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5% L We introduce a mathematical method for predicting micro hydrodynamical behavior of one bio
° molecules at very narrow space that has been proposed by Ganatos (1982 ). One solution was an
infinite series in spherical co-ordinates which have planar symmetry about the plane y=0 which is
perpendicular  to the longitudinal axis of the cylinder coordinate. This solution vanishes as r
approaches to infinite. Another solution was a double Fourier integral in rectangular co-
ordinates which produce finite velocities in the flow filed. The basic form of them were composed
of Legendre spherical function, modified Bessel functions. The coefficients of these solutions were
set to satisfy the no-slip boundary conditions on both infinite confining walls simultaneously for an
arbitrary disturbance representing a sphere of unspecified size position d velocity.  The present
method will be available for predicting bio molecular particle at narrow biological space.
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1. Introduction.

Following our previous paper ( IEICE. Tech. rep NC 2000-1, p1-p7
), we introduce micro hydrodynamical approach for creeping motion of
a bio molecular particle that fravels between the narrow space
bounded by two planar cellular surfaces. The original one was
proposed by Ganatos (J.F.M. vol 99. pp 755-783. 1980.) The present
article gives detailed explanation for driving Vw component.

Dy, f,2) = [A* (1+%Z) -—A**E%jz-—A***azJ o

+[B*(1———-z)+B** ﬁz B***az]e . (2.9a)

Dye, B,2) = [—A*o—gz+A** (1 +€—z) +A***ﬁz] er®
+ [B*f"K—ﬂHB** (1 —{fz) + B%**ﬂz] e, (2.95)
Dyla, f,2) = [A¥az— A**fz+ A***(1 —kz)] ex®

+ [B*az— BY*fz+ B***({ 4 kz)]e~**, (2.9¢)

we substitute  (2,17,a,b,¢)
V, =If [T Dy(e,.2), (e,p My d
+ }j;,wf:/z’f':Dz(lf»%z)gz(tc,r)dy -dx
k[ (" Dy e, p g (or My di

For this, we substitute the terms in (2,17,a,b,c) by

Converting (a, B ) - (’f s 7)

1] Expansion of * ¥/, ; ‘
g,(ic,7) = cos(x cosy ) cos(ky siny )
8, (K',}’) = sin(xy cosy)-sin(xy siny)
25 (K,7)=_ sin(xx cosy ) cos(/ry siny)

V,..=5Hf°f/2x-6 () D e, 7, g, e
—ff K G K 1414 )g,(x,r}d}'dic

+ L f xGom) '[coéy'D,(/r,y,-b)—coy-sixv-Dz(x,y;b)]-gl(/c,y)d;d/r
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+C, ColK,7,-b,c)} g, (c,y Mrdxc

2Aff/2/<0 0.n) 4, (k,7,-b,c)- g, (k,y M _
EB,J f x G,(o,n) B, (k,7,-b,c) g, (i, My
+§_;an;j: KGn 0’772' n Kr}':fbﬂ 'gl(’fﬁ'}i}'d’(

A
while G, (0,77) is given by (2, 18)
A,.8B,.C. ~ A, ). Hence
the integration about y can be determined.

F (K‘,y,-b,c,n,m) in Al to A9 are determined by

m

are given by (Al

Since

(2, 14), the nuclear function of the integrand is

.f: ('/ZF,(K,}/,—-b,C,n,m)-g,(x’y)lydx
=[S Sune imb,0) Koy lsob )81y Y

% from c—35, the series part can be expressed
by - B,,,(z = -b,c)

fB,.m,l fl gl(’f y)dy “dx

I] Integration of eachterm of V,
The terms are related to £ and @, 23V =iu+jv +low

Hence, it leads to the form of (2, 24c)

° $ m % :
Fy(a, Bz, n,m) =f fo ($2+t2 zz),ynn)P" ((sz+t2+zg)*)smzxscosﬂtdsdt

= ~°°lz I“ Z Samgl2s) (k|2 2K s(x|zd), (2.144)
(2/mt -
Snmq(z) [Zofeqiin—2g—m)iztr (2.15)

and K, is the modified Bessel function of the second kind of order v. Applicatinn of
these result,s to (2.12) gives

@ Dy, f, 2 E[A A, B,2) + B, Bi(a, f,2) +C, €, b,z
- j‘ f /ZKGb(n,o){co&y~D,(K,y,c)-cosy'siny-Dz(K,y,c)]'gl(x,y)d;dx ' ictg

“w“ /2 : . Dy, , 2;) Z (4, 54 B, 2) + BaBi* e, B,2:) + C, €8 (@, B, 2:)], (2.;65
+ﬁ£ rcG,(o,n)-cosy-D,(K,y\_,—b)'g,(x,y)dydx

o 52 Dyla, B,2,) = Z‘ [A, Z5**(a, B, 2.} + B, By, B, 2,) + O Er*¥ (e, B,2.)),
Lk K'G‘(n’a)cosy'D3(K’7’C)g‘(x’y)dydxn Dy, B,2) = Gyfn) Dyl , —b)—Golo) D, B, )

a
HHLJ:/ Gyloym): cosy siny D {x,7, )+co§y-D2(K,y,-b)] +Go(0, 7) 5 [@Dy(, B, =) —Doler, B, ~ b))
(2.174)
~Gy(n,0) 5 [aDy(@, B,0) — fDylex, B, )]

[ alno) oy sivy-Dfrc)+cody-Dlencl sl o1 0) g labifen fr)= s

+ [ [ Gyloum) Dol yi-b)- g2 o M
‘ffh"Gs(w)'Dz(x,rr,c)~gz(x,r)dyd:;

-ﬁnj:/z’f G,(o,n)siny - Dy (i, 7,-b)- g, lc, v i

s "x-G,(n,0)siny 'Da(r,'r,c)gz(x,y)dydx]]
[l i Bl i
“k f x Gy, ) [cosy D, r.c)- Sin?'Dz(K;V,C)]'&(K:r)d;dK
+ [ [k G.(on) Dy, 7,-b) g3 k.7 Minix

- £ Gl Bl |

where D\.z,s (I(‘, y,-b)

equation (2, 16). As
fmf/ZKG ’n : (K }’,—b,C)'g,(K,}’ﬁ}’dK
=ff xG,(o,n) ZA -4 (K, y,-b,c)+B, - B.(x, y,-b c)

D, 54 (,7,¢) are given by

+Gy(0,1) % Dyl B =B) — Gl @) % Dala Ao,
D f.5) = ~Clom 2 [ Dite B, ~0)+ 5 Dute B D)

'”[ e o)+ 5 Dl /9,0)]
+Gy(o, ) Dya, ﬁ —by— G4, 0) Dy, B.¢)

+Ge(7,0)

—Gy{o,7) ﬂDaa B, -b) +Gl(77,a')§D3(m,ﬂ,c), (2.178)
e .2) = Gulo, 1) [ Die b, ~0)~E Dy , )
- Gy(1.) 2Dy p.0)-£ D (e .0)]
+Gy(a,7) Dylex, B, —b)
—Gy(1,0) Dy(a, B, ), (2.17¢) ~
where
@ 2(ﬂ V) = druy [smh/t smTh'rsmh v]/% (2.184)
inh
Ga_q(,u, V) = 47( [cosh,u &ys——m}t}—}] +u {gn;‘_hﬁ_m; T cosh v]}/&t, (2.18b)
Gs(u) = (—2sinhu)/8;, (2.18¢)
inh inh inh
Gol,v) = 872 {#%Z [sm‘u £ _smT 7 cosh v]
inh inh
+u[smT Tcosh,u,-—sul ”}}/5132. (2.18d)
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Gs(n,6)[fwj%kl} cos’ y - D, (kyc) + cosy -siny - D, U‘W)}; (kye)dydk
+ff%k[cosy ssiny - Dy (kyc) + cos’ y - D, (k)c):l £, (kyc)dydkH
=Gy (ﬂ,é)[fmf%k . Dl(k}c){ cos® y - g, (kye) + cosy -siny ~g2(kyc)}i;dk

f fx Dz(k)c)*€052}"gz(k}c)'*COS}"Si“Y'gx(kw)}"}dk]

From equation (2. 16)

Dy(kye) = S|4, - 4 (kye) + B, - B (kye) + C, - Ci(kye) + ]

D(kyc)—z[A A (k) + B, - B (kye) + C, C”(kyc)+]
GO

zAn [f f/zk -A;(kyc){- cos’y - g (kyc) +cosy -siny - gz(kyc)}iydk
+fmf 2k~A;‘(kyc)<Eos2 y - &,(kyc) +cosy -siny - g, (kyc)}iydk?
+ 3B, [f"j%k-zs;(kyc){. cosy - g, (kyc) + cosy -siny - g,(kyc) Pydk
« f ok By (erfos™ v - gkye) + cosy -siny - g, Gkye) Wyl

+3C, [f'f"/lk -C; Uere)f cos? y - g,(kye) + cosy -siny - g, (kyc) Pydk

Engi neers

@F,(a, B,¢c,n-12)

%] .
T g S €Ly

i
}; NS PP 5

(n-l/] S
Z Sn-l2q (kc) 4

)

Kn-l-q—%
n g-T443 . 2 -

2 S,,,” -k cos” YK, ey

¥ from the definition of ¢-5

[ %]
B acl2 0 = Z

-3/2=-1+1-1/2 -%/2=-1-j-1/2
~1/2=1~3/2 =T7/2=-1-j-1/2

& [B,.-u.:% - Bn-m,z% cos? y]
- . 1[Bn—... —'COSZY.B--»»—Z
_ A ¢ 1,20 1221/

=%.c

n-l-gel-
Sn—llq(kc) " %Ka-l—q -J- }’
putting =05 =1

putting Sd=1j=2

+J‘wf/zk ~C,':(ky\’:)‘€os2 y - 8, (kyc) + cosy -siny -gl(k)c)}iydk

@—a : Integration for the terms timed by g,(kyc)
fmf;/z(l:‘i; (~cos®y) + 4. -cosy -sin y}‘ (kyc)dydk

= (%2 )mﬂz([%‘ ‘(2n-1)-F,(a, B,c,n))

G 2% Ryl Bron-12) - Fy(Bra,c,n -12)]

-n(n+)(n-2)-F(a,B,c,n~ 1,0)}(- cos® y)

+ &1 ‘(2n-0F,(a, B,¢,n)) +(n-2)-Fy(a, B,c,n ~ 1,2)}cosy -sin y]

-8, (kye)dyek

- («%: )"f{g[@-(zn ~1)-Fy(a, Boe,ml)

+(n —2%'&‘1(0"/3»0,” _1’2) —cmﬂ,a,C,n —1,2)]
=+ -2)- Fy (@ Ben = LO) - cos’ 1) g, (bre)delk

+ %2)&‘[{)/}[{1'(271 -1)-F,(a, B,c,m1)

