -(2n=1)B,,,, ~(1=2)[2-B, 155 + 11 + D) =2)- B, , 505 /(Zz,z)_l ;Snd,l,q(kc) 7 K, guiiyz =Bunzj
=xy-B2-[-n-@n-1)-B,, - (=2)[2-B,15,5

32=1+12 =3f2=—j+l2 ol=1 j=2
(1411 -2) B, 1005/ 220) ]

=m[2-cosy siny e[k B, 104
=Hlo
e , Hence
@-b-1
®@—Db : Coefficients of EB"
0

= (‘4/”2)fmfﬁ [[{‘ : (‘ 1/2)'-777/2 ‘Cz/k 'Egm,:,z.l,o - cos” 7B
= B0+ sin®y 'Bn.1,2,2,1]

- k-n-(n+1)/2-7/2-B, 1 00. [k f-cos”y - g, (k
Ir ™ kB (kye)(~cos? y - g, (kye))ddr Hhom e/ .”/ \ ol 7 &)
—kem[2-cosysiny -c*[k B, ,,, -cosysiny -gl(kyc)]]
° a2 . .
+J' f kB (kyc)cosy -siny - g, (kyc)dyd _ (—4/”2)”/2f”f/2
N o2 - (Y,

~(-4/2) f f [ {172 [k v,e,n +1,2) - Fy (v, 0,n +1,2)] [[{,_ 2c0s? y)ﬁn,f,z,’z"f-cz (~cos™ ) = cos ysin®y -c - Bml,z.z.xkl(k}c)
+n(n+1/2- F (k7,01 +10)f-cos’y - g,(kye)) #1004 1/2B, 500 §-c05" 11 (re) |
+k(—-F3(k,y,c,n+1,2).c05y.siny.gl(kyc)):ﬂiydk _ (‘4/”2)”/2.!.”]“/2

{(ns1)/2] N [[(0052 Y- 1/2 +sin® 7) - .Brul,'z,l,l(_cosz v - & (kyc)
= .c- . Asl-g- k
R e D 101 +1/2B, 10010005 7, () |

®-b -1 B, isgivenby 4, and B isgivenby 4

ns ® g2
=Jr/2-[( }li/ivl 10g @) K (ke) [k = (-4[x")a[22 f f (-1)
n+1,0.¢ n -g-l
. 28y 200 + 2 +1)+ B, 0, bos? 7 8, kre)
[nsiy2] ’ = (-4/x)mf2-1/2-H
an.x‘oq(‘:)(kc)m—“ v Knu-q-;-l/z (ke) = Bml.o.j.l +
&
SY240=3/2 12=1-j-Y2 l=1j=0 @62 Thecomponents of g,(kx) are
wB(kY.6n+1,0) =2 B, 0,k [ HB1 ko) -cosy -sin g (kre) + B, cos® g (eye) dyele
(rel2] T e ) :
2] Ek,y,c,n+1,2)=xf2:¢ -l OS“‘“ “(ke) tke)™ K (ke =f f C4/=* ¥ 1/2[Fz(k,y,c,¢}:1.2> - Fy(k,c,n+12)]
« +n(n+1)/2-F,(k,y,c,n +1,0) fcosy -siny
legye] ey 22 ] ~Fy(kby,0,m +1,2)c05 y [ty y, )iy
T DS IR K, (00 |
P
{(n+1)/2]
1] Fk,y,6,n+1,0) =m/2-c- };Sm.o.z,(C)(kC)"""‘/2 K, g2 (kS)
) {(ns1)/2] g= .
=206 S S, Gy I K orsy2])
[ Z 12.9 1-9-3/2 =.7r/2'1/62 . 2Sm'o‘q(c)(kc)"""'m's/k3 'K"_w/z(kc)
{tna1y/2] g™
_ ZSMLZ.q (C)kz cos? wa (kc)""'q'slz/k .K,"‘_q_m(kc‘)} 5
p
2 fmay/2] nelegil/2 Bn+10,j,1= [("§?” o Oy K V2
~f2-c [ S a0 K, b S
4= : .
T2=1+1/2 Y2=—j+1f2  cl=3 j=0
[(ns1y2] vaes /0 5 ) / 1 / Jt / Y
= 3 Swana (kY ALK, kT cos’y
&

=2 l/C2 'B,m,o.u.s/ks
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(G

)/2]
2] Fy(ky,c,n+12) =n:/2-c3[ 2SMM(c)(kc)"*‘-"~’“Km_q_m(kc)
£

[treny2)
- 2 S 12,0 )™ 08Py K (kc)]
&

[(n+13/2]
=xf2- [ Z S 2 © (he)™ P2 [P K (ke)
£

ftrns/2]
S S QU [ sy K <kc>]

