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We introduced a detailed explanation for the mathematical method for solving the linear differential
- difference equations with absorbing barrier that characterize the signal processing function of the
neural cell. The equations are the same form of the birth and death processes. This method was firstly
introduced by Saaty 1961. The probability On(t) of nimpulses in a neural cell at an arbitrary time t
was obtained by applying the generator expansion in combination with the Laplace integral
transformation. Qn(t) showed definite peak as a function of the ratio 8 between the impulse
arrival rate and the signal processing rate of the neuron. As the number of maximum available
impulse number N, the dependency of Qn(t) on the [ value was markedly changes. The present
method,though basic will be available for evaluating the neural processing function.
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1. Introduction

Signal filtering through the excitable tissue is one of the
most important properties of the physiological cellular
functions. In the present study, we introduce a method
for solving the absorbing barrier problem which may
describe the impulse processing through the neural cell.

2. Mathematical method.

The main text is contributed to show the mathematical
processes for solving the linear differential -difference
equations describing the transitional changes of the system
Plin(t)=-( Ai+ui)Pin(®)+ AiPi+1,n(t) + piPi-1,n(t)
P'on(t)=- AoPon(t) + Ao P1,a(t) ------ (2-3a,2-3b)

An=nA and ygn=ny ---forcasel.and

An= A and yn= y ---forcase?2---(2.4)

Since Pn,N(t) is the cumulative time distribution for the
unnormalized conditional probabilities Qn(t) dt, we have

Qn(t) = dPn,N(t)/dt ---(2.5) Applying (2,5) tohe (2,3)
where putting i =n and n=N, using (2,4a ), we arrive

01(0)= -+ (ot ), () M0, (1) A0 (1) 7= 1o N -1
Q)= 0u(1)=0 -

Qn(o)zan,N—l.;"(N-l) - (3, 3)
We set generating function for
N-1
Oz.t)= 3 0, (1) - (3, 4)

nwl
N-1
on (3. 1) multiply z""and sum as 2(3,1)'2”'1

=1

Nz-lz"-, 0,()= - (A #)NE-‘Z"" 0, () + ”'NE—’Z"-l 0m)

n=1 nel n=l
N-1

tA 3z 0, ()

nwl

since
0=02"+0, 2"+ Q224" 0y, -2
we have
0Q)0z =120y +2:2°Qy + 328 Q4+ (N =2) 2" Q,,
. N-2
= Z"_] ‘n'QnH
n=1
N-1
= 22""1 Q-2 (N-1)-Q,
=l
and

22000z =120, +2:2° 0, +3:2* Q44N -2) 2" 0,

2000z =120, +2:2°+ 0, +3:2° - Qu#-+(N =2) 2" 0,

2:2:Q0=22:0Q, 42220, +3-2° Q44227 Oy,
Q=0

we have

N-l
M-Ez"" Q= u-[l-z" Q+22 Q432 Qprrt(N -1)2"7 'Q,,,l]

n=l

- ,u‘[2~z~Ql +(2-z2 +l-zzp2 +(2'23 +2'z3p3
+(2~z4 +3-z“p4
--~+(2‘z”'I +(N-2)z" pN_,
SNy ]
= y-[2-z-Q+zz 9Q/éz - N -2V -QN_,]

Further
N

(e w)S 2 om0, (0)
=<A+y)-[bz°-Q, +2:2-0, +3‘zz'Q3+'-~+(N—1)>ZN'Z-QN_]]
=(A+u)'|:l-z-Q, +(l'z+1:2)0, +(z2 +2~z2p3+(z3 +3~z3)-Q4

@V (N -2)- 27 ) QN_,]

— ]‘Eg —
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() 000z + 0]

Associating these , (3-1) is transformed to

00 _ 5.0, r0e 9 oo ]
A ]

- (A+p) {z-%g—+ Q}
—%?-+{)t+uz2 —()L+u)~z}'-o;zg=()t+ p=2pz)0+ uN - Qy 2V

- (3, 86)

————— Solving this partial differential equation ----

dt dz

1 (mz=-A)z-1)

1 I -u . 1]
CERR(CENED]
since a=A-p
_ ule fa
(iz-2) (z-1)
~t=lfa -[log(uz— 2)~log(z - 1)] then, we have

ot m10g €7D
t=1 gt(y:—/'\)J

ﬂ:e“"
-A

’:‘: (1 e )/(1 . “e—ar).

Another combination of the equations is
Q'(’)"‘ A+u- 2pz)-Q=p-N-Qy, -z

As a result the solution of (3, 6) is

ey Pl )5 (-2 )}"‘ )
{l - ye“’("‘))_ 7 ‘Z(l _ e-u(,_,))}m

+ (N—I)A-az .e;al %'(l_eﬂ”)—r(y_ae-w }N-z

{A— pe™ )~ H-z.(l_e-ax)}

(3. 7)

Q(Z,[) = ~NH&1J;’QN—I (S)-

-S o,y

nml
(= 220 420, + 2% Qpteetz¥ 0 (t))
Since
Qo2 =10, +2:2° 0y +3-2° -Q,,+~-~+(N—2)-z”'3 Oy
C%Qfort =2-Qy #3202+ Qo w(N - 2) (N =3) 2" - 0y,
PQfir =320, +4:3:2:Qp4+(N - 2)N =3)N =4)-2"* -0y,
So we have
0, = /180 foz(z = 0)
0, = 1/21-80 [éz* (z = 0)
0, =1/31-6Q° [2* (2 = 0)
and generally
S - )
T -1 62 )
Then, differentiate (3, 7) with z for (n-1) times

rg oo [fleer ) o)}
ozt g L {A— ,ue'"("‘))— u'z-(l— e-a(,_:))}m |

Putting Xa = )L(l - e‘“("‘)) b=p- Ae-alt-s)
c=A— ww(f—:) d= M(l _ e-a(.’-s))

1,
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a"‘ 1 a"-l a-bz N-1 N+l
ng = azn- { ) } oz -l L (Z) h (Z)]

c— d )NH
el 3(n -1 :) N 1 5 hN)-H
= 20 nel~i 32(" ]_,) a

On the while

k-1
x (k-1)
al k
About ;f’) =
I=1 : kg g =k-g(-b)
I1=2 : k-(k-1)g*?-(-by
1=3 ¢ k-(k-1)(k-2)g¢> (-b)
So, generally
dlg(‘) kL e g
- -b
R e ECE )
Then, putting '
I=n-1-i , k=N-1
we have
a(“"")g('ﬁ)‘ (v -1y —_—

n-lei
azt ) (N-l—n+1+i)1g(') -5)

(N 1)‘ -t n-1-i
(N ~n+i) g (-9
simiiarlly
amy 9 (c-dg)y ™
&' az'
~-N-1) N1 ’
-y e
since
(-N-1)

:(—N—])(—N—2)~~(—N-1—i+1)(—N—1—iX—N—l-i—l)--

(-N-1-i)}

=(-N-1)-N=-2)(-N-1-i+1)
71 2y i 1) - BT

Ther;,f‘ore
832? (N+z)'( (- 2+ (~d)
Associating these
0, - 1 3("")Q(z 1)
T -1 a2
ES W=D e

I 20 -G Woneiyoe (o)

SUAL) oo L (@ (e-dzy™ (z-o)]

LR o (1) ), )]

- 1)!'2"" "(N-n+i}l NI PR

(—1)"' 2“ ‘ L(N+i+1) a”‘".( ad) prl

(n N & T(N-n+i+l)c™ b-c

eyt (N +i+1) [(1 e““‘)) r” T
- o]

(n-l)‘Nz"l' T(N -n+i+1) [ ﬂx(u]'
w-

(1 e—a(l-:)) e—a(r»:))'li
l (-2 - e ())}

here setting 8 =p[A  then
7\'/4=7L‘ﬁ'?u-ﬁ~)»2
As a result,
V= TN +i+1) ‘W‘Z‘(l e_a('_’)j 1|
(n gNg™ 'I‘(N n+i+l) lr,\e ﬂ(':)xx ~oft-+) )I

| go=9) }’ i
%( : 'a(t—s))N“ {l M.G(H)} i

2. The second term of (3, 7) is

{\,(l_e_m )_z,(“_;w_a, )}Nz
I ]
Thus, setting, ?—-s—>¢, N—> N-1 in the first term

) (N +1) { —ﬁlz-(l-e'“’)z ].-
(n—l)!(N—l),-_zo -1 T(N -n+i) l(u_zﬂ XA—ye“")]

%@e“ﬁ” e
o 2§

Therfore, on using the Leibnitz theorem

0.0--EL leNl )e“"')il : Ma{t e

=in-1 F(N+i+1) -ﬁlz(l—e"'("‘)j i‘ds
.o( i )I‘(N—n+i+1) (u-le'“("')XA—ye"‘("‘)) }

N R ) ST T
(n 1)! {}\. -al} {!‘ Ae }

Gn-1y D(N+i) | ﬁlz(l—e"’) '
;( i )F(N—n+i){ (M—M'wXA-—ye"")}

----------- (3. 8) (ﬂ;—l)= !
:

n

Q) =

where B-=u/A
The integration of (3.8) is a convolution of  between

Ova(s) and  f(1-5) as
L[ ﬁ, F(t -s) g(s)ds] = L[F ()} L[2()]

1. We transform the second term of (3, 8)
‘(_ ‘l)n—l AO{Z et {\. (l e"" }N - {‘u —ax n~1
(n-1) B pe}
& o T(+) -y |
; TN - n+i) ( ““‘Xl—ye‘“’)

(_1,,_1 "2" c I(N+1)( )

( 1)' &« ! 'I‘(N n+1)
A.N -n=142i A,—N_' _Hn ~1-i

R A )
T e W )
since ‘y=.3
-t a I(N'H) nctvi L yneici
( 1)1 (—1 EHC’ (N - n+1)(_ﬁ) &

w0

. (1 —ea )N""“’z" . (1 _ ﬁe )'"" . (1 _ ﬂe—az )‘N"
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since A""“' i (%) /W'L) =ﬁ"-i (,u)»)

=A-a2‘e—w-( 1y ‘ (N +i) Pt et
(- 1)(ur) a4 ir(N~n+i)(_1) BB

.(1 e )N—n-m,- . (1 ~Bre )—N—i . (1 _ e‘%) et
G 2T |

'(1 e )N—n-l+2i .(1’~ Bre= )—N-i. 2 . Cj(— e j

J=0

n-1

n-1

= az.(_ 1)n_] _"—! (N'*'i) Y g fy e W2
ey ATy )
(l—ﬁ e-m)N-' . v- . }( /3) PRari

Therefore, the Laplace transform related term is
e"”(‘”) . (1 _ e_m )N«n—l+2i . (1 _ ;Se’“‘ )—N-—i

From oherhettinger p 40, 5- 2§ in table
El e )V - (1 z: e") }B(s V), F(p, 55 +v:2)

setting
t—>a-t
v-1=N-n+2i-1
pw=N+i z—>f

v=N-n+2

and since

Lf @)} Y, F(%)

L[(l e ) (1= prer )"”"’
=1 B(/N n+21)F(N+1//+N n+21[3)

More over, from the trabsitional theorem
L (t)]- F(s+a)

we have

LE—w.(,’+l) '(1-6_‘” )N-n+2|'-l '(l—ﬁ‘ehw -N-l"
=%'B[(s+a'(j+1))/a,N-—n+2i]~ )
‘ZF,(N+i,(s+a-(j+1))/a:(s+a~(j+l))/a+N—n+2i:/)‘)
=%'B(%{+j+1,N—h+2i) .
-ZE(N+i,s/a+j+1:s/a+j+l+N—n+2i:ﬂ)

where B is a beta function. Hence, the second term in the

Laplace integral transform is

(-1 =
—_— G
u (}’I _ l)' 2 n-1%i

%~B% +j+1,N—n+21]-Z ,(N+1,s/a+j+l:s/a+J+1+N—n+21:ﬁ)

n=1-i

T(N +i . j
(}\E n+)z)(.1) L g "I ’( /)

J=

The first term can be obtained by replacing N —> N +1 and

then, multiply p/A-Qy (5)

n-l-i

at (-1 ] r(me) i
e (n 1) QN 1( )Eo“ '—_T(NH M«) = l-iCj(_yﬁ)

Yo B(+ 7+ LN -m2i ) BN+ 1wd sfar s+ 1
) :s/a+j+1+N+1—n+2i:ﬁ)

‘ﬂn

J=0

5. Extinction

Inthe Eqe (5, 1), the significant termis
(QN_l(s)=O large

only the second

term , since for N)

0e.)= - (- b0

and Conmuni cati on Engi neers

) 1
[ e Y-t ) ]
-So.ey

nel

Then

(1)
0.(t)= G%T)T:—ZG‘—')—Q(ZJ)

_p(ampy e g
- (n _ 1)! PRC) LC dz]

differentiation with z for 7-1 times
2) (e-a)™
o oo D7
g CD 23 n)
( L-n) (-1-n)
- (-2 (-3)+(n)
=n-(n-1)-3-2:(-1)" = ni(=1)"

-1 (n-2)-

therefore

nh (_ l)n-l (—d) n-1 d n 1
dz S SE A S A ] —
I:C ] n+l n( ) C'd

c

az(n 1)

By these conputation

A e

Qm(t)== (n-—l)! (A_lw—().—u)()
[y 6wt
=n- pL A. “ LoB-nX (1 o~ u)f)” (Z. _(A_“))-(n(o,xs)’
6. The case A, =2

[ 23() J—

010) =~ + )0, (O)+ 20,y + 1 Q,,-l
Qo(t)= QN(t>= 0

Qn(0)= A8,y

Setting generating function

G- 2-0,6)

n=]

} (6-1)

NE-lz" (6,1)

nwl

L(E)+ A Ez” O

n=l

w30,

=]

Multiply z"on (6~1) and sum as

"Ellz" i) = -(A+u) Ez

n=1

since

1\/2-12" ‘0.(0) = z~N§“:‘z"‘l 0,()=2G

. o=l n=1

N-i
Ezn Oy = z' 0, +2z° 'Q3+"'+ZN_] Oy
=
=0 +Q 420y +2" Q2”0
Nel
=-0 + Ez"'l -0, Oy =0

=
=-0+G
N=l
2" Q= Qo +28 O+t “Ona

P

= zz(QX +z2:Q, +r2? 'QN_Z)
w0, =0

=7'2(Q|+Z'Qz+"'+zN~]‘QN-2+ZN-1‘QN-1

=22(G—zN'z-Q,H)

+z2¥-0,

- 'QN-I)

Therefore
z-é’G/ﬁt=~(,u+A)-z'G+u~zz‘G—u-z”~QN_l+AG~AQI
=[l‘-zz"(}"+#)z+}”:,3"ﬂ'zN'QN-l"A'Ql = (6, 2)
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The Laplace transform of this function is
56 *-G(0)] =[s® - (A + w)e +2)G* ~p 2" G, -2 Q¥
from (3. 5)
G(0)= A-z"2
Therfore
o [M‘ZN O+ A Q) -A‘ZNj
[ -(A+ /4+&)'z+}.]

The solution of characteristic equation is

(A+u+s):,’(/’k+u+s)2 - 4uh

@, = (6, 4)

*
To converge G as a series, the numeratorof (6, 3) has to

be zero for z=c, -anda, . Since
0 gV oM O = N
wQuatoy AT +A 00 =0 e
N N N-l . C N
B Qyatay =Aa) " +A07 =0 Py

Then, Ql* and Qn-1» as solutions of these equations
N N N, ¥ . N ¥y N-1N N-L N
u(ozI ay -a) ra, )QN1+7( -a; p, =A ( ay ~a, a )

O = N-1 (az' 1)
SOl =al T al (az —a,)

. ).(ZN -1 CXN -1
QN4 ( )
(a, -af
Substitute then in (6, 3)
1 ( )"(ax "azN_l)
G* =
[z - <A+u+s>z+x]*“ ol — o)

AV v Aeal

L
a (0 -a 1)}

o) ~af )
2 [Z" (A
H[ZZ”()H.F‘L%'Z*‘y [ (al "az)

+ (a‘az)N" (o - 0‘2)]

AN _ N
e -ar)

K [ 51 _ N\ N-if N _ N
o a,Xa, 2 )z (a, a; )z (ozI az)
+ (a‘az)Nq (e, - a, )_1
Since a, =Afu
Then, the numerator is
=¥ g Mgl N el ") «l-()y/,u)NAl(aI -a,)
==z”"-a"v"'(z~al)—z”"-a;""(z—az)+(}»/u)N'l(al—az)
Therefore
% )‘ [( ) (z'az)m (&‘N-I (O‘l”az) 1
¢ l @-a,) (z-«a) +\u} (z—al)(z—a,”
o Jea)” (z~az)”"+(5)”"£ Lo
u(a -al )]. -a,) (-a) \n l(z-a,) (z~az)J
since

aﬁA.yzm
LAY/

(z-a,)

VAN

(z-a,)

and Conmuni cati on Engi neers

As a result
N-l-n

Q<s>-—-—m<%) -2

(‘2‘) [(a,_az) -a )]

Nn[

o _ ay !
{af(l-(az/a ) ax”(l—(az/%)")J
%) {E(a ¥y (az/a Eas Mo fon)’ }

since ;- Q,

(o ),.-N
aj oV '(0‘2 e )N‘k

[y gl

R HOK KK AR R SRR K KR HOK 3K KK KO o K M K K oK 3K KKK K K HOK K8 RO O o

=Afu and o,fa, = )»/u'l/af
'(az/al)wc _ (A/M) Nk .1/al(-n+(2k+l)N)
- (A/”)’"N'k . l/a]meszk

(}JQLyWN* } ~ (6, 7)

aln+(l+2k)N

In the next we operate Laplace invert transformon (6, 7)

e [ ~(k+1)N+n "~

~(2k+1)N+n 1

{A'{‘ n+s+ ((/l+ pz.+s)2 —4)&[4)/2}
(Zu)-(lkH)N»m }

|
|
| |
|

(2k+1)N+n '[
4k
H } g ( )(1myv -n

(—( -4Ap) ) J
=1 (s2 st 44N )(2’“1)1"": [ (s 4)»/,1)]/2]“]»,-”

PRlEEIR (2“)(2k+I)N n]

=e-().4u)l,(4ku)-(2k+l)lv+n '(ZH)(ZM)N‘"'L [( (z 4}#) )zm }

Oberhettinger

(o S
H
|

p 242, 4-41 of table
L {(s - 4@)"")} = vt @) 1@ rt)
Setting v ={2k+1)N-n

For the recurrent formula of modified Bessel
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function, setting Zz=uaf

2'_;1v (a)=1,,(at)- 1, (at)
ai

Hence, by setting a=2.[Au

)1 ) 1 )

B) [y o)

o }zm)n—m
(—{—E_T_.[I(Zhl)}l-n«]@ Al”}l(um)w-ml(z A”t)]

=

Therefore

I [al—(zm)wm]

- e"("*“)’ . 2-2(21:*1))“2" ‘2(2}:+1)N—n ,2(21:«\)1\1—"
.(AH)-(ZIHI)an . M(Z,MJN_,, . (Au)(zk*lWﬁ-(n—l)F
'[I(zku)N-n--] (2 A,ut)— " (2 M’”)_

_ e‘(““)' . ()L‘P )-(2k+l)N+n . (MYZ (2k+1)N=n . (}W)vz

[eaorms Ol ) T @)

- e-(**#)l .(H/A)("”F)N‘"F .(A‘u)l/z

[ieayrone @) Ty @),
111171111777710170111177777777777

By the similar procesure, we have
I [_a -@k1)N-n | ‘
_(1.,,“)1 (#/}L)(ltd-lll)Nwrp ()\,[,l)‘/z

.[[(Zk+l)N+n-l (2 A’H)"I(zku)mm\(z A’Nt):]

As a result

Ne-n

QJ(S)=(%] {i(x; W ()R

ke

[I(zm)ﬁm 1(2 /\W) l
l"f(zmw-m(le_’j

_ E(}»/,LL)WM’ ([,t /l)(ka,l/l)Nmﬂ .[I(ZM)NM(z MU)- ](M)Nm](z ,w,)]

ka0

e .(Aﬂ)‘ﬁ]}

A Gremp 12 [
=(_ﬁ) ek ()P {;[1(2,“‘)"_"-](2 pmy
- 1(2k+l)N-nvl (2 AP”)‘ L — @ﬁ’)’* I(zm)mm (2 AW)I}

7. Solution P(r)
Pit)=n-P(r) (7-1-a)
R()= ) B+ 20 B.)
P,,’(!)= ~(l+ /L)PP"(I)MX-(" —1)~P”_l +

for
(7—-1-1)
per1) B )
(7-1-¢) lsnsN-2
P"”"(l)=_(A+HXN—l)'PN-l(t)"'}”'(N"Z)'PN-z(t) (7-1-d)

Pi(e)= -2 (N =1)By,(t) (7—1—¢e)
Rx(o)=éi,n
Setting generating function

Pt)= S B ()

n=0
(-1=a) 2+ (=182t + 3 (1= 1-cy 2"+ (1-1-d) 2" 4 o) 2"
. n=2
By this operation
F(t)=n R()

z P’(t)— ~(A+p)ze P(t)+ 2p-z- B(1)

Ez “P/t)=~(A+p) Enz “P(t)+ A E(n NP, ()2

ne2

and Commruni cati on

Engi neers

0 (1) P ()

nw2

2Py ()= (e )N =12 P (O A (N -2) 2Py (f)
2V Pi(t)=-A- (N -1)-2" - P, ()

N-2
left side = Fy(t)+z-P(t)+ Sz Bie)+ 2By + 2V By
n=2

= iz" ‘P"’(t)

n=0
The right side

1. For the first set of the terms

pe|P{E)+2-2- B(1)+ E(n+1) Poa(t)z

N-1
=u2n-z””-P

n
=l

N
since, P“EP,,’Z" ==P0+Z‘Pl +22.Pz+...+zN.PN

neQ

BP/&z=P +2+z- P4+ N2V B,

=2 z"-P = NEnz"‘PNz"‘P

A=l

= u[dP/dz-— N-P, (t)'z""]

n=1

2. For the second sgt of the terms

“(Ae ) [z-g(z)+§n-z" -P"(t)+(N—l)z”“PN_l(t)J
—<(rs u)-z-[P, O+ ”jnz Pt (V-1) 2" -P,,_l(t)]
(s )z Snez B (1)

nel

=-—()L+y)-z-[&P/&z—N‘PN-zN"]

3. For the third set of the terms

E(n D) Py(t) 2" + (N -2)-z "‘1PN_2(1)—(N—l)z”PN]

n=2

- }_z[zn 2 P4 (N =2) 2% Py ()= (V- "B ]

n=l

=A.z2{§n-z"“-}’n(t)

] - [ppaz-N-B ) 2 |5

Associate 1 to 3, we have following (7-5)

(A +p)+ y]

Tt - (e e W} TN R () 2 i

The general solution of (7. 5) is

PN i - Na ) P
{V (1 - elm) )— z ()L — pe =) )}'"
. {t — 23X _ g, (1 NG )F,l ds
ety

AelmY _ 3.z (1 el “)')

R R T L LT T me——————

A reflecting barrier at the orgin and an absorbing barrier at
N with coefficients given as in the case (2).

In this case

T

oy '()'az

(o, - 1)/(a, ~1)a]
uXa, -D)-of - (Aa, - pXa, ~ 1)
a; = {(A+u+s) ((}»+u+s) -—4}»}1,) 1/(27&)
0.0~ dP(t) ooz = fof A

But
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07 (s)=s-Fy(s) 2(s)= Aoy’
] N (al —1)_5 (Ctz _1) a,,, o (S) ),’(CC\NH — ol )"‘H'(alN "azN)
-1 x ~D-a (A o, -1 !
o [az ( Q- “Xaz ) a] ( - HX 2 ):1 (C(I” _,_1 ” N+l—1—1) ,LL/}\,(&IN 2 —GZN— -1)
A(@ — o) (o - 1 ‘ - 1. » ‘
Y (Ogm Nd%_ Ea: _;3) (a,”" ‘a; -al [1—!‘//1' al”~a;"‘—a§’“")/(a[”*‘ -a;"‘—al”")]
rereneeerenenra E e o —a )
7. Solution for PF(f) =;( ) (aNH o - a;»/-:)"*‘
Ao (o™ i+ _ .
SO i D TR
)l e s e R |
,. o gy BTG
e e e ey o Gy i - G “*‘"] -
sincea, @, = /A, puttinga, = pfA-1fo, n (it i) [ = (u/ny’ oc"‘"”-!
and reduce only the function of 2(7) (,u/)\.) [ N+is2 ( /A)NH v—N]"’
= since N))i #
(alN-i N“ —M )“ H//\ (0!1 o a“' ]) ( )hma(miﬂ)k-(min)(ux)
) | 1 Z '
(a,”" -a;”‘l/af'l)[ #/l( Neiet -a”~a'“)/(a fog e )] 2( )k Ma;(mpm)
kl'(a] gl e )1 k=0
= B
(anN"i - ey )E( ) (O‘N-' - ey )Jl e BB (N +k+i+2)

i+l

(@ - /o)
Zo( ) (a - _ N+1/ 1,”)“1

Aumerator= o) 77 - (#/K)N/(al)mm

[“1N - (I‘/A)N /a,"]

Gl oo -y fe )]
[a -1 (a N+l (y/}») N+l/a Nal )]in

Since N is sufficiently larger than

- Z (_“_) ' {,;(m)(k-k-l) .alm-mu)(m)}
-0 A
k
= AP A
3(5) <

A
Since

—i-1
= a]

>

k=0

i

Qi’(t) =L

Laplace transform of

I [a.—N k]
PRI L—l

[

[0 (s)]

0‘1’ N~k

(o

(ZA.)FN_k

[(v+(s —4}#),21 (s —4)Ly)

Then we seek the invert

I [ (Nmnz)] I I)m.uz(z )»ut)(}» )(Nmm)n

Then, we have the invertion for the second term

A (Veksis2)fe .
A (N+k+l+2) vy
()= (i‘.) (_] — Lyoenins Bt pe 4
0 () ’20 2 " 7 N4k 2( )
3. The third term is
LTAW uroy
Q. (S) 7»-(a,””~a§“‘)—u-(a{"—a,")

Aoy

o)~ uled -af )}

K.
A l'(al”“ _

Then,

o) =.§ AEO ( %) * w ) (U (2‘/3@) * / u)(”'rk-iol)'z
I (N+k-i1)p .
-3 (%) (%) .(_N:kt i+1) Ly )

4. The fourth term is

“(s). v
0(s) A‘(a]"*’—af"')—u‘(afl—a;l)
Then,
o kvi=14] . N+k+i—l+2)
()= ﬁ) (ﬂ) () (———*

Ty paicie (2\/1;1)

)

P e
= vl 7 Thus, for I((N, we have finally
2A‘ ® N+k-i)f2 .
(224) ( (s - 42) ) J 00~ e'(“”)‘kz(ﬁ)k(&)( P oNakei, )
i N+k-i
“[(4A )y - (2 - ) ””'" Bk
(ZA)' Nk H [ ] p boin (Vekrie2)f2 N+k+z+2
(’\“l")’ - (I) (TJ) L N«knn (2‘\/171'})

since L™ {E_(Sz —4Au \/2 ]wlw ]

- (]v_+:‘“_91~+k_, @ aury @an )N“‘_

~(Aeu) | i )
_ e (tN +k I)IN‘J(_,‘ (2 Aut)(A/M)(N+k-x)/2

2. The second term

(Zl)i'N‘k CiHek L giNE [ 1.[3._ (sz 4

I/z]ﬁ’*f-f]
M H)/Z_N+k—i+l

,, ol

The mean is

IN+Iq-i+l (2 A-I'“)

(rnenisp N+k+i+1l

7 Ly ki (2 A""’)

RCE

1 R
- A—u{(N—I)— -
|

[ 10,y = tim o0, (0

>ix
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4. ExpLicIT SOLUTION TO CASE (1) FOR LARGE N e - s . . -
There is a simple method of determining Q,(#) for large values of ¥, the interesting — Writing o = 8%(1 ~ f)*, and using (4.8) and (4.9), this expression becomes
case for most applications, without resort to Laplace transforms. We now obtain this ~ el 1 Br=th+) k=11
expression for large N. 5= <k+ l) —B)F l[ /3) = {IogN+log(I -Bty— 3 ~]] .
In (3.8) we note that Qy_(s) is a conditional probability distribution, with = : i=1J
Oy—(0)=(N—1)A. In fact by assuming a solution of the form G-+ HB" after Lo W Eoww e

integrating the set of differential-difference equations (3.1) on [0, 0], it is easily shown Hence the normalized mean (dmdmw by 1- ﬁ") is given by
that
" ) I ¢ ,3’)(1 B
1 - -
[rowa-1=5. - X [fee N +os (1 =Arn -y T, @13
Consequently for < A (the case of interest) and with n = N~1, (b) The Variance
‘We continue to work inside the summation sign in (4.7). The normalized
lim Q,v—x(’) dr=1. o2 is obtained from
N . . 5
AlsoNl_i:r; Ox1(0)>c0, and hence Q‘V_l(t) is almost a right-sided Dirac delta function. %" = L (t— ) 3 ( 1 ﬁ") dr= f ? 3 (%‘( o) dt- )\ ,
But for such a function 3(x) we have which on using (4.9), (4.10) and (4.11) simplifies to:
, .
. 1
X) 8(x) dx = f(0). 242 1—B)k gk
[ o8 =70 *ot = [ gp | B 25 (1) a-pre
Therefore for large N and fqr t away from the origin we have (=B . g _+ (n) (1= pr* ("i: }1-)2”
t i= -
Onas) f(t=38)ds~ f(1), =1 (1 — @) (1— Briye L
j N1 ! 1 A=pHa-piy (4.16).

5 Z
(1=BP (18" ja1 J
It is significant to note here that the variance does not depend on N.
(k+ 1)+
I3

i.e. equals the value of f(¢—5) at s = 0, since for large 5, Qiy_(s) is zero except near th~
origin where it has a spike of order N,

Applying these ideas to (3.8), one has n

"2_:1 ( ) (1= Byk-+2 gn=tk41
K=o \k+1

(kD) y—(k+1) e=v |

(¢ ANn, ' @?;.
Q () —(=1r1 /B"‘l)' ajC‘vﬂ Bn-1
(n-l) (N+i)! ( ﬁA)
=\ 1 ) =nri\TBC o and beta at N=10 i
@ avan @ Dl Fig 1
+(=1)n l(n ) __CTBn—x
na (n—l) (N+i=1)! (_ﬁAﬂ :
2\ 1 J=ari= R} ’ “ Q‘}»\
e,
- where 4 = A(l——e""), B= ;z—-/\e‘“‘ and C = /\-—p.e'“‘. / o
"Q‘(”)-(l ﬂ)9 l—e ﬂrI)N"'""“' (1_B)okﬁn—l.—1 kot _ 104

X Te=nte (T_—g;m
xia {(1*5 N+I (1~ﬁe—°4)} (’1:1) (;c)”!(__l)n+|‘~l

o) G)+6) 620 +-+() (2

k] Pk 5 4
T ("'“]f"l) (""k" 1)(w1)i+me—(i+m)alﬂ-1+m‘ (2~
F=0  mw=0 J ‘m
Also NPre—ad = O(1), as at—~>log N (N> 1,p,.<q;). For example,
] —e—od)N-2
%_)~(1—B)3Ne-d%. )
A (I —B e~ beta(N=10)
Therefore 0 =
T el 1
log /\(?f’;):F log N—at+(NV=2)log(1 - =)= (N + Dlog (1 ~fe ) 0.0 o8 10
~logN—at—(1—-B)Ne ™,
ogN-a~(1-F) Mean vs beta at N =10 Mean vs Beta at N=10
P . P . . . n a at N=100 o
and it is clear that the main contribution to O,(¢) is obtained for values of «t in the a- 20 - Flg 3
neighbourhood of log N. ) L. Fl 2
Hence, a term a; NP+e~% is either O(l) if at~log N and py = gy, or is negligible o Mn2 g

for pp<g; and at small, or is arbitrarily large for ar>logV, N> 1, and pi>g;.
However, since 0,,(¢) is continuous and bounded for all # and N with

[ewa=1=5.

it follows that all terms in which p, > g, must cancel. When these ideas are applied
to computing Q,.(?) (n = 2, 3,4), for example, we have

-~ Mn3 .

J ———a——  Mn4
2

A e e (= RPN 4 251 =P N,

00 (e [(-py e
X (l—ﬁe"“’)”“[ 30

+3B(1 — B N2 &2l 3%(1 B)“Ne"“‘} X

Q0 (1=e¥ (1-FP Vet
A (I—Be“")N+3{ 3! 0

201 -BY Moo G —pp e e L Ne). 3 Results
for large N may now be writtenas —————— . .
Fig 1 showsthe Qn (n=1,2,3,4) values as functions of

0.0

— B8 (] — g~ )N=-n~1n—1 11—

e 8_};:3)..%. e ﬂ>°‘e“’““’“’(;l-',— beta ( = /2 ) for N =10, t =1.0 and @=0.1. As the beta
- B)’ —ernin ( ) ﬁn_k_l (1 ﬁ),k(Ne odyie+1 @3 value increased, Qn value showed definite peaks. Fig 2
ﬁe‘“‘)“‘"k o \k+1 . o and Fig 3 shows the beta value at N=100 on the mean of
(2) The Mean o ) Qn. The dependency of beta was completely different
e ' | to obtain the unnomalized between N=10 and N=100. The present approach ,when
" v (=00, e S extended will be available for evaluating the signal filtering

3T L R T (k+1)(l—ﬁ R function of the neural cellular membrane.

4. Reference

==
x| {y+logN+log(1-B)—logk+ D} Ty, (413)  T0) = mmggpe™ ™™™
" (=A-loglk+ I} Ty G 1. Saaty.T.L. J. Roy. Statistics. Soc. SerB.23. pp 319-334.1961.

NI | -El ectronic Library Service



