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A mathematical method was proposed for interacting two spherical bio molecular particles in bio
chemical reactions which was introduced by Wakiya (1967). The bi-spherical coordinates for slow
motion of a viscous fluid was extended to the general flow with plane symmetry around two
interacting sphere obstacles. The creeping flow ( stokes ) equations with the equation of continuity
was solved by setting adequate boundary conditions. Rigorous mathematical treatment utilized
recurrent formulas of Legendre bi functions and series expansions of the products of hyperbolic
function and Legendre functions. The present work originated by Wakiya is available for
analyzing interacting bio molecular particles in creeping flow.
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1. Introduction

Bio molecular interaction plays the essential part of
biological reaction on molecular level. The present paper
introduces a method for interaction analysis on a pair
particles in the same phase space in a limited laminar shear

flow that has been proposed by Wakiva.
2. Wakiya's Mathematical method.

1.The fluid motion equations

Yy 9plat=( V2 -1U2)vi-2/t2 9ve/ 9 ¢

Yy dplt dd)=(V2-Ur)ve+2/23vi/ 9 ¢

1/ pwdp/dz= V2vz and

(8/ 01+l t)vi+dve /(xd )+ vz/3z=0 -—-(1)
V2= 92/91%+ Ur 9/ar+ 112 92 /9 ¢p2+ 32 /97?
where (vr, v¢, vz) are fluid velocity. The solutions are
p= wn/c SQmceos(m¢), v¢=1/2% (um-vm )sin(me)
vr =1/2 3 (1/c Qm + um+ v ) cos(m ¢ )

vz=1/2%(z/c Qm+ 2wm ) cos(m¢p)  ------=-m=-m- 7))
where cis constant length and
’mQm=L12nwm=Ln1vm=Podum=0  -—(3)

L12= 32 /9x2+ 1/t 3/91- /12 + 92 /572 ~(4)

( 1=m-1, m+1 and m).The equation of continuity is
(3+19/9r+29/3z)Qm+c{(ad/dr+(m+l)/r)um
+{(d/9r-(m-1)r)vm+29wm/3z } =0
For two spheres which centers are on the z- axis atz =da
and z = - db. We set bi-spherical coordinates (£, 1, ¢).
r=csin(n)/(cosh& -cosn) and

z=csinh& /(cosh& -cospy) —-omomememmmem- (6)
The sphere is & =q, & =-f. Their radii are
a=ccosech ¢ b=ccosech 8 e )
da=ccothg do=ccoth 3 = -—ecceommee (8)
Equation (3) are satisfied by
wm = (cosh & - )12 3 { Ay sinh((n+1/2) &)
+ Ba™ cosh((n+1/2) £ ) } Pa™ (t)
Qm = (cosh & - )12 3 { Ca™ cosh((n+1/2) &)
+ Dum sinh((@+1/2) € ) } Pa™ (1)
vm = (cosh & - t)1/2 3 { Ea™ cosh((n+1/2) £ )
+ Fa™ sinh((n+1/2) £ ) } Pa™1 (£)
um = (cosh & - )12 3 { Ga™ cosh((n+1/2) &)
+ Ha™ sinh((n+1/2) £) } Pa™*+1 (1) ---oemme 9)

where t = cos 7). The conservation law (5) requires
5 Ca™ - (n-m ) Co-1™ + (n4+m+1) Cas1™

+2Ea™® -En1™- Ene1™ -2 (1n-m )(n+m+1)Ga™
+ (n-m-1)@-m ) Ga-1® + ( n+m+1)(n+m+2) Ga+1™

+2( 20+1) An™ -2(n-m) An-1™ -2 (n+m+1)Ans1™ =0----(10)

2. The forces and Couple coefficients.

Cartesian components of the force exerted by the fluid on
the sphere ¢ is
Dz=- ¢ 21 wc {2( Aa® + Baf) + (2n+1) (Cn® + Da0 )}
Dx=-/2yu e T{nn+1)( Cn! + Da! ) +( En! + Fnl)}
Cy=42u nc? T{2n(n+1)( Anl + Bal)

-(2n+1)( En! + Fn!)} -Dxda - (11)
= :
2 3
g
t b g
N @ % /5\ i
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we have
>[{2An-(2n+1)Cn]= £[2Bn-(2n+1) Dn}=0
S[n(n+1)Cn-En}= X[ n(@+1)Dn-Fn]=0
>[2n@m+)An+ (2n+1) En] = [ 2 n(n+1) Bn
+(2n+1) Fn ]=0 '

............ . z’ 2

§5. Fixed Spheres in Laminar Shear Flow

As another problem, two equal-sized spheres
in a laminar shear flow are considered. The
spheres are supposed to be fixed in space. If
they have translational or angular velocities, the
solutions for those cases, such as mentioned in
§ 4, can be simply superposed. The original flow
is assumed as 7

(25) / *
referred to Cartesian coordinates (x, y’, '), the '
origin and the y-axis being in common with the
coordinates (x, y, z). Let y be the angle between
the z’- and z-axis, then the components of v, in
the cylindrical coordinates are

v.=Gz' (G: constant), gy,=v,e=0,

Fig. 2. Equal-sized spheres’in laminar shear flow.

v/ =Gz’ cosgcosg , vy =—Gz cosgsing, }
v’ =Gz’ siny; Z'=zcosy—rsingcosg .

Hence, the boundary conditions give

. 3 . r
LQo=—cGsin2z-2 —ﬁ-w, , ";"(l‘u+'l¢) =7 Gsin2y + 2w,

oteGsigin 2.6 e s o
Q,—Z.(chn'z)z 22 w; , uy=—(Gsin®y) p -+ z Wy

oi=—(Gsint ) T —2(G cost 2+ L, 0= F(Gsin2r i W

Q2=-2cw2/z, v2= yw2/z
In the general solution (2), terms for m >3 can be out of consideration,
The relations (27) yield

= —cG sin 2y 2 sech(n +—;-)a—zh.,4.'+z(h.—x)a;ni_—l7 +2(hat 1) (n+x)?'%__x3_

(n20)
1 E? 3 .. 1 A A
bt G-O_ = rad «An — . neel . n41
2( "("“)) 2 oG sin 2y du sech(n + 2)a+(h D Rt (4 1) SR
[CP-3V
E.':chinZZ‘l.sech(n+—§—)tx @z,
) ('?(A:.;, Anned
BO=DS=F=H =B =D3=F2=H2=0,
hy being defined in (21), and '
. _2G .,(x._._z.“) ( AN o gy
D= nna S 2T " 2n3 )Rt z)“ Zkn B

+2(ka—1) (1—1) 28;1:—_‘1 -p-z(k.+1)(n-x~2),2’%*_1T (2D, @
Fi= -ri‘h%- sin‘x{(n—-l)n 2‘1:‘1 ~(n41) (a+2) 22’;':_'3}

Byt
2n—-1

—costz(n+ -;—) (s — x.“)] cosech (n + %)a—(k,.—l) (r—1)n

At D D4) Lo 20, . (39

266G Ay A 1 B
Ht=— - sint o[ a2 33 — — A=l (k. .
simha (20T T 203 CMh("*'z)""‘("' Doy ket 1)
VB:u (nz2). (2
TRy )

1
kn=coth(n +—2-)¢ cothex .

The equations for A.° can be found to be

(@r=1) (s )= 2=3) (o= D} it —5200)
(@) (ot )=t G D) 1) (T — S

=—;—¢Gsin 2% [n(sn-z) {z. sech(n +—;—)a —taes sech( —-—;—)a}
+at1)(n+3) { losech (n ¥ -;—) @ duys seCH (n +-:-) a}] (> 0).
The equations for B,! is ' @

8.
2n+1

}

@n—1) (kami—1) — (2n~3) (ku— 1)} {(n—-l) 7‘;"'_-_!1. —x
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~{(2n+5) (knt D—(2n+3) (knss+ 1} {(n+l) —(n+2) B:”} Hence
» 22! 2n +l 2n+3 sinzn / 832 =23 )n (1- t2) 9 PnC (t)y/ gt
=—— smha <sm' [ (n—-—l)l,-x—((n—l)‘+n(n+1)) o +1}coscch(n —%)a =23 An (Pn+12 -Pn12 )/( 2n+1)

=2[ A1 (P22-Po2 )/3+ A2(P32-P12 )/5+
+A3(Pa2-P22 )/ 7T+ 14 (Ps2-P32 )/9+
Tl —(n+2)l..u}COSCCh(n+-2—)a] +A5 (P62 - P4 2 )/ 11+ As (P72 - P52 )/ 13 +
_cosxz[.z_(z,.—-l) At —1n) cosech .-—;—) a—(Zn41) (dnt— Anes) cosech (,, + %)a

- ((4n’+1) Same ~ @1+ l”"" }cosech (n +3 )

{«n+2)=+n(n+1»

1 A =P22 (A1/3-A3/7)+P32 (A2/5- 14/9)+
+ 3@ Gt eosch(nt T)a] (2D 99 P2 (X3/7- A5/L1)+Ps2 (Aa/9- A6/13)+
' +P6% (As/11- XA7/15)+ P72 ( X6/13- A8 /17 )+

D/v, D/Ome, C/V, C/Ome = 2P ( An1 A2n-1)- Ans1/(20+3)

k4
1 00 i\} st COMEGA 2. In the second term of the right side
: R s e sin7)/sinha X Bn'cosh(n+1/2) ¢ Pn
G —a— D/v n=2
——<——  D/Omega = 1/sinhg 3Bn'cosh(n +1/2) ¢siny Pn
0.00 +— g g, H OV dla n=2
0 2 4 6 8 10 since
Results Pus1# -Pn1 4 =(2n+1)(1-cosn 2)1/2 ppu-l
Fig.3 shows the Force (D) and Couple (C) as functions Pn+12-Pn12=(2n+1)(sinn) Pn!
af ¢/al D/Vi and C/V when couple =0 and D/omeg, = 1/sinh @ £ Bn' cosh(n +1/2) ¢ (Pn+12 -Pn12)/ (20 +1)
(/Omeg when V=0. n=2
[Reference ] =1/sinh o ( B1' cosh3/2 ¢ (P22 -Po2)/3 +
1. Wakiya S. J. Phy. Society. Japan. vol 22. No 4. p1101- +B2' cosh5/2 ¢ (P32 -P12 )/5+Bs3'cosh7/2 o (P4? -P22)/7
! 2;;;6}71'1) Ix +Ba'cosh9/2 ¢ (P52 -P32 )/5+Bs'cosh11/2 ¢ (P62 -Pa2 )/7
i . +Be'cosh13/2 o (P72 -Ps2)/5+B7'cosh15/2 ¢ (Ps? -Pe 2 )/7
0. Induction of equation (33). =1/sinh ¢ [ P22 ( B1/3 cosh(3/2 @) - B3/7 cosh(7/2 ) )
For the left side, putting m=1in (9), *P32 (B2'/5 cosh(5/2 @) - B4/9 cosh(92 @) )
L +P42 (B3'/7 cosh(7/2 @) - B5'/11 cosh(11/2 @) )
1=1{Y2 3 Hn'sinh(n+1/2) ¢ Pn?
! 2w sinh(n +1/2) . Pn +Ps2 ( B4/9 cosh(9/2 o) - B6/13 cosh(132 ) ) ]
The right side is =1/sinh ¢ [ £ P2 (Bn-1' /(2 1n-1) cosh(2n-1) @ /2 - Ba+1'

/(20+3) cosh(2n +3) /2 ]
=1/sinh @ 2 Pa? [ Bn-1' /(2 1n-1) ( cosh(n/2+1) ¢ *cosh ¢
' -sinh( n/2+1) @ *sinh ¢ )
- Bue1' /( 20+3)( cosh(n/2+1) @ *cosh o + sinh( 0/2+1) o

-Gsin?y 2 sin2p  (coshq -cosn)
/[(coshq -cosn)? csing ]
+csing(cosha - cosn) f/2 £Bn' cosh(n +1/2) o Pn'

n=2 *sinh @ )]
/[(coshq -cosp) csing )
Therefore = £ Pn? [ Bn-1' /(21n-1) ( cosh(n/2+1) o *coth @
S Hn'sinh(n +1/2) ¢ Pn? -sinh( n/2+1) ¢ )
n=2 - Bu+1' A 2n+3)(cosh(n/2+1) ¢ *coth ¢ + sinh( n/2+1) @ )]
= -Gsin*y csin?p /[ B2sing ) = £ Pn? sinh(n/2+1) @ [ Ba-1' /(2 1-1) (cosh(n/2+1)
+ siny/sinhg ¥ Bn'cosh(n+1/2)q Pn' *cothq / sinh(n/2+1) g -1)
n=2 -Bn+1' /( 2n+3)(cosh(n/2+1) ¢ *coth ¢/ sinh( n/2+1) g +1 )]
We associate the right side by Pn2 (cos 1)
Putting
1. In the first term of the right side kn = cosh(n/2+1) ¢ *coth @/ sinh( n/2+1) o
(coshq -cosn)¥2=F Xn Pn°(cosn) =coth(n/2+1) ¢ *coth o
Differentiate with respect to 7 =5 P2 sinh(n/2+1) ¢ [ Ba1' /(20-1)(kn - 1)
(-1/2) (cosh@ -cosn y¥2sinp = 3 An g Pn° (t)/at - Bn+1' /(2n+3)(kn +1) ]
*9t/dn=3 A @ Pn°(®)/dt(-sinn)
Therefore Hence, totally, we have
£32 =2 % An g Pn° (t)/at S Hn'sinh(n+1/2) ¢ Pn?
Hence n=2
sinfy / 32 =2 % An sin?y 9 Pn® (89t = -2 ¢ Gsin®y /sinhg ZPn? [ An1 / ( 2 n-1)
=23 An (1-©) g Pn°(t)/qt - Ans1 /(2043) ]
In the recurrent formula of Legendre function + 3 Pn? sinh(n/2+1) @ [ Ba-1' /(210-1) (kn -1)
(1- )3 Pn°(t)/gt=(1- 2)V2Pn! -0 tPn(t)° - Bn+1' /(2n+3)(kn +1) ]
=(1- 2)12py! Therefore,
Pn412 - Po-12=(2n+1) (1-t2)V2 Pn(t)! Hn' = -2c¢ Gsin?y fsiohag [ An1/(2n1)
hence _ - An+1/(20+3) Jeosech (n+1/2) o
(1-2) 9 Po® () 9t= (Pns1?-Pn12 )(20+1) + [Bn1'/(20-1) (kn -1) -Bus1' [ 2043)(kn +1) ]
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1. Induction of Equatrion (31). s A0+2) g1 o (2043) )
From the boundary condition of ( 2n+3) 2
Q1=2c¢Gsin?x .7L .2 (7‘_ w1 We cxpanzd r:h-elhi/perlmli<: functio;s as
In the general form of the solution cosh 2 %% cosh (n+ 2° De

Qm=(cosh ¢ -t)1/2 X { Com cosh( n+1/2) ¢

. = 1 -si 1yasi
+ Dnm sinh(n+1/2) ¢ } Pam(t) ——(9-b) cosh(n+2)acosha smh(n+2)asmha

Putting m=1, and setting cosh(2n+32(x=cosh(n+l+1)a
f=cosha-cosn | wehave 2 2 1
=63 D;‘sinh(“%)apgl =cosh (a+1)acosha+sinh(n+2)asinha
The right 'd=l' Hence, the third term is
e right side is cos 1 1 1 .
. - B sh(n+2)a-P
9¢Gsin?_csinM cosh & cos 1 smha,,zl a cosh(n 2) a
coshE-cosm  csinhg =P,‘,[————)—(n'1 B‘.l(cosh(n+l)aeotha-sinh(n+l)o.)
c(coshE cosT) .1 1 1
R St R RV Y Blcosh(n+i)aPpl 2
csinh& nZ (n+3)aPa -(——2nn—++:—})}31,,1(cosh(n+l)acothu+smh(n+l)a)]
Therefore
f3 E D} Sinh(n+l)0tP}. Since the left side of the Q1 is a function of series of
n=1 ) sinh(n+%)0!
= in2x o 1
=2cGsin xsinha sm.ha 2 BnCOSh(n+ )aPn Hexfflel:l,(wefic;o;out
Eliminate £} from the both sides sim{n+y L
Disinh(n+1)a-P} . cosh(n+1l)a
nzl asinh(n+2) @ Fa 2P};sinh(n+%)a- [((Znn 11))B,§.1 i cotha. -1
; N sinh(n+2)a
=2cGsin?x sxr;‘n £3 1 ¢ 2)
h(n+s)a
,(cosha- cosn ) 1 1 1 L n+2) pa cos 2% thas1
. sinh & Z,B“mh("*z)ap“ (2n+3) 1 sinh (n+1)a ]
while,w e have Putting
.1 ) .
f2=n20)\.n Pa(t) kn=ooth(n+%-)cl-cotha
Thus, the right side of above equation is ) Then,
Tl . n-1
=2¢Gsin?x }: Ao PR(E) =2?3smh(n+12~)a[(-2—n—ll)a 1(Ka-1)
-2cotha Y B coth n+l a'P} n+2
Z acom(n+3) + Sl Bl (e )) ]
,S08M 1yer.pl .
2 2 Bl hcosh(n+3)aPh

@The second term in the right can be expressed by using

» kn=coth(n+L)a cotha
@ The third term in the above equation is modifeid by n (n+3)

using the recurrent formula of Legendre equation Hence
(n- w+1)P%, -(2n+1)xP¥ -2 Y, ko B} P}
+(n+p)Ph =0 (® The first term is given in terms of P8 (t). We expand
Putting this by the series of  PA (1) . Fron the recurrent
) formula of Legends function, we have
u=0 apd X =c0SM, above formula is P:+1-P:,,=(2n+1)1/ 1-x2 P¥1(x)
1 1 Putting
cosn,P}‘:n'Pnn*'(n*l)Pn-l X=C0SN and
(2n+1) Y1-x2 =4/ 1-cos?n =siny
Applying this 1 1 . Putting H=1, we havle
cos M 2 Bicosh(n+7)a-P} sinn'Pg(x)=——P"51n'+P1'l"’
= 2 B‘cosh(n+l)ct [nPun"’(n*‘ I)Pn 1 Therefore
o=l 2n+1

sin'q-z An PY(D) =2M,$P31+1'P}1-1

n=0 2n+1

Expand this by the series as A A A
=L (PE-Ph) +72(P3-PI)+ 32 (PI-P2)

=B} cosh3-u (1P2+2P
+B§ooshia (2P3+3P
=BicoshZa (1P4+1P
+B4cosh3a (iP5+5-P

s plphyedscpl-phe 2o (p)-pd)
=Pi(Iri-2as)+Pi(Ira-The)
+P}(%—l3--]]1—7\5)+f’§(%7\4—-]%)\.6)

SN0

‘)
1)
)
3)

Rearranethhrespecttoan _ 1(7»:1-1 Y
=P%?%B{oosh%a+é’;8%cosh%a) 'EP“ 2n-1 2n+3
1{2nl h3a+3Bl hﬂa) As aresult, the first term is obtained by eliminating
+P3(5Bzcos 3@ +gBacosny sinh(n+12~)a
+P.}(§7-B§cosh1a+—6—3§cosh3:21a) as
.Sl L2-1) p(22-1) 15 p3(2e:. Rast oo 1
"EP”((Zn I)Bn -1 cos! 2 2cGsin?x mhaz TP TV cosinh (n + ) &
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2. Induction of Equation (32)
From the boundary condition (27)

vi= -Gsinzx’;-ZGcoszx' z+ZIw

In the general form of the solution
vm = (cosh ¢ -t)1/2 ¥ { Enm cosh( n+1/2) ¢

+ Fnm sinh(n+1/2) ¢ } Pn,m-1 () -----(9-c)

Setting m =1, ew have

vi=t} 20 F‘,,sinh(n+32~)apg

The right side can be

2
-Gsin? xw___i_ 2Gcos2x9-5mh—‘1
£2 csinh a
s
sinm f%EB cosh(n+%)a° P}

%mh a

Hence, we eliminate f3 from the both sides and
associate the right side by Pg(t)
The right side is

2
ch"‘_"_S_ML 2choszxsmh_
sinh a 2

ZB cosh(n+%)(x- P}

sin sinn
th a

We convert the third term of the right by
P} —p}
Putting
cosN=t and
sinmPi(cosn)=V1-t2P1(t)

From the current formula of legends function

putting ¥ =0
neosnPR(t)-nPY (t)=-V1-t2- PL(t) — (e)

More over
(n+1)PJ,1-(n+1)cosnP?
=-11-2P(t)__(a)

Putting right sides of these formulae, we have
ncosnPY-nP) 1 =@+1)PY,;-(n+l)cosmPY
(2n+1)cosnPl=m+1)PY,;+nPY ,

Hence,

(+1)PR, +nP). 1

(Zn+1)

Substituting thisto (e¢)
-sinmPi=ncosmPY-nPY
_n(n+1)PY, -n(n+1)P%.;

2n+1

cosnPl=

Hence,

2 B,l,cosh(n+l)u- [n(n+1)P2.1-n(n+1)P?.+1]

2n+l
12?012?2]
3

0 5. 2. p0
+B%coshg—a- [2 35 P‘-z 3-Ps

. 1
=P3[ “~Bleoshla-
4-5

—Blcoshia. [

. 2 1 3_
3 Blcoshza]
B}coshﬂa-z—'siBﬁcoshia]

+P3

9
=P2[W3num§h(}—nt—3—za
(n-1)n (2n-1)

- (2n-1) Ba-1osh -5 o]

The hyperbolic function can be decomposed to
wshM—a oosh(n+l+1)a

——cosh(n+]2~)acosh0.+smh(n+‘21)asinha
cosh.LGz-—l)a

=cosh(n+%)acosha-sinh(n+1i)0.sinha

Institute of Electronics, Infornmation, and Conmunication Engi neers

Since, the left side is a series functionof  sinh (n + ]i) o
we have

sinm 1 Iye. bl
Qinhm}:Bncosh(m Ya- P}

( 1 2)
smhazpo[ s B

(2n+3) n+l
. (cosh(n+l)acosha+smh(n+]2~)asinha )

(n- l)nB
(2n-1)
. (cosh(n+%~)acosha-sinh(n+%)asinha ) ]

=292-sinh(n+l)a
[!n+1!gn+22 n+1( cosh(n+1 )a m+1)

(2n+3) smh(n+l)ct sinh a
n-)ng ( 1
“(2n- 1) coth(n+ )(x coth @ - 1)]
=% p? 1 LPLlL(n_”_
EPnsmh(n+2)a[ (Gn+3) Bn+,(kn+1)
(n-1)n 1 ;
(2a-1) Ba1 (k-1 ]
About the first term
sin27n
sinho - 3
From the series expansion of
(cosha-cosn) 3= An+ PY(cosn)
An=2Y2 exp(-(n+1/2) @)
Differntiate both sides by M

(- l)(coshoz cosm ) Esinn= 2)»,,

(cosn)
an

=2M.6P2(cosn)a(cosn) “sin TIEK aPO(t)

d(cosm) an

Therefore
. a 0
=2siny 2 An* P

at

Hence

) 0
1 sin®m 4 .2 . 8Pn
sinho  ¢3 sinhctzsm 7127»11 at

About the term of G Pal(t) /9t From the recurrent formula
of chendre funcnon

(1-x-) =V1-xZ- pi*.p. x- PP
ax

Putting 4 =0
(1-x2)°

=V1-x2- P}
ax

Set COSMN=X=t then

=Y1-x%- P} =siny- P}

Therefore
1 sin? n_ .
sinha 2 smha E}"" sinn- Pi
Using the relation as before
n(n+1)P,,.,,1 n(n-&-l)Pn 1

1
-sinm- Pi 2n+1
Hence
1 sin’n
sinha  §2

[ n(n+1)P2_1-n.(n+1)P2”]

=2 .
“sinha RS 2n+1
This can be modified as we have induced the third term
by setting Ba = An
[(n l)n)‘ (n+1)(n+2)x
T o0+ 3)

1]

smhaz
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About the second term
-2cGoos?x- -s—l;h]—amn?g—ﬁ
From the series expansion of
(cosha-cosn)"é‘:E AaPJ(cosm)
=y Ze (®+1)%. pQ(cosn)
Differentiate both sides by o
(-%)(cosha-cosn)’%' sinh &

=Eﬁ(-n~%)e'(“%)“' P8 (cosm)
Sinlf!f—ﬁ =3 (2n+1)Ay PYsinha
7.

=VZ Y 2n+ I)e'(“%)"‘sinha- Py

=23 @n+1)erpeleet). g,

=23 (n+ )P Pey . b,
Aa=1Ze (DT ) L =yZe (R0
Mas1=1Ze (430

=E (n"'%)(}‘vn-l -Ma+1)* Pa

3. Induction of Equation (35)

From the equation (29)

EO
GO= n
"“n(n+1)

‘ S1)—2 A0 2 A0
+(ha 1)(2n_1)An-1 (hﬂ+1)(2n+3)An+l

+3¢G- sin2x° Ay e scch(n+%)a

Setting n-1 instead of n
0
0 _ En.1 . o . . .1
Gn_l_(n_l)n+3cG sin2x* Ap-1° sech(n 2).01

+(hn-1 -1)(—2;‘2$Ag_2-(hn.1 +1)m2+—1—)—Aﬂ
Setting n+1 insteadof n

0
Go 1=-—“En+!
17 (n+1)(n+2)
21)— 2 A0 2 a®
*(hae1-D)mrtgy A (han +1) Zofss A

+3cG- sin2x: Apsre sech(n+%)a

From the equation of continuity

5 Cnm - (n-m) Cn-1,m + ( n+m+1) Cn+1,m

+ 2 Enm - En-1m - En+l m - 2 (n-m)(n+m+1) Gnm

+(n-m-1)(n-m) Gn-1,m + (n+m+1)(n+m+2)Gn+1,m

+2(2n+1)Anm -2(n-m) An-1,m -2(n+m+1)An+1,m =0

Setting m =0
5¢8-nCd ,+(n+1)Cl,,+2EY-E.,-ED,,
-2n(n+1)Gl+(n-1)nGY 1 +(n+1)(n+2)GY,,
+2(2n+1)A%-2nAY 1 -2(n+1)AY, =0

Firstyl, we substitute Gn Ga.1, Gns1

-2[Eg+3cG- sin2x" Ay" