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We introduced a detailed explanation for the mathematical method for solving the linear differential
- difference equations with absorbing barrier that characterize the signal processing function of the
neural cell. The equations are the same form of the birth and death processes. This method was firstly
introduced by Saaty 1961. The probability On(t) of nimpulses in a neural cell at an arbitrary time t
was obtained by applying the generator expansion in combination with the Laplace integral
transformation. Qn(t) showed definite peak as a function of the ratio 3 between the impulse
arrival rate and the signal processing rate of the neuron. As the number of maximum available
impulse number N, the dependency of Qn(t) on the §value was markedly changes. The present
method,though basic will be available for evaluating the neural processing function.
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1. Introduction

Signal filtering through the excitable tissue is one of the
most important properties of the physiological cellular
functions. In the present study, we introduce a method
for solving the absorbing barrier problem which may
describe the impulse processing through the neural cell.

2. Mathematical method.

The main text is contributed to show the mathematical
processes for solving the linear differential -difference
equations describing the transitional changes of the system
Plin(® =-( Ai+xi)P'in®) + XiPis1,n(t) + wiPi-1,n(t)
P'on(t)=- A0Pon(t) + A0 P1,a(t) ----- (2-3a,2-3b)

An=nX and yn=ny ---forcasel.and

An=A and yn= gy ---forcase?2---(2.4)

Since Pu,N(t) is the cumulative time distribution for the
unnormalized conditional probabilities Qn(t) dt, we have

Qn(t) = dPo,N(t)/dt ---(2.5) Applying (2,5) to he (2,3)
 Where putting i =n and n=N, using (2,4a ), we arrive

1) =-n-(A+ u)Qn(t);an"_l(z)+naQ"+l(z) Bl N =

0,(1)= 0, (1)=0 -3 D
0,(0)= 8, AN -1) - (3, 3)
We set generating function for
N-1
)= ¥ 0, ()" - (3, 4)

nwl

N-1
On (3, 1) multiply 2" and sum as 2(3,1)'2”"

n=l

22 Q(t)——(A+u)Ez"" w0+ i S 10,4

n=l

+ A Ez ne QM(t

e
since

0=0 -z’ +0, 'z +0, ‘22+"'+”QN-1 g
we have

140,20 05 Q-2 0,
= EZM nQ,.

nm]

=S, - (V1) 0,

n=l
and
230z =12" 0, #2270, 4324 Oy 4N -2) 2" 0,
200 =12Q,+2:2* Qs +3:2° Q4+ (N =2) 2" Oy,
2:220=220,+2:22 0, +3:2° - Qy4--42-2Y" - Q|
Qo =0

we have

Nl
“'EZH N0y = F“[I'zo Q220 432 'Q2+"'+(N _1)'2},’2 'Q}M}
P

= )LL'EZ‘Z'QI +(2-z2 +1‘zzp2 +(2-z3 +2'z3p3
4—(2-24 +3'z“p4
~-+(2~z”’l +(N-—2)'z”"pN_1
~N-20, ]
= M'[2'Z‘Q+Zz -HQ/dz-—N-z”“ ~QN_]]

Further

(s )32 n:0,(0)
=+ p¢)-|:l~z°-Ql +2:2'-Q, +3‘22'Q3+"'+(N-1)'ZN_2‘QN_,J
=(/'\+u)-[1~z-Q, +{lrz+lo2)0, +(z2 +2~z2)Q3+(z’+3-z3)-Q4

--~+(z"‘2 +(N=2) V2 ) QN-1:|
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=(A+ )z aQ/&%+ 0]

Associating these , (3-1) is transformed to

00 _2.99  n 0290 . ovas ]
-EZ-—A_&_Z_+;z [2zQ+z P N-z QN_I_I

—(A+u) { 8Q+Q}

_(;_?4» {)L+ 2’ ~(A+u)-z};=()»+,u—2uz)Q+MV'QN_,Z""

— (3, 6)

————— Solving this partial differential equation ----
dt dz

U7 (ue-2)e- 1)
_ 1 ‘f -u 1]
w-2) [(-2) G-D))
since a=A-u
__pfa __ Y
(e-2) -1

cot = 1ja-[log(uz - 2)-log(z~1)] then, we have

uz—A
B Y

Another combination of the equations is
Q’(’)"‘(}""‘ #‘2W)'Q =pN-Qy 2"

As a result the solution of (3, 8) is

I (S )
{A el ‘))- pz 1 e““("’))}/

)z e
‘K}\‘_ Me-w)__“_z'(l_e—m)})‘l

(3. 7)

Q(ZI N“a fQN 1(‘9)

+(N-1Dr-a’-e

, ”E"Qn ()2

n=1
(= 220 +2' 0, + 27 Oy 2V Oy (t))
Since
3Q[oz =1-Q) +2:2:Qy +32° - Q- +(N =2)2"2- 0, ,
L 0*Q]3* =205 322 Qo 4(N =2)- (N =3)-2"* -0, ,
PQfa* =320, +4:3:2- Qo +(N - 2N ~3YN -4)-2"* -0y,
So we have
0, = 1/1-9Q/dz(z = 0)
Os =1/21-3Q% [oz* (z = 0)
=1/31:60° [32° (z = 0)
and generally
’ 1 &("'1)Q(z 1)
R CERPe
Then, differentiate (3, 7) with z for (n-1) times

"0, _ o ‘—{L (1 e—el- f)) (N -a(l—s))}/—] ]
az"l e {A -a(t- ‘)) oz (1 omal s))}’ J

Putting Xa = )L(l - e'“("‘)) b=pu- Ae-alt=s)
c=A- ye'“(‘*) d = H(l _ e-a(l—s))

Zn
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b - i = ufA  then
an 8" S ((a-bez g . here setting 8 =uf ,
QI {Ec d- %N“} = LgN o) h" ’(Z)] Ap=Ar-B-A=pN
As a result
(n=1-i) _N-1 Nl » .
-5 " 'i—_r'g% &:@ Nyt T +i+1) -pr (1 ¢ R(H))Z }L
i=0 o\ z! Q: _ " .
On the while (n-1 INE0 F(M n+1+1) l( Ao~ X}“' -efr- J))JI
o'xt  p

- k-1 ~af(t-s)
AN {\(1 i )F Agmale=s) V!
6‘g€;) ) % -aft-s) }N*’ % }
az'

About
2. The second term of (3, 7) is
=1 . k _gk-l ,gl =k ,gk—l _(_ b) A _ et N--2
12 -1yt el
. N e Y-z (1"
1=3 ¢ k(k-1)(k-2) g+ (-b) o) ue(i-e )
So, generally Thus, setting, f—-s—>f, N— N-1 in the first temn
I K ey o C0T w T [ g ]
T8 -b) O, = wtli : !
D (r-DN-1)&"" TN -n=i) t(”" 2 A= W-w)}
Then, putting ~ N-1-n
l=n-1-i R k=N-1 ‘?’(1 em)} {” Ae~ n-1
we have {A _m}
é’(n-l-v)g': ! (N— 1)! Nenti .(_ b)n—l-i Therfore, on using the Leibnitz theorem
gz (N -1-n+1+i)l S0 Y % ~aft- ,)
. CL t-1, %)
= (N" ])! N-ni ,(_b)n-l-i Qu()=' H leN—l()" 4 —ofr-3) W {" -he )F
N (N=-n+i) 0 % }
similarily :
A o M S AL ey |
a' oz' ) d T(N-n+i+l) (ﬂ 2ol *)XA e x))J }
(_‘ N _1 [ ( ~N=1-i i
= (c-dz) “(-4) VAN M
(~-N-n-i) (_ 1) Aa? % (1 e "‘)} {.u sgmet 1
since (n - 1)‘ A\ — pe=e
(- N -1} .
CN-1-iy (n_ 1) r(v+i) [ pRQ-e)
(N-1)-N-2)(-N-1=i+1) - N=1=i)~ N -1=i-1}~ g\ i )T -n+i)] (u-2e™ YA-pe™)
) N1y e (3. 8) (%) e il
=(—N~1X—N—2)"(—N—l—i+1) where B=u/A ¢
. i (N +i)!(— l)i The integration of (3.8) is a convolution of  between
= (V41X +2) (N +0)(-1) B T Oua(s) anda  f{t=5) as
Th?r:f:)re : L[ f; F(t-s) g(s)is] = L[F (/)] L[g (t)]
PUTS . _ i
:(Zzi) - (N;'l)!(—l)'(c— dZ) N-§ '("’d)’ .
Associating tl.mese 1. We transform the second term of (3, 8)
(" 1) i X a N -nel
0.1 2 (”_g<z 1) e, o)) oo}
ey 11)' e (v -1y =) f-wef
- nei n-1-i ’
Iy Eo“c'm e (2 El T(N +1) { pr(-e) }i
n=-1"1 Ny
! » & N -n+i uo- e YA - pe™
(N+1) WD 4 (o- ey N1 (z'o)} 0 ( ) ( X )

BTSSP

1 [ (N=1) (N+i)] s (=B)"" '] oA T -n+i)
|2 -G a g | Non-l42i |, 9=N=i , , n-l=i
(n - 1)! [ = (N -7+ 1)1 N1 N J A A ‘u
e n-1 e -N
) (_1)n—| ne1 F(N+i+1) aN'n.(_ﬂ)’.bn—l ,(I_e-az)” "(1—}/6““‘\ ‘(1—“76 )

C— 7
(n-—l)!N;"" "TN-n+i+1) ¥ \ bec

(1" oy eier) [ol-e :))J e (1) (e
~ nl it 141
) R T+ o] o] N s:“:e L/:ﬁ -
a? n-1 i i qonelei | on-lei
[ A-(l_e"“("‘))#(l_e_"(’-‘))]x B (n—l)‘ ( 1) 2"“6’{?@\1-“1‘)(—[3) A K
(H ~ )\e‘.('_‘) X)L — [Je_a(’_:)) J . (1 _pat )N—n—l-c—Zi R (1 _ ﬂe_m );.-1-,' . (1 _ ﬁe'“’ )—N-i
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n-l-i

. —n-14i
since A" on

- A) " %m) -F” (u2)

a2~e“""~(_.1)"" < DN+ o i i anei
(7 = 1)i{ud) g"“c"r(zv_ml-)vl) P

(=) g (1-6)

SRR A SRR V20 W
(n=1)i(ur) i (N -n+i) y-p

(1 o )N n-1+2i (1 _a[),\/_i,"'gf"—l_’c]<—e_m J

n=1-i

i=0

_a2~(—1"‘l -l T(N +i) o W42
PR E 'F(N n+ )(" prof-ey
ey S (- ) e

Therefore, the Laplace transform related term is
e_m(‘”) (1 _ e_m )N—n-l+2i . (1_ ﬂe'w )-N_

From oherhettinger p 40, 5- 22 in table
L[(l e“) (1 z e") }B(s v, F(p,ss+v:z)

setting
t—=>a-t
v-l=N-n+2i-1

u=N+i z—>8
and siﬁce

Lff(e)]- ¥, ~F(% )

L[(l e )N-n+’2i—1 '(l B ﬁ o )—N-i—.i
:%.B%)N_n+2i)E(N+i,%:%+N—n+21':/3)

More over, from the trabsitional theorem

L[e“" -f(t)]: F(s+a)

v=N-n+2

we have

LE—OH‘(HI) .(1_e~a! )N"'”z"" -(1—/3-@“"‘ )‘N":l
= %'B[(s+a~(j+1))/a,N-n+2i].
‘zFx(NH',(S+a-(j+1))/a:(s+a‘(j+l))/a+N~n+2i:ﬂ)

=%.B%+j+l,N—n+2i)'

SE(N +isfa+ j+lsfa+ j+1+N-n+2ip)

where B is a beta function. [lHence, the second term in the
Laplace integral transform is
2 -1 . R
a’ (-1 -l T(N +i (i J
() () oy e

(N -n+i) " Cj(_%)

%-B%+j+l,N—n+2i)~2E(N+i,s/a+j+1:s/a+j+1+N—n+2i:ﬂ)

¢
M'(n—l)! ;n—‘ i

J=0

The first term can be obtained by replacing N —> N +1 and
then, multiply p/A- Oy (s)

az'—ln_] -1 FN}!*I) ‘ n-l-i J
D NC) e L N G~ Y)
e (n-1) & F(N+/ rm “

%.B(%‘+J+1,N4/-mz,}2Fl(N+1+z,s/a+j+1:
isfa +j+1+N+1-n+2i:B)
5. Extinction

Inthe Eqe (5, 1), the significant term is

(Qua(s)=0

only the second

term , since for large N)

and Conmuni cati on Engi neers

O t)= m (A~

N-]
-So,
n=l

Then

0,()-

=

G

H)2 g (-nk 1
[(x e i e-O-“)f)Z]»
()=

PG
Jz (n—]) Q(z’t)

u)z A PICE)) rc~dz]2

PRC L

(n - 1)!

differentiation with Z for #7~1 times

(C _ dz)—z—(n—l)

(-2)

(—2 -(n- 1))!
)
>'<(—1—n)!

)
Ny ) enr)-
(-1-n)

= (-2) (=3)(-n)

= n-(n—-l)-~3~2'(u1)"‘1 =ni(-1 i

therefore

n

oz (n—l) [C

1)

c

e &

By these conputation

— ;Z() —

pe(2

Y W 1

0,(0)=

—nw (A= H)Z LolenX '(1-8'(*"‘)' )'" ,(A _

6. The

case ,
i) = ~(A+ 1), @)+ 2 Qo + 10,
0,(t)= 0y (1)=0

Qn(0)= Alénw—l

(n-1)

)

[,“'(1 R B aa )] -/

o) YO
ue ) (5

}. (6-1)

2)

Ay =4 By = b

Setting generating function

G- 20,()

=l

Multiply 2"
N-1
- 0(t) =
ne=}
since
N-1

N-1

D

e

= 'Ql

’="Q|
=0 +G

N-1

on (6-1) and sum as

sz" -(6,1)

n=1

(e ) 30,0 4h S0

n=l
N-t

Ez" O

n=l

+

20,0)-2 S 0,()-2G

2" O = 7! Oy + z 'Q3+"'+ZN-1 O

+Q vz Q +20 Oyt Qw2

J . QN = O

+ Ez"" -0,

1

N 'QN

Ezn Qg =2°Qp +2° Q"0

nel

Therefore

=ZZ(Q1 +20 Qg 'QN—z)
o QU = 0

= ZZ(Q] +2:Qy etz Oy +2"7 Oy =27 'QN-])
G- 0,)
2:9G[ot = ~(u+A)z G+ p-2 G-p-z¥Q,  +AG - A0,

=[ue? -

A+y)z+)»]3 pz¥ Qe -AQ — (8, 2)
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The Laplace transform of this function is
z[sG*—G(O)]:[uzl—-(A+u)z +A]G*—,u'zN'Q;,l—/\*Q/*
from (3. 5)
G(0)= 22"
Therfore
[u & QA Q= A
[ —(A+p+s) 7+A]

The solution of characteristic equation is

~ (A+u+s):d(k+u+x)2 ~4uh
- o

(6, 3)

To converge G asa series, the numerator of (6, 3) has to
be zero for z= ¢ anda, . Since
pOia-al ~real a0l =0l
“'Q;/-l'c‘év"}"azﬁl;l*;"Q;:O :axN

Then, Ql* and Qn-1x as solutions of these equations
y(a,”-af’~a,”~af’)Q:,‘+)L(a”-al”)2[ =\ ( Yo -ay” laN)
LO =t el (a _al)
cr X
(@ -al')
;\'(O‘N -1 _aN 1)
N-1 T ;LGXl —-(x )
Substitute then in (6, 3)

1 [
[,uzz—(}»+u+s)'z+)»]'{tu.z u(oc1 - aof

.

1o

G* =
- A-zV

+A-al -

P
#{21 ~(A+u+%'z+%}t
+ (O‘laz)N—] '(O‘l — 0y )]

K ['Z NN ) g o ¥
z ale a Xo: -a, ) ( ) (_ )
].(al_QZ)J

+(a1az>N_

Since  a;ra, =Afu
Then, the numerator is

=z"-al - ) g

NI N](z a)_ N-1

Therefore

a

Mg +(A/p.)~71(a, -a,)
oz —a2)+(k//z)~"(a, -a,)

l' .a:)N-! &Nfl

[ (z_al) +(F‘\ }
A f(z~a,)”"_(z-az)”"+(;;”’{ L

[ W e T
ek
(A/J (A) AR

(-c) (-a)

(a, ~oc2 1

A ] R R L "_N’l" Y
e B A vl
A 1 AR N L e
RS M [(y) e
L N <75 N
e ay),.Z(;) S
As a result
N<l-n

a oy 1
' alN(l—(az/al)N \’ OHN(]'(az/al)N)J
Eaz e for )Nk]

(e /a

since @, = Afu and @, fa, = Afu-1fal
(a] )n—N .(az /0‘1 )N-k _ ()\4/#) Nk ’l/a](—n+(2k+1)N)

a;’ . CC]_N . ((12 /OCI )N* = (A//*‘)MN* . l/alll+N+2N~k
)"

2 Nen
= (;) En{a;w(zhlw

R AR R R N KKRHOK K K K oK 3K K R K K 30 3K KK HOKOH K KK K KKK KK K K R K KK K

a]'l+(l+2k)N

1’ n+ Nk
_Giw) } (6, 1)

In the next we operate Laplace invert transform on (6, 7)
[, (k)N "~
I [Exl H1)Nn

{[A o +_S * ((/\ +p+s) - 4Au)/2 }_(zk*‘)N*n ]

=L (2 ) &N n t

o J

_ - li (ZkH)NM} R (2M)(2”+])N'"

f i (k)W
I 1| ( S -4}\11« - (sz - 4)\”) } .e-(hp)z _(2“‘)(2“1)1\#,,
| tEer) ] |
=L {(s s 4 4 )(uu)mn [ (S 4)» i ]L+1)N-,,

~(Asp)t (2;4)(2"”)” n :I

= o~k (4;{‘) (k4 4n '(2;1.)(2’“‘)%'*[4'1

.(S“ (Sl ) 4Ay)lﬂ )zw)lv—n}

p 242. 4-41 of table

( (¢ _w)ﬂ) Ny BNy

Settmg v~(2k+1)N n

Oberhettinger

For the recurrent formula of modified Bessel

NI | -El ectronic Library Service



Institute of Electronics,

I nf ormati on,

function, setting z=at

z'.[‘ilv (ar)= 1, (at)~ 1, (@)
[2¢

a=2,/Ap
e ) )1 )
=(2‘/)‘E) 'I:]V_](Z it )1, (2 /w)]
(2 JATL)(M)N-M

=————5—————-‘[I(2m)rl-,...](2 Aut}]w)ﬂ_m(z lul)]
Therefore

I I:a —(2k+l)N+n]
1
- e‘(l+y)l R 2—2(2k+l)N+2n . 2(2k¢])N-—n . 2(2k+l)N-n

.(A“y(zm)mn 'M(ZM)N-n . (/,w)(zm)w/z—(n—l)/z

'[I(zm)w-,.‘_l(z )LW)- I(Zk,,)N_M (2 )»ut):
_ e“(“")' . (Al/z )—(zm)Nm . (!‘l(l >(2k+l)N—n '(}x,u)l/z

'[](2*“)"—"-—1 (CNITE) o PN YT ):

= g~ (euk .(M/A)("”P)N'"/z .(;w)‘/l

.[](Qk#l)N—-n- l(z‘/}"—ut)_ I(z"”)N-nH (2 Aut)

LII1T01771700770777177701077717

By the similar procesure, we have

I Eil—(zm)w—n“i

S

Y S e

’ [I(2k+l)N+n—l (ZWI)_ I(zml)Nmn (2 Aut )]

As a result

. A N LA - ‘](ZM)N-H(Z MM)
Q,.(S)=(;) {Z’(A/u) (N/A)( o {-I(Zm)w—ml@mq]

LR R TN o) S )

k=0

T (}\M)‘ﬁ]}

- ( %) -np e (AP {i[;(mw_n_] (2 /w)
k=0
- I(Zkﬂ)anvl (2 WI)‘ ](zkn Wen-i (2*/)7‘;')* ](zk AW n4) (2 }"’“‘):]}

7. Solution B, (1)
F(t)=u R() (7-1-2)
Pt)=~(A+p) P()+2u B(t) (7—1-1)
Bt)=~(ir e P+ 2o (0=1) By (1) B (1)
(7-1-c¢) lsnsN-2
Py ()= ~(+ u)N =1 Py ()4 A (N =2) P, (1) (7-1-a)

Hence, by setting

for

PA;(’)=_}”'(N“1)'PN-1(I) (7-1—e)
£,(0)=9,,
Setting generating function

P )= 21’"(1)2"
(7—1—a)-z° +(1-1-b)2' +§(’/ ~l-c)z 4+ (T-1-d) 2" + () 2"

By this operation
Py(r)= n-P(r)
24[.)‘(1 = —(}\,-i- p)'Z'R(t)+2M‘Z'Pz(f)

Ez PAt)= ~(h+ u)-gn P+ S r-1B (1)

n=2 n=2

and Commruni cati on

Engi neers

+ yg(n +1) P, ()"
2P ()= (e N 1) 2B (e A (V-2) 2 )
2Py (t)= -2 (N =1)-2¥ - P (1) |

N-2
left side = F(t)+z- Bt)+ > 2" Pi(t)+ 2" Py + 2% - By
ne2

R0

n=Q
The right side

1. Tor the first set of the terms
N-2

| P(t)+22- B(0)+ E(n+ 1)- P, {t)z"
nw2

:/,LEn-z”""P

n

N
since, P=2P,,-z" =P 4z P +z% PjttrzV - B,
n=0

OP|oz = P, +2°2- Py+-+N -2V P,
N N-1
= zn-z'1~l ‘P, = En»z”'“}i ~N-Z"1-P,

n=l n=1

= u[oPJoz - NP, (1) ]
2. For the second set of the terms

~(he ) [z- P,(t)+):2:n~z" B(1)+ (N - 1)z~-1pN,,(z)}
=—(A+uyz [Pl )+ Nz-zn 2" P (t)+ (N - 1)z ~PN,l(t)]

n=2

=-(A+u)z Agrrz”‘1 P"(t)

nw=l

=-(A+u)z [aP/az- NP, -zN-‘]

3. TFor the third set of the terms

H S0 n e -y n -

n=2

1t

N-3
AZZ[ nez P s (N=2)2"  Pyy(t)- (N - 1% P ]

3

1
-1

pre [NEn Lt -Pn(t)} = [aP/az - N-Py(t) 2 ]a -

Associate 1 to 3, we have following (7-5)

TP - (o n} 2N () 2 i x (o )]
5) is
P(z0)=-N-(h-nu) - (1-2)A~ k), By ()X

‘ {1 (1= etz () )Fl B
{, _ 2 _ g (] _5»»)0«))}“‘
{H (1 _ eAmmy )— z* ()» - u,e(“}‘)‘ )}l

.

= AetrX —A-z-(l—e('\"‘)')

The general solution of (7.

(7, 6)

fraraR OB TN A P K Rk a0 kR KRR KKK KRR KRR,

A reflecting barrier at the orgin and an absorbing barrier at
N with coefficients given as in the case (2).

In this case

b L2 =Dl - yat”]

ay (Aa, - .“Xaz ~1)-a (Aa, - yXOl2 - 1)

N P
a, 3{(A+#+S)t((““”) -4 }/@ = 4/2
0.()- 20 T

at

But
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0/(s)=s"Fils)
seay (o, =1)=s-(a; = 1) "

—liaf Aoy - pYo, - D)o (}Loz1 uXer, - 1)]
A (oz’*‘ a;”)— u (aj - a;)

h N+l N+l Y N
A (0‘1 -a; )~u (a\ ~o:z)
O

7. Solution for P2(1)
( Hl)‘ﬂ (0‘1"0‘2>
Q(S) SP(S)=) (Nd__ ZNM)__H(O‘l __a2>
Aot
- (aml P )—M'(G\N _az”)

sinceq, "a, = ufA, puttinge, = pfA-1ja,

1. Q=

and reduce only the function of

= (all\’—i _ a2N+1 -i- 1)_~ M/A(QN-x-l _a2 al-.-x)
1

= (alN'i —azN'] /a:*l)[l—u/;&(al”'m _azN _al—l—l )/(a,”“ _azml .a]'l-l):|
T e *)1"

= WE( ) '(a———,—j——»,_-y-TjJ

(a il _ N x+1)
E( ) (OC:I - _ ;Jj\/ :11)"“
Aumerator= ¢ N-in) ([J./}\.)N/(a it

oo = (/2" fa |
Gl l%-"(al"—wm”/af)]‘

[a—: l(aNH __(“/A)Nu/ NH ]ﬁcl

Since N is sufficiently larger than i

z}:( ) % (+1)(k-k-1) aNk (N+l)(k+l)}

k
-3 (B)a
k=0 A’

since  Q!(t)=L" [Q,».,(S)}. Then we seek the invert

-2

k=0

Laplace transform of a{ i

L-][a;'—N-k] .
V4
-l i(“ W 'M“) l

{ (2a)y™* }

) o CnY ) (9+(S ~4/\u)ﬂI (x —4Au)/z HH}
(zx)’"”* ( (s -4Au)”)

e et 1)

o~ (euy ; 127 -
_ (ZA),-_N_,( (ZA),-N—I: LN g NE L g “}_ (Sz _ 4Ay)ﬂ ]MH‘ ]

since L™ [E_(sz —aau )P ]”H-i 1
(N+k I) Ty ,(2 }"”)(ZW )N+k-,

Tyss (2 M")’(/\/u)(””‘“)”

PR (N+k—1)
1
2. The second term

The mean is

A, aii-l

BCHEDEICE)

(aN+1 . —i aan—: 1)_ ‘u/M\al O‘z_,—] aN—i—I)
1 1

= .(alw,al—i»x_a/«-: E_H/A, alN.a;l—l_asz-l)/(aNH 4 -a] x)]

L
( ) (al —:-x _ N—x-l)
= 2 I i Yer!
&= (aml i-1 _ azN )

since a2 = M/Ko:;1
e o (oA -t — () - 1A
["‘x" AT (775 BERICHale (1779 i ax-N] o

%
k e Yimlie aNﬂH_('u/A) ,am-n'!
- (%) (/.L/A)( Xe-(k+1)) [
k=0

07 ()=

o

N<i+2 " N+l w
since N [ =(u/2) ]

k+i+l
- E (/_’L_) a](N+1+1)k—(Nw+2)(k+l)
S\A

kwivl

- E (i‘_) al—(N+k+x+2)
kw0
Because of
AT ey €7 YN sksis2 kel
Ll[al(Nk z)] _____(_t__ )]MM( ﬁ’)(}‘/ )(Nuz)n

Then, we have the invertion for the second term

Keisl (N+k+iv2)f Nak+iel
Q‘2(1)=E(£) (%) g‘:‘ :H )Imkmz(z Mzt)’e”u‘/‘)'

k=0 A‘
3. The third term is
() Hay
Q; ( ) X'(OEIN” —-OtéVH )_“.(QIN __aQN)

.H e aﬁn;; e )}

Then,
EAN+k-(-1)). o
Q) =~§ O(i‘_) ( t ( ))mem(z AW)(A/#)(N K-ivl)y2
PRUR N .
- B A . (N +k—i+ 1)
- ZO(I) (;] i t ]N+k-i+1 (2‘\I A.[l,t)
4. The fourth term is
Qi‘4 S )= "a;
U ) W iy
Then,
k+i-141 .
O [ad |23 (N+ktiv1y2 (N+k+l—1+2)
] =4 = (A ) .
CO-(§3(5) e SR

Tyapuiaisa (2\/ Aut )
Thus, for I(( N, we have finally

=/ k 2 (N +k-i)f2 Nak-i
IS S
=0

k+itl

AP N ksie2
T ke

o ]
_(ﬁ]"“ AN Y
A %

(T et
u ?

Ty ikoim (2 Aut )

]Ni-kﬂ'vl(z }"y’t)
I' (E_) i+1~]
[ 10,0y - tim e 0, 0yt = Af”{(zvﬂ')— f .

| i
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4. ExpLictt SOLUTION TO Cast (1) FOR LARGE N

There is a simple method of determining Q,,(¢) for large values of &, the interesting ~—

case for most applications, without resort to Laplace transforms. We now obtain this
expression for large N.

In (3.8) we note that Qy_,(s) is a conditional probability distribution, with
On(0) = (N—1)A. In fact by assuming a solution of the form G-+HB" after
integrating the set of differential-difference equations (3.1) on [0, <0}, it is easily shown

that
j 0, ds = ﬁv

Consequently for < A (the case of mterest) and with n=N—-1,

Him Q,v_,(z) dr=1.
Nero
Also lim Qy_,(0)-><o, and hence Q‘V_l(l) is almost a right-sided Dirac delta function.
N

But for such a function 8(x) we have
[irw s ax = 5.
Therefore for large N and fqr t away from the origin we have
[ov-0) =55~ 10,

ie. equals the value of f(t—s)at s = 0, since for large s, Q_,(s) is zero except near the’
origin where it has a spike of order N.
Applying these ideas to (3.8), one has

0,0 o B AN
e
nsline1y (N4 [ BA%
XEO( : )(N~n+i)!('ﬁ)
o2 AN=n-1 .1
+(_1),;—1me—m73n—1

. whereA = )« l—e“") B=p—-Ae“°‘ and C = ?\—pe“".

l 2 1_ —al\N—=n~1n-~1
xEk {(1~ﬂ o ﬁe‘“‘)} ( )(k)n!(—l)w‘—:

% i\ (N’ + i N — i N
o/ \n 1) \n—1) """ "\i) \n—1i
B R e Wy k-
x“ 3 » 5 1(21 k 1) (n k
j=0 m=0 J . ﬂm )
Also NPre=ui = O(1), as ar—~>log N (N> 1,p,<g,). For example,

Ql(f) (1 ,_e—al)V—.
T ({=Be ¥+

1)(_ 1)7+m g=tj+miot g=fm (4~

(L=ByNest
Therefore

Iog)\Q‘(B):x log N—at+(N—2)log(1 —e~*)—~(N+1)log (1 —Le~)

~logN—at—(1—-B)Ne ™,

and it is clear that the main contribution to Q,(¢) is obtained for values of at in the
neighbourhood of log N.

Hence, a term a, NP+e~% js either O(1) if au~log N and py, = gy, ot is negligible
for p.<g; and «f small, or is arbitrarily large for ar>loghN, N> 1, and pp>¢;-
However, since 0,,(#) is continuous and bounded for all » and N with

_1-p
L O (Ddt= T=p%

it follows that all terms in which p,>gq, must cancel. When these ideas are applied
to computing Q,.(1) (n = 2,3,4), for example, we have

Q (1) 1~ —al)N-3
B

Oi(n) | (1—emh4 (1~ Nee=t
A N(l—ﬁe‘“‘)”*"{ 21

+3B(1— B N2 e—tat 4 38%(1 — B)“Ne”“‘} )
00 (e (1-gP Néeie
A N(l»—ﬁe*“‘)””{ 3!
i +28(1— By N3e3 4 68%(1
“for large N may now be written as

0.0 (I=Bf (I—eh¥-rtnst nl(n—D)! o 2 w N0
DS R R (- e O oy 2 AR ﬁ)kemw(k%u

S(1—e cd)\r—n-«ln—l( n

= (1—13) m‘e’:;)—\,zrkzo k-H) .3"’}'*1(1 5)

— By N2 4 28(1—BP N e,

%w_ (4.5)

(a) The Mean

‘We can work
mean p;, defined by

pn {* 2.() ="§\1( ) ks n~u.4>
R wid i
o B u " 1t

to obtain the unnormalized

I

1

x fwijogNHog(l—ﬁ)—xog<k+x>mﬂ<y>dy. 619 10 ]

— B NTe 2t 4R3I gy Ne—c«}.
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Writing o® = X*(1 —£)?, and using (4.8) and (4.9), this expression becomes .

R R -}

it K Boonow T |
Hence the normahzed mean (dmdmﬂ by I—E") is given by
n—j’
B )] . (4.15)

1 "‘1(1—8’)(1
"ﬁ)’*‘)’}_,\(l —B9 ;= j

1
fhy = ——4/\(1 o [{10gN+log(l
(b) The Variance

We continue to work inside the summation sign in (4.7). The normalized
o2 is obtained from

% [P 2.0 2 9n(1) A
= L (t—p,)* preen ﬂn)dz L ? prEE ﬁ")dt ~
which on using (4.9), (4.10) and (4.11) simplifies to:

A2o2 =

Tl lﬁ" [(l"ﬁ)z{zzll‘kil(l)(l_ﬁ)kﬂ”*k

ra-py 3 5B (Ja-mre(55)]]

1 1 u—l(] _B/)(]_ﬁu—]) :
4.16
TR a-Fr s J (19
Tt is significant to note here that the variance does not depend on N.
n=1 (k+ l)u- )
by — Y2 Bk 1) X L (k1) y—(R4D) eV e §
5 (o) a-pre e G
Qn and beta at N=10 Flg 1
15 1
—— Q4
. o
/
//
107 —_— Q2 //
/
/
— Q1 /
//
A
7
5 - ,/
/
A
e we Q3
,«-;x—,f/ ‘/a\\\‘ﬁ
r,_w—af"' beta(N=10)
0 | T T T 1
0.0 0.2 0.4 0.6 0.8 1.0
Mean vs beta at N =10 Mean vs Beta at N=100 .
. 20 Fig 3

Fig 2

—@— Mn2

—~—  Mn3 -

beta(N=10)

0 T T T T ¥ 4 T T T Y

0.0 0.2 0.4 0.6 0.8 ! 0.0 0.2 0.4 0.6 0.8
3. Results
Fig 1 showsthe Qn (n=1,2,3,4) values as functions of
beta( =y /A ) forN =10,t=1.0 and @¢=0.1. As the beta
value increased, Qn value showed definite peaks. Fig 2
and Fig 3 shows the beta value at N=100 on the mean of
Qn. The dependency of beta was completely different
between N=10 and N=100. The present approach ,when
extended will be available for evaluating the signal filtering
function of the neural cellular membrane.
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