~(n=2)-Fy(a, B.c,n - 1L2)fhosy -siny - g, (kpe)dyelk

A ,
Fy(a. Breml) =7 - [ZS"""’ (ke)™* 72 K,y

A
- S0 K

o) l'/] (kc)n-g-/+l

et {2

K, 5

A
- 2Sn,l,q(kc) : k3 .k2 ‘COSZ v 'Kn
&= - :

3 from the definition ofc-5

B & ke)” "N K
o gl =qZSn,m,q( c) Boeaiy

putting : +1/2=1[-1/2 -32=-j-1/2

1 1/2=1-1/2 -5/2=-j-1/2

]V zf nl.l/ AL kZCOSZ}‘J=‘n/2 [ n11,0 — COS
Setting c= z; =% -z, [B”JJ'0 - cos? an,l.Zly
N Sk

putting

By the similar procedure, we have

F,(y,k,c,n-12)=xf2-¢* [Bn-l.z,l.o ~sin®yB, 155, ]k
E(a,B,e,n~12)- E(B,o,c,n-1,2) = af2-c*lk[sin’y -cos’ | B, .,

here, inter changing

cand z;

i

=7/2+2} (1~ 2c0s" V) Boiam /ﬁ

@ F(a, B.c,n-1,0)

f(n-1y2]

=1/ c- > voa (k)R K

[(n—l)/zl

Y S

% from the definition
(n»l,Z}

Broga= Z

-1/2=-1+1-1/2
=”/2'Bn-1.o,0‘1/k

nnl-q—%

nileg-3
o IR K,

n-1-g+1-%
_mq(k) 2 K n-degq- J/Z

~3/2=-1-j-1/2 [=1 j=0

As a result

The 1 integ = 4/ f I "Ik -b-@n-1-n/2-22[B, 10 ~cos? 1B, Jk

#(n-2)/2[w/2-22 [k-(1-2c08? ) B, 12, ]
~n(n +1)(n ~2)/2-7[2+ B, , 5, [k Hpos? 1g,dyelk
=@ Yal2f [Pl @n )22 B ~c0s" 1B,,0)
+(n~2)/2-2} (1= 2008’ y)-B, , .,
-n(n+1)(n -2){2+B, 140, ]}’052 181 dyedk

@ Fapenl)=n/2-a-p-c° _%iJSm(kc)n-q-sﬂ -K

”

n-g-5/2
2.0t : 2 22l neg-5/243 /13
=m/2-k*cosy -siny -c ) 8,0 ()™ /k K, s
) . =f2-c*cosy siny §' S, (kc)"“”“/kK,,_ g
=0 -’ -1 % from the defs "Z ’ i
sl=1j= [,.lz] »
n-gel-42
yB“l;/ B, E Lq(ke) d K, 0tz
1/2—-1 1/2 -5/2=-j-1/2 d=1j=2

=m/2-cosy siny-c®-B,, [k
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[(n-n/2]
@ Fa,p.en-12)=m/2-af-c*- EPLCo kY S @ Fy(apen-12)
[(n-1)/2) " 3 o2 el q—-J]ZK
=7/2-k* -cosy -siny -c? 2” g RO TR K =7/2-¢ [ ;Sn_”q(kc) ret-g-3/2
&
- [tn-1y2]
3 from the definition of c-5 _ Z : ”q(kc) nal-g~3/2 CZK,_x.q.s/z}
[(=-1)2] R Es
B, 12, 120Kk TTTEK, v tn-1y/2])
12,0 = qZ 124 ~1-g-j-112 —af2- [ anll (keyr 2 [i? K e
~1/2=-1+1-1/2 ~7/2=-1-j-Y l=1j=2
ley] 1248 [15 12
h Z PP CO R /k k?-cos’y K, -4-72
=m/2cosy -siny -c*[k-B, .., &
k2] nolegal-y2
Therefore, the second integral is Bz = n-llq(kc) Koigesy
&
- (_4/,zz)ff”k{z~<zn~1)n/2-cosy ssiny - B, ,, "k putting Y2=-1+[-12 S52=-1-j-12 ~1=2j=1
. . i =/ - =—j~3/2 =2 j=1
+(n-2) 7[2-cosy siny -c*fk B, .. }cosy -siny - g, (kye)dydk putting  3/2=/-3/2 M2=-J _/ 2
¥  inter changing ¢ and z; = 71'/2 . [Bn—\.l.l,l/k3 ~k? cos® V/ks 'B,..x,z,z,s .
=‘(2/7T)ff {"(277 =B, +(=-2)B, ., }Z,z By the similar procedure, we have
cos’ 14 -sin? v g (kye)dydh F,(B,a,c,n-12) = nf2- 1/1"3 [Bn—l,l‘l.l ~sin? an-l.Z.Z.B]
Adding this to the first integral
- @o)f [ @n-1:B By ~Sin’7 By
=(2/”)ff n-(2n -1z B, 50 -cos’y - w1z, TSITY "By 0, G® F(a,B.c,n-10)
+(n=2f2°2 B, ,,, 1~ 2cos?y - 2sin* 7 /2] .
=xf2-c: ZSnxuq(kC) n-loq-y2
~n(n+ ) =2)[2°B, 14, 1]] cos’ vg, *dydk
2
='(2/ﬂ)f fﬁ [[n'(Zn _1)ZiZ(Bn.1,l.0 =B, 10~ -2)2+z "B, 122 =xf2 e E;Sn-l.o.q (ke)" P K, --y2
. 4=
2
~ n(n+ 1(n ~2)/2° B, 00,005 g drdk - o
By ot = 10, R TR s
Since the integration d ; 1o 1-g-/42
3/2=-141-12 -32=-1-j-Y2 .1=3j=0
yo o5ty gk =21/ 01 e, 07 -5 J, /o)) /2=-1e1-1/2 -3 J-y J

=21 B, 0.k =722 B, o0, fk
w21 p* [ dy + 0 =X, Jkp) ) .

, that aretimed by g,(kyc) @ Ia.p.en oD
_f [ n-2n-1)- Z (B,.no‘anzx)

+(n=-2)[2-27 n-1221+”(n+1)(” -2)/2- B~1001}B /,0 dy
=+H,(z,)

the terms  of coefficient of 4,

/2]
=.7t/2'a~/3 el [2 “q(kc)n 9-5/2 g n-q—5/2
4=

B2l
=7[2-k*-cosysiny 2 g ke [5K  o
9= ’

—g - B2
o Bovsa = 3 Suag G Ky
1 Integration for g,(k,y,c) &

. S/2=0-12 -5/2=—j-12 :l=3j=2

[ [kl cosysing g0k + 47 cos* g kre) ek ~

-4y f - @2m =1)-Fy(a, B,e,m)
+(n-2)/2-[Fy(a. B,e,n ~1,2) = F,(B.a,e,n-1.2)]
—n~(n+1)(n—-2)/2~F,(a,/3,c,n—l,0)}cosy-siny _
+r-@n-D)-F(a, B.c,n) +(n-2)F(a, B,c.n - 12} [l

=/2-cosysiny 'ﬁlvl.m/k}

® Fla,B.c,n~-12)

9 =~7r/2 a-B- c? ZSn—qu(kc)"_‘ K -l-q (2
cos” ¥ & (kye)dydk
@ Fyla, B,c,nD) =m/2 k*-cosysiny ZS"—]’M k)™ K
,Iz] nlz] ] fn-by2)
ng 42 g n-g-92 legs
=af2c L’_ Spaqtke)™ "~}'3’2 = 2 Suaqke)™ et K, '1-5‘2] B, i = 2 r12g RO TK
&
2] 2] 32=-l4l-12 -7/2=-1-j-Y2 . 1=3j=2
= ”/2. {[E sn.l,q (kc)quz +3/k3 .I<n-$—3/2 _(2 n ra (kC) -q —$2+5/k5 k- cos® ¥ K o / / / J / J
g~0 q=

=mf2-cosysiny /K> B, .,
% from the definition of ¢-5

ZXssocial;ing these

/2] ’
B, =S8, k) "K "y
! (42 raa () o 4/” )‘f I[{’ ‘(2n-1)- 7’-'/2 [B,,“z—cos Y BanS]k
putting  3/2=l-1/2 -3/2=-j-V2 ~l=2j=1 s
+(n=2)/2-be/2-1/k> 1 -2c0s*y) | B, 11
putting  5.2=1-1/2 -52=-j=1/2 1=3j=2 ET ] b3

—n(n+ 1)(n=2)/2-7)2-1/2 B, 003 /¥ }cos y -siny
+ {1 (2n-1)-m[2-cosy -siny - B, ,, [k
+(n=-2)-7/2-cosy 'SiHY/k3 B2 };OSZ 7:[] &, (kyc)dydk

=x/2 [Bn.u.z - cos? an,l,l,B]k3
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= (.- 4/x* )Z/J'rfmf/2 1k [[{1 «(2n-1)-B,,,, "cosysiny
+n(2n —1){- cos?y -cosysiny +cosy siny -cos’ y}B”‘m’3
+(n-2)/2 {1 - 2‘0052 y)-cosysiny +2cosysiny - cos’y } B, 1223
-4 D(n=2)/2:1/27 B, 1405 -cosy siny || g, (kye)dydk

- -2/nf°°f”/21/k2 {In-@n-1-B,,,, - cosysiny
+(n=2)/2-cosysiny B, ,,3
—n(n+ D(n=2)/2-1/22 B, 45 cosysiny b, (kyc)dydk
=+2fn [ (Y- [Fr@n-)-B,.. ~(1=2)/2B,. 111,
+n(n+ DR -2)/(22]) B, 1003 ]};os ysiny - g, (kye)dydk

% J;'”cosy sin g, (eyc)dydk = —m/2-K2xy (k2 o2 o (ko) - 2+J, [k p
- 0/ 0* Valko) -2 1,0 G} ,
En-@n-1)B,,,, ~(1=2/2-By sy + 101 4 =2) B, 100, /221) ]
=xy-B2- [‘n -(2n-1) 'Bn,l,l,l -(n- 2)/2 'Bn-l,z,z,z
#n(n 4 D(n=2)B, 005 /(221)]
= Hw
®—b : Coefficients of EB,,
®-b-1 B, isgivenby 4, and B isgivenby 4

[ [ Bike)-cos? y g, hyeerer
o[BGy cosy siny g, (e
- 4R f f’ - L2 [tk yoen +1.2) - Fy(y ken +12)]
+n(+ /2 F(k,y,c,n +1,0)f-cos’ y - g,(kyc))
+ k(- Fy(k,y,c,n+12) cosy 'siny - g, (kye) Yk
ey} naleg-l2
1] Fky,en+1,0)= ”/2 c and,n.q<c) (k)™ Krn.l—q-l/Z (ke)
£
[(n+1y/2]
=nf2: ZSM,,, ©)- (ke K, k) [k
{(na)/2] ,
Xsn*x,DQ(C)(kC)"'l"" _szml.q_j_l,/z(kc) = Bnu,u.,‘,/
pa
S24l=3/2  Y2=1-j-1/2
S F;(/\',}’,C, n+ 110) = ”IZ ‘Bnﬂ,O,O,]/k

(n+)i2]

4 Sy zq (ko) (ke )M—q_“Km 1-g-2(kC)

sd=1j=0

2] Ek,y,cn+1,2)=x/2-¢ l

leggy] 1-g-$272 . 2,2 ]
S”n’q'(kc)"" Sk cos Knﬂ-q-ﬂ(@)i

g=0

, fins1y/2) nal-g-3241
afre [ ZSM“ ()™ [k K 30
#

[tna1y/2]

- ZS;M.z,q(C)kZ cos? y° (ke)™ 1 k- Km-q_S/z(kC)]
&

[tnsy/2]
2 Sm‘z.q (kc)m‘_“vz ‘K, —¢-y2 /k
£

[tra1y/2]
S Sty LK,k cosly}

=n/2‘cz[

=

and Conmuni cati on Engi neers

ftnaty/2] . )
Z'Sm_z,q(c)(kc)nd-“[—vz Kongap = B,k
£ .
putting /2 =[+1/2 -1/2=12-j -1=0j=1

putting 3/2=1+1/2 ~3/2=12~j ol=1j=2

=7/2 -c? [Bm.z.l,o - co’ Y Brzan }Ik
By the similar procedure, we have
Fy(y,k,c,n+12) = 7f2- ¢ @n+l,2.l.0 -sin® ¥ B2 ]k

{tne2}

3] Fy(k,y,c,n+12) =x/2-k* -cosy siny ZS,,H,Z’q(kc)"“""S/Z~cs~
q

- Kn+)—q—5/2(kc)
ined/2]
=m/2-k* cosy-siny-c’ ZSMM (ke)" PP K,
£

[tnyiyr2]
Sml,z,q (kc)"uq"mﬁ K, gz = Bm,z,,‘,l

&
32=1+1/2

3f2=—j+l2  d=1 j=2

=mf2-cosy -siny kB, 0

. Hence

@:-b-1
= ("4/”2)f”f/2 [[{C - 1/2)'”/2 e[k 'Egm,z.x,o —cos*y B, 021

=B,ua0 + sin® Y Banzan

s hn (14 D/207/2- By [k k005" ¥ -8, (kr0))

—k-m[2-cosysiny -c*[k-B,, ,,, cosysiny-g, (kyc)]]
o a2

= (—4/7:2)11/2}' f

-

[[ - 2cos’ y)f?:.,m} -c?(~cos*y) —cos*ysin®y-¢*-B,, 55, }r‘ (kye)
+n(n+1)[2B,,001 ]— cos’y-g (k)c)):ﬂ

=(-4/7r2):r/2fmj"/2

[(cos® y =1/2 +sin*y)+c? + B, ;5 (~cos’ y - g, (kye)

101+ 1)/2B, 100 )(= 005" 18, () ]

= 4fatyaf2 2 f (T

B0 + 01+ 1) By o0 bos™ v £1kr0)

= (-4[x*)x[2-1/2-H,

@+ 6+2 Thecomponents of g,(kyx) are

[ B3 (k1) cosy -sinygs () + B cos* g kre) e

- f‘” f’ *Cafn? M VAR (k,y,e,n +1,2) - FyGkyen +12)]
+n(n+1)/2-F (k,y,c,n+ 1,0)}cosy -siny
~Fy(k,y,e,n+1,2)cos” y [y (k,y,)dkdy

{tnany2]

/2]
1] Ftky,en+1,0) =mf2-co S S, 00, @) K, .1, (ke)

I

ire)/2]
=m/2:1fc*- ZSW,,‘, (©) ey V22 [k* K, (ke)
&

ftreny2} 2
Bn+10,j,1= Zsm,vovq(c)(kc)"‘“ AT A
£
7/2=1+1/2 Y2=-j+}2  l=3 j=0

=mf2- 1/(:2 "B, 003 /k3
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[kn+1)/2]
2] Fz(ky,c,n+1,2)=n/2»03[ ZSMM(c)(kc)""“"mme_s/z(kc)
i<

[kn+1)/2]
- ZSm.z.q(C)(kC)"”“"‘s” Kk ecos’yc’K, g (kC)}
=

[cnan)/2]
=mf2- { 2 S 12y @)y I[P K (k)
pa

[(n+1)/2]
S S O oy K <kc>]

f(nsn/2] 2
Bml.z.j,l = Zsml.z.q (©)(ke)™ .Kn~q-/-yl/2
&

putting 1+3/2=/+1/2 -12=-j+12 . 1=2j=1
putting  7/2=1+1/2 ~32=-j+l/2 l=3j=2
=m/2 [Bml.zl‘l ~cos? Brnzzs ]k :

Hence,

~Y2F,(k,y,e,n +1,2) - Fy (y, k,c,n+1,2) ]
=-1/2 [Bmx.z,x,z ~cos® Y Bunzas “Bmx,z,l,z +sin® Y 'Bgm,z.z.z ]k3 '”/2
=-1/2(1-2cos’ 7)/](’ “B2237[2

{(n)/2]
31 Fky,c,n+12) =ma/2-k* -cosy -siny ¢’ Z Si20(€)
Fe

(kc)m-q-S/z Ko gosa(ke)
[ta+1y/2]

=mf2-k* -cosy -siny - Z S 120 (€) ey [P K o (ko)
pa

X
[tn+1)/2]
Bml,z,j,l = Z Sﬂ+l.2,q (C)(kc)niqd'w 'Kn-q-ju/z
=
7/2=l+1/2 K,—-3/2=—j+1/2 sd=3j=2

=7m/2-cosy siny -Bn*”‘u/ks
As a result,

fmfu(““/”z) k- l]]:(cos2 Y- l/2)//‘73 B,22s "7f2 +n(n+ 1)/2 “mf2- 1/‘32
-cosy -siny -BM'D‘“/l{

+(-m/2-cosy -siny B, ,,, /k’)cosZ y ]}2 (kyc)dydk

-4y @/Df [k g, ek

I[{cc)s2 y =1/2) -cosy -siny —cosy -sin y}Bmm’u
+n(n+1)/2:1/c* B, .. -cosy sin y]]

>:<
cos’y —1/2 —cos’y = =1/2
2 o &2 2 :
=4/x -Jr/2-f f (/k*)- g,(kyc) - cosy - sin ywdydk
[li/?. “B,225 (0 +1)-1/2 '1/"‘2 'Bm,o‘o.a]]
=x:y[2-B, [Bmx.z,z,; ~n(n+ 1)/Cz Bnol.O,O,}]
=H\3
@~ c : Coefficients of EC,,
@—c—1 Integralfor (g,(kyc)

7 HCi ) (c0s 1) 4 C hpe)-cosy -siny . eyl
from (A, 4g)
-[f "z W24 Koy en2) - Fy Gy ko eon2)
+n(n +1)[2F, (k,y,¢,n,0) [ -cos* y)
+Fy(k,y,¢,n,2) cosy -siny [k, (kyc)dydk
11 Flk,y,6,n,0) =5/2-c E]Sy,oq (@) ke)" " K, , ), (ke)
&

inj2.

fa2]
=7/2- ZSn,o,q @)™V [ K, o (ke)

and Conmuni cati on Engi neers

by2]
Bou(c) = 25",0_., @) ™K,
£

1/2=1-1/2 —-1/2:—]—1/2
=”/2"Bn,u,o.1/k

l=1j=0

[w/2]
2] Fy(ky,,n2) =x/2-¢> [Z%q (©)ke)™ 2K, (ke)
2

/2]
- ZSW (©he)™ k> -cos*y - *K,_, g (kc)]
pa

[2) '
- mf2-c? [2 S02a (O™ [ K (ko)
2

/2

1
= 3 82y ()2 [k cos?y 'Kn-q_S/z(kC)]

s

X
[n/2]
B2 af) = 38,5, () MV K, (Ke)
o .
putting -1/2=1-1/2 -3/2=—j-1/2 .1=0 j=1
putting  1/2=/-1/2  _5/2=—j-l2 ~l=1 j=2
=/2- ¢? [Bn.Z.l,O ~cos? 14 'Bn.z,z,x ]k
Hence }
V2lF, (kv e.n2) - F,(Che,n2]
=x/2-*[k [(- cos’ y +sin? y)]B,,JIZ.l -1/2
=n/2-¢*[k-(1/2 - cos? ¥) B,
/2]
31 F(ky,n2)=n/2 k? -cosy -siny -csES,,vm(kc)"""S/ZK,MI_S/2
&
\ bl
=m[2-k* - cosy -siny -c? ZS,,’“ (ke)"=a-5123 [ > K, s
&
al negelyf2
Brsi = 3 Sy (k) K, (k)
&
V2=I-12  -5/2=-j-1Y2 . j=2 I=1

=m[2-cosy siny-c*-B,,, [k
Associating  these

G @ xf2
Caftf-wf2:  (lle - (/2 -cos? ) By + 4 1)/2- B, ] (=05 1)
+cosy-siny-¢®-B,, . fk-cosy sin y}x(k)c)d;dk
-1/2+cos’y +sin’y =1/2
o o a2
=[x/ (e 2B,y —nr41)/2B,0, Joos® v g, hye)dyak

= "f”1/2[cz 'Bn.z.u _n(”+1)Bn,o,o,1]Bx/p2
=-H,() :

@ c—2: ' Integration for g,(k))
R . " 2
[ Hen e - cosy -siny + € (ae) -cos? y Ja(hyedyate
GO

-ff "k 4l Y2 fFuly,en2) - Fy(y een2)}
+n(n+1)/2-F (k,y,c‘,n,O)]- cosy -siny
+ I (k,y,e,n2)-cos’y ]}:1 (keye)dydk

2]
11 Fi{k,y,c,n0)=m/2-¢c- Z Sog (kYKo (k)
&

[n/2]
=m/2:1fe? - ZSW (ke [k K, (Ke)
2
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>:<
2] -

B (2)= Es,.,o,q(c)(kc)n—q‘ . Kn-q-j-iz
270

5/2=1-1/2
=m/2:1/c* B, 55 /K

[w2]
2] Fy(k, 7,6,n2) = ”/2 - [Z Sn,z,q (C)(kcy—q—a/z Kn-q-z/z (ke)
&

Y2=-j-Y2 1=3j=0

[n/2]
- ZSH'Z‘q(c)(kc)"“""“ k*ecos’y et K, o (kc)]
&
&zl n-g-3/243 13
=7f2 [ZS"'“(C) (ke) 2 [l K,y (he)
&
[2] :
- ZS,,.“ (©) (hc)-2-4+% /ks k*-cos’y -K,,_q_s/z(kc)]
£

B,,,(€) = ZSAH(C)(]‘C)LM i s

putting 3/2=1-1/2 =32=—-j-1/2 =2 j=1
putting 5/2=1-1/2 =52=—j-Y2 =3 j=2
=7f2 [Bn,Z.I.Z - cos® 4 'Bn,z,z,a ]’k3
Hence

1V2[F, (k,y,e,,2) - F,(y.k,c, n2)]
=xf2-1/2K* [—cos’ y +sin? ;']B,,.u‘3

) n/Zi
3] Fy(k,y.e,n2) =zf2-k* -cosy -siny ~c5(§Sm (O)he)™ K, o
9

2]
=7z/2-cosy -siny -k? Z Snng @U)™ Ky
&

5/2=1-12  -5/2=-j-1f2  l=3 j=2

=7/2-cosy -siny -1/k* - B

2,23

Associating these, we have

wf2(-4fz")f f” “k[i/2-1/# (~cos*y +sin*y)-B, .,
+n(n +1/2-1/c* 1k B, 5 }:os ysiny
+cosysiny -ifk* B, ,,, -cos’y }1 (kye)dydk

1/2(~cos y +sin® y)cosy -siny + cosy -siny -cosy
=1/2(-cos’ y +sin®y + 2cos? y)cosy -siny
=1/2(cos® y +sin* y)cosy -siny
Hence
o /2
=5f2- AN (PY2-B oy 40 1/29/e B,50, ]
cosy siny - g, (kyc)dydk
=7[2(~4)x*) - H\s(c)
Appendix 1.
The An, Bn and Cn functions in(2.16)
Al(e,B,2) = —iz{n(Zn —])F,(a,ﬁ,z,,n,l)+%(n -2
b4
x[F,(a, B,2,n-12) - Fy,(B, 0,7, n=1,2) }-nrtaD)
=21+ - DF, (@, B,7,m-10)}
. 401
B(a,f.) = —ﬂ—z{——[F, @B,zn+12)- (Bt z,m+12)]

--(A2)
+— n(n+I)F (a,B, ,,n+1,0)}

aB.z) = ——{ [E(a,B8.20,2) - F(B, a2, 2)]

+nln +DE(@B,2,n0}

and Conmuni cati on Engi neers

Al(a, B,z )=—-——~[n(2n -DE (e, B,zn1) + (- 2)F,(a, B,2,,n-12) }-A-9)
B(aﬁz)=-—z3(a/3z,,n+12) ------------------------ %)

Gz = ”? BaBzn2y e @6

A" (@, B,2,) = —J:—Z[n(Zn ~1)z,F, (@ Brzn1) - (n+ 1)(n = 2)F, (a, B, z,,n~1D)]

I R R} S — @8
T

o 4

G '(o.Bz) = ‘;;F.,(a,ﬂ,z,,n,l). .......................... A-9)

The inner set of integrals required by (2,22). u= ¢ (a*a+ b*b),

J0 and J1 are Bessel function of the first and the second kind.

- ‘

JZ’ cos(acosy)cos(bsiny)dy = %J o), ®B1)
1y

f‘ cos® y cos(acosy)cos(bsiny)d y = -2—--[ a*J, () + J, (u)] B2

u

' .
_{: cosy siny sin(acosy)sin(bsiny)dy = -%i‘% {J‘, (u) —;‘2-.]1 (u)], B3
u

1 .
J3 cosysin(acosy)cos(bsiny)dy = %%J L (@) ®9
The primed Ax’, Bn'and Cn’ contained in (2-24)

A, = [T{GmH(-b) - GOV H(e) + G0, M H,(~b) - G(n, 0)Hifc)
+G (O, MH(-b) -G B©O}dx  Cla)

B, = f CsH (-5)~ G,(0)H ,(€) + G, (o,m)H ,(~b) - G (n, 0)H ()
+Gy(@mH,(-5)= G,(1,0)H, ©x €1

w = o BsH, (-b) - Gy(0)H, () + Gy (o, THY ()~ G, 0, ©
+G,(0mH, (-5)~G,@,0)H,(©)¥x  (Clo)

v =, Boom)Hio(-8) - Go(1,0)8H,4 <)
+G,(0,m)H 5 (~B) - Gy (n, 0)Hy, ()
+Gy(0mH, (-8) -G, 0,00 (O oK,
B = [ o (0, H 5(-8) - Gy (n,0)Hy, (c)
+ G (Om)H s (~5) - G, (,0)Hy (€)
+ Gy (OH.W(-) - G, (1,0)H, ()
Ch = f; Bs0m)H (-b)- G, (1,0)H ()
+G,(0,m)H 4 (~8) - Gy (0, 0)H 4 (¢).
* Ga O mH: (-0)= G 1,0)H,1 (@) }dx

A7 = [ GO H 4 (-5) - Gy (0,0)H 1 (0)
+Gy(0,mH () -G, (,0)H (c)}dx, Cip
B” = f B2 (0 MH,(-8) - G, (1, 0)H 3, (¢) + Go(0,mH pp (-5)

(C1h)
-G, (m,0)H , () )x,

Co = [ Ga@mH 3, (-5) =G (1,0)Hy(©) + G0, Hau(-D)

-G, (n,0)H ()},
Where

(€1

H,(z,)=-n(2n- l)z J (Kp)Bnllo(zl)+n(2n 1)—'B B,121(2)

- %(n ~2)(0* - ¥)B,B, ,505(2) + En(n + 1)(n =20, (<P)B, 001 (2)
(C 2a)

Hy(z) = {"‘ n(2n-1)z} )[Bn,l.l,o (z) =By, )]" ~(n-2)z/B 12,21 (21

+%n(n+1><n-2>Bn.,,o,o.‘<z.)};;— ©2
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Hy(2) = 22 n@n=1)2,8,,,, () + (14 D01 =28, 10 (z,)]% ©20

1
Ho(2) = 2[07 = 50B,B 205 (2) - 10+ DIo0c0)Brnes ()] (€20
1
H(z,)= “EE?&M,:JJ (z;)+n(n+ 1)Bn41.0.0,l (z )]gl{ (C 2e)
2
Ho(@) =1 BBruyioz) ©20

Hy(2) = =22 = 3)B.B s ) 4101+ DI, 00D Braen(2)] ©29)
Hy(2) = 3B @) -r DB P cm
Hoy(z) =228,y (2) 2k ©2
P
1
H,(2,) = xyB, [" n(2n - I)Bn.l,l.z (z,)~ E(" - Z)Bn-x,z,z,a (z,)
) €2
* E;z‘n(n +1D)(~2)B, 003 (zi)]
Hy(2) = B, |n(2n~DB, ,5(z)+ (1= DB,.,55z)] €21
Hy(z;) = KA':VBZ'._' n(2n- 1)2.8..,1,\,2 (z)+(n+1)n- Z)Bn-l,l,l,z (z; )J «€2p
1
Hy(z)= %’9’32 [Bml,z.z,s (z.)-n(n+ 1)731101,0,0,3 (zr)} (€ 2m)
. i
Hy(z)= ~xyB,B,.;,.4(2) (C2n)
H\(z,) =nxxyB,B,,,,,,(z,) (C 20)
1
Hy(z,) = ‘E’O’Bz {Bnl.i,? (z)+n(n+ 1);1;Bn.o.o.3 (z; )] C2p
Hy(z,) = XyB,B,,524(2,) C29)
Hyy(z,)=xxyB,B,,,,(z,) (C2r)
Hip(e) = 5L o008,y Brsa )]
. (C 2s)
- “‘(” =2)B, ,,1(z) - —”(” + D - 2)'—2‘8"-(.0,0,3 (z, )}
2 2 z;

Hinle) = TR 1125, (2= 0400 DB, 1100(2)] ©20

J 1
Hy(z) = _lx@ {Bm,z,z,s (z)+n(n+ 1)_2Bml,0,0,3 (z )] (C 2u)
2 K p Z,
Hp(z)= ”xmBml,l.n,z (z,) (€ 2v)
Kp
1 .] 1
(5 = T3P a0 ) D) ©ow
i
Hy(z,) = XMB,,J“ (z) € 2%
Kp
where
B, =x*J,(k p)+ (0 =% )J('”’) ©32)
B, = %{Jo(xp)—ZM] (C3b)
x’p Kp
L
p =@ +yh)? ©CH
;n n—q{l--‘-
Bia@) = DSz Xedz) " K k) ©®
£ neeeig
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The equation (2,11) reveal that the
unknown D1, D2 and D3 functions evaluated at the two walls are
simply Fourier transforms of these disturbances. These equations are
inverted to give

o

4 =0 . , 1
D(eB,z2) = =fh {E[A,,A,.(s,t,z,) +B,B(s,2,) |
+C,Ci(s,8,2,) Jfcosas cos Bt ds dt,i

4 » (&
Dy(o, B,2)) = =Lk {E[A..A,'.'(s’t’ 7)+B.Bs,t,z) l} L2
anl i=1,
+C C’(s,t,z,)]}sinassinﬁt dsd, |
!
D(apz) =3[ f {E[A Alsrz) +BBlstz) |

+C,Cllis,t z,)]}smascos Bt ds dt,
-Evaluation of the double integrals required in (2,12) isbased on the
associated Legendre function by its polynomial representation (2,13).

2.12

(1-¢% ém&nl( 1) (20— 2g)! {n—2a-m

PE) = 2 2 g - 2g )T

(2.13)

Once this substitution
integration is  performed

of (2.6) has been made,dthe second

Fl(arﬁ’zi’n7m)
S
# » 1 P,,"'(z,/(sz +11 4+ 20)?
Lk :
(S2 . ’2 + z‘z);(rul)
1

"

: cosascos Btdsdt
(s 41"

n-q--

=—|z! Sy M) TR (Kz), @14
2
Fz(a,ls,z,.,n,m)
> s? Pr(z /(sz+r’+z’)§
=Lk - —Locosascos ftdsdt
n+1 —m
@i az Y ()

] a2 '
“Zgf %s @)™ [K G

s q-—

=8, (2)e’z, z(k[z, ) q_z #z, |)]. @.14b) .

1
st P,,"'(z,./(sz +12+2,7)?

FaBz.mm)= [ [

sinassin 8¢

1
Lensty I
(4222 (2 +1%)? dsdt

7| et
=%aﬁ]z,] gqu(z Yz i _£(k|z,[), (2.14¢)

[ )
J '( P = T|sinascosst
n+i;
(st +1* 11-11)z ’ (s*+¢ +z,2) ) dsdt

E(ezumm) = [

M4
=T oz @.14d)
> el

2" nea 2
L3S XK K
7=0 -

()

(-2)7q!(n-2g - m)1z""

5 (Hz)),
3

Snmq (Z:‘ )“

216 z=-b=c

Result.
prasaoaaaass Fig 1 shows the velocity field induced
LiasS——asSo by the rotation of a sphere about an axis
oy plane parallel wall

1 parallel to two
. computed by P. Ganatos (1980).
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