[(n+1)/2] .
Bnu,z.;‘x = 2‘5".,1,24 (©)(ke)™ .Kn-q—j+l/2
&
putting  1+3/2=/+1/2
putting  7/2=1+1/2

“Y2=—j+l2 o1=2j=1
~3f2=-j412 sl=3j=2

=xf2 [Bm,z.m - cos PBrnias ]ks
Hence,
~Y2[F, (k,y,c,n +1,2) = Fy(p,k,e,n +1,2)

=-1/2 [Bm.z,l,z =c08” ¥+ Boians — Bayiana +5i07y “Bozas ]ks “7if2
=-1/2(1-2cos’ y)[K B, 72

[ne1)/2]
3] Fy(k.y,c,n+1,2) =m/2-k* -cosy -siny ¢’ ZS,,H.Z'G(C)«
£

_(kc)ml—q—slz Kmlqus/z (ke)

[(aa1)72]
=f2-k* -cosy -siny - 2 S 2, (©) (fec)y™a-4245 [ K, 4y kc)
&

[(n+1)/2]
Brul,l,],/ = Zsrul,l,q (C)(kc)"_q‘“m 'Kn.q.j.l/z
b
7/2=l+1/2 ‘,-—3/2=—j+l/2 sd=3j=2

=m/2-cosy siny -B,,,,; /K
As a result,

[ atn®y k- [licos™ y ~Y2/K By -a/2 4 n(n e )f2-2/2-Yfe?
-cosy-siny B, .. /k
+(~m/2 cosy siny B, ,,, [k*)cos® y]]{z (kye)dydk
= 4l [T )R- gy (e
l]:{cosz y ~1/2)-cosy -siny ~cosy -sin y} B, 1223
+n(n+1)/2-1/c? “B,, 1003 " COSY - sin y:]]
cos’y ~1/2 —cos’y = ~1/2
—4fx*zf2 ~f°°f”(1/k’) - g3 (kyc) - cos y +sin yedydk
[/2-B,20s - n(n + D21/ B, 00s ||

=x-y[2-B, Egm,z,z,: ~n(n+fe? B, 003 ]
=H,

®@—c : Coefficients of EC,,
@—c—1 Integralfor (g, (kyc)
o @2 2 " .
Iy KlC; ) - (~cos? 1) 4 € (e - cosy -siny T, Gepe)atyate
from (A4, 4q)
© w2
= f7 G4ty M2y e - By ke, n )}

+n(n+1)/2F,(k,y,c,n,0)-cos’ y)
+Fy(k,y,¢,n,2) cosy -sin y]k', (kye)dydk

[n/2]
0 Fllkpen) =af2-c: 3.8, 0, @)K,y yalhe)
2

[n2]
=12 38,0, @)V kK (k)
&

Engi neers

2]
B, o€ = 2 Smog @)™ VK,
£

1/2=1-1/2 ~12=-j-1/2
= ”/2 'Bn,o.o.l/k )

d=1j=0

[n/2}
2] Fyhy,cn2) = /2 [ 352, () K 0
2

/2]
- ‘Z 82,4 ©)(ke)™ 7 -k -cos® y L S (kc)]
&

[ry2]3 '
/2 [}; S 2a (VY™ [k K (k)
2

n/2}
= NS, 5, (0) (k2324 /k3 -k* -cosy K, s (kc)]

4=

2 n-qel-y2
B, 20(0) = ZSn,Z,q (e)(kc)y™" i K g jya (KC)
&

putting  -1/2=/-1/2 -3/2=-j-Y2 .i=0 j=1
putting  1/2=/-1/2 ~5/2==j-12 Q=1 j=2

=nf2-c? [Bn,z.x.o -cos*y *B,22a ],k

Hence }

V2, Gy, e,m,2) - Fy (kyon 2]
=x/2-c*fk E— cos’ y +sin? y)] B,y l/2

=xf2-c*fk-(1)2 -cos® y) B, o

/2]
3] Fy(k,y,n2) =m/2-k*-cosy -siny -CSESE“ (kc)"""’/ZK”_q_s/2
=

[m2]
=[2-k* -cosy siny -c? 2 S0 (RC)™0712 [ K, s
&

2]
B = ZS,.,z,q(C)(/‘m)"'""vz K, g (ke)
&

1f2=1-1/2
=7/2-cosy siny -c*-B,,, [k

—52=~j-Y2  nj=2  I=1

Associating  these

(=745 7/2 'fmf‘;:ﬂ]g‘z/k (f2-cos®y)-B, 5, +1(n+1)/2-B, 44, /k] (~cos’y)

+cosy-siny-c*-B,,, [k -cosy-sin y:ﬂgl(k}c)d;dk
~1/2 +cos’y +sin*y =1/2

= aif4) a2 [ (P /2B, 5 =nn 4 1/2- B, Joos?y - g, (krerdtyd

= —fﬂ 1/ZIE"Z B, 201 —n(n +1)B"‘°’°'1]Bl/p2
=~H(l)

@c—2: - Integration for g,(ki)
-“ /2 . . -
If ks te) - cosy -siny + " (hye) - cos* y Ty, (hpeddyelk
(4, 45)
© g2
= [ [k a2 G,en2) - Fy(r.ken2)}
+n(n+1)[2-F,(k,y,c,n,0)}cosy -siny
+ F,(k,y,e,n,2) -cos” y b, Gye)dyedk
2]
11 Flik,y,c,n0) =m/2 ¢ 2 S0, (kY™K 1, (Ke)
&
[m/2
&

]
=m/2-1fc* };S",o_., (ke)™122 [k K., (ke)
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221 AT ) == @n-1F, 1)+ (n-2)F, 1-1,2) }--(A-

B ()= S 8.0 S TP K e F(@.B.2) = = [n2n - DF (@ B, 21) + (1~ 2)F (0, B, 2,m 1)} 4)
a=0 . 4 :
52=1-12  -Y2=-j-Y2 ~1=3j=0 Biapfz)=—Befzn+l2), e (A-5)

=m/2-1/c* B, 40, /K’ . 4
2] Colapz) =~ Kafzn2; e A-6)
2] Fy(k,y,c,n2) =z/2-¢* [2 So2q (c)(ke)"- 4= K, o (ke) 4
i Al(a,B,z,) = -”—z[n(zn -Dz,Fy(e, B, zn1) - (1+ )(n-2)F,(a, B,z,n-11)]
[r2)
- sz_q((:)(l{c)”“"s/2 k?-cos’y-c? K, s (kc)}

= B, (@, B,2,) = %NF.,(a,ﬂ,z,.,nﬂ,l), ....................... <-(A-8)
2]
n-g-3/243 1,3 . 4
~7/2 LZ S"'zq G /k K"_q_m (ke) C,'(a,B.2)= ;t? Fla,Bz,nl). e (A-9)
[n/2] . The inner set of integrals required by (2,22). u= J (a*a+ b*b),
- n-q-5[2+5 [15 12 2., .
; Snaq (€ (k) [ - -cos”y Koo (kc)] J0 and  J1 are Bessel function of the first and the second kind.
b
] ; T, ' |
By (©) = E Suﬂ @)X kc)"“’j“/’ Kooson J: cos(acosy )cos(bsiny)dy 5 Jo @), - ®1)
g= B
putting 32=1-32  -3f2a-j-Y2 Qa2 j=l o . 7 | b ~a?
putting 5/2=l—1/2 —5/2=—j—1/2 le3 a2 _’: cos ycos(acosy)cos(bsmy)dy=E‘7[a Jo(u) + - J,(u)}, B2
=7/2|B,,,, -cos’y B, k3 i ‘
[ e '2'2'3], 7 cosy siny sin(acosy)sin(bsiny)dy = --%-Z—f[]o(u)—%.ll(u)], B3
Hence . .
o . . na :
1/2[F,(k,y,e,n,2) - F, (r.k.c,n2)] J} cosy sin{acosy)cos(bsiny)dy = —2—;J L), B4
=xf2-12-1/k* [_cos2 ¥ +sin’ y]Bn,m The primed Ar’,Bn'and Cn’ contained in (2-24)

) ] s /2] ot Al = j; °'{Gs(n)H,(—b) - G(0)H(c) + Gy(o,mH(~b) -~ Gy(n,0)H(c)
3] Kky.em2) =n/2-k* -cosy -siny-c* ¥ S, (Yke)™ K, . o GO MED) -G ARG  C 1)
g NG i23(=0) - 0(1,0) i35 - a)

. [r2) mansloe -

=n/2-cosy -siny -k? Z;S,,.Lq (€) he)™ 12 5/k5 K, B/, =£ {;s(n)H4(—-b)-Gs(g‘)H4(c)+(;ﬁ(g,n)Hs(_b)_.G6(17’0)H5(c)
5/2=1-12  -5/2=—j-12  :l=3 j=2 +Gy(0,MH(-0)=G(m,0)H(c)dx  C1b)

223

. =m[2-cosy -siny - 1/k*-B - ) -

: C = f, Bs@H;(-b) - G5(0)H,(€) + Go(0,m)H y(~b) - G(n, 0)H, (c)

Associating these, we have G (O:TI)HQ B~ Gy, (c)}ix - ©lo

7‘/2(-4/”2).[”‘[(/21( 1/2:1/k (~cos®y +sin®y) B, ,,,
+n(n+1)[2-1c* KB, 5 ];os ysiny
+cosysing ik +B,,,. cos? y b, (kye)dyk

A% = [ BulomH o(-5) ~ Gy, 0)Hyo (@)
+G(o,mH ,(-b)-G,(n,0)H,, (c)
+ Gy (0mH (-0) - Gy (0,00 H @) ¥
_ B, = f GolomHys(-8) -Gy, 0)H ()
1/2(~cos’y +sin’ y)cosy -siny + cosy -siny -cos® y +Gy(o,mMH s (-8) -G, (n,0)H 5(c)

=1/2(~cos’ y +sin*y + 2cos® y)cosy -siny +Gy(0,)H, 4 (~8) ~ G, (0, 0)H, (€) Y
=1/2(cos® y +sin® y)cosy -siny Cle)

Ch = f; Bs(0mH (=) - Gy, 0)H,4()
+Gy(o,mH 3 (=b) - G,(n,0)H 4 (c).
‘ +Gy(@:mH s (-b)- Gy (1,0)H,, () ¥

Hence

==,rz:/2 '(“4/”2)fmflll§/2'Bn.i,z.a +n(n *‘1)/2'1/"2 Bn\O.O,B]
cosy siny - g, (kye)dydk

o2l H AT = [ G @MH o(-8) -Gy, 0)H,p ©)
+Gy(0:mH 1 (~8) ~ G, (1,0)H () Fx, (C 1)
Appendix 1. B] = [ (0t (-0)- G0, 00y (@) + GuomBa(-)
The An, Bnand Cn functions in (2.16) - Gun, ) H (@),
Al(aB,7)- —J%{n(Zn ~DF @B,z 1) + 5 (1-2) = [ G@mHs (0 =Co0, 5@+ GuOmBw(D) (o
x[Fy(a, B,2,,n~1,2) = Fy(B,a, 2,n=1,2) (A1) Where Gatn.0)H (@) FiK,
N %"(" + D= DF (@,8,7,m-10)} Hy(z) = 12~z (ep)Bypy0 () + 20~ D2 BB, 1 (2)
B:(a,ﬁ,zi)=-%{-%[P‘I(a,ﬁ,z,n+1,2)—Fz(ﬁ,a,z,,n+1,2)] . . B
1 A =100 = XB,B 355 + S+ D= 2]y (kP)B, 1000 (2)
+ —in(n +)F (e, B,z,,n+ 1,0)} ) (C 2a)
@Bz = —f;{%[i;(a,ﬁ,m,z) - B(Baz.n,2)] - G- {' =Dz Buys0(2) = Buas G0 %(”;2)"2 Brizai )

----------------- (A-3)

1 B,
»2nin+DE (@B, 2n0) #2111 2B, 00, <z,)}p—; o)
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B,
Hy(z,) =k z}|-n(2n-1)z,B,,,,(z,) + (n+)(n-2)B,_ .(z)l-L (C 20
(@) bran b2+ (e Ot The equation (2,11) reveal that the .

1[2)' ] G 2d unknown D1, D2 and D3 functions evaluated at the two walls are
Hi(z)= S -x B3 Bz (2) = 0+ DIo(60)B o001 ()] (€ 20) simply Fourier transforms of these disturbances. These equations are

1 inverted to give
Hy() = 2B G+ DB GO s 020 ] |
2 P D(c.B.z) =-—ﬁ) {Z[AHA,,(stz)+BB(stz,) |

He(z,)= ”%BIB;“],[,I,G(ZE) €29 e ’ |

p +C,Ci(st,2)]}cosas cos Bt ds dt,,

1 o W[ '
Hi(z,)= ~5[§y2 ~¥)B,B, 0s(2) + 14 Do (0)Bronn ()] C20) Dy, B.z)) = —% 1. {E[A,,A,i’(s,zz,) +BBls,z) |

ael bi=12

Hy(z,) = %[zian,Z,z,l (z,)~n(n+ 1)B»,o,o,x (z )]%z‘ C2n +C, C'(x,t.z,)]}sinas sinft ds dt, |

l
|
+C,Cfs,8, z,)l}smascos Bt ds dt,
-Evaluation of the double integrals required in (2,12) is based on the

Hy(z) = x22B, 00 (2) 2r c2d Dy(efz)=-— zf A {E[AA”<“2>+B B(s.4,2,)
P

H\(z,) = /B, [‘ n(2n-1B,,,,(z) - -;—(n =2)B,,22:(2)

(€ 2) associated Legendre function by its polynomial representation (2,13).
1 .
+ "2;_2-7’(" +D(R-2)B, 1005 (zr)jl v (1 —g2ybm tdm ()2 (20— 2g)! En-2a-m :
i PR(l) = 2 : T - o (2.13)
Hy(z) = 9B, |n@n-DB,1,@) + (-DB,,00()] €20 7o gn=)lin—-2g—m)!
Once this substitution of (2.6) has been madethe second
H,,(z,) =xxyB, l_— n(2n-Dz,B, ., (z)+(n+1)n-2)8,,,,, (z,.)J 2 integration is  performed
F(a, ﬁ,z,,n m)
1 1 !
H(z,)=~xyB,|B,, 2 )=n(n+1D)—5B,,003(z) (C 2m) o m 1,2, 2\
.:s( 0 ny 2[ 1223 (2 ( z‘z 10,03 "j;ﬁ 1 ” I)P,.(Z:/(S +l]+2,) cosascos ftdsdt
Hy(z) = “x}’BzBmx.z.z.s(zl) C2n) (sz +1h+ Z"z)z (sz '”1)2
1
2" 1
Hys(z,) = nxxyB,B,,.1,(2,) €20 - 12’-}4 | q Somg )Wz K e, @l
= 2
) } ) Fya, B,2,,n,m)
H\(z,) = -—xyB, [Bn.Z.Z,S(Zi)+n(."+ D= B,00s(z )] C2p - o 2 i SN
2 e =Lk s : A (z,./(s +tl+z,. ) cosascos Bdsdt
% D
H(z)= x)'Ban,z.z,3<zx) C29 l
Hato) =K DBuBy (2 oo RO {Kn~q_§3(k];i])
et
Hyy(z) = -2 fon - 0[B,.,2(2) = Buns ()] ~Suma @2 Wa) K G, |)], @140
K‘p 2
(C 29)
~La- 2).8"-‘“,@,)—1n(n+1><n—2)%8"..00,(::,-)} e w e e ean)
2 2 zp R(a,ﬂ,z,,n,m):ﬂj; - n M7 ——L—sinassin 8¢
J,(xp) ’ Ry A € R dsdt
Hy(z,) = _xlTp—El(zn =1z,B,,12(z)) - (1 + D) ~2)B,4,,.(2 )] (&) L,‘]
, = Zaplz| %s & ez K e, @i
1 2
Hy(z) = ”%x'{ﬁ;@[Bm.z.z.s (z,)+n(n+ 1)'2’2"3.-'1.0.0,3 (z;)] (C2u) .
i ® w 1
. F(a,B,z,nm) =5 ) g 1’( -~ l 7| sinascosst
sz(zx)"”xJI(Kp) Bninaz) C2v) (s 40 +Zt2)z \(3 +7 +Z) )2} dsdt
Z el & we- @144
- 2 .
»(z)= %x‘] (,; P) [ n2.2,3(%) = n(n+ 1)%19,,_0'0'3 (z,)} C 2w) = EO‘IZ"[ Zsm(z,)(kkll) Kn_q_% (kllzl). )
Z
, o
Hu(z)= x‘T(Ki—)zB,,J_‘_Z(z,) €2 Suma21)= iz @19 a=-bec
where
B, = x*Jy(k p)+ (¥* ~x )J ("”)  3a) Result.
et Fig 1 shows the velocity field induced
1 Ji<p) " >3- by the rotation of a sphere about an axis
By =3 |Jolkp) -2 — €30 - parallel to two lane parallel wall
k’p Kp ~ L P P 1%
s = computed by P. Ganatos (1980).
» g ay : Reference
P4y €9 i1). P. Ganatos. J. Fluid. Mech, vol 99.
3 : < pp 755-783. 1980. 2). P. Ganatos. J.
Reg e .
B, (i) = DSz )z ) Al ZK,,_,,_,_.I("IZ"D ) - Fluid. Mech. vol84. pp 79. 1978.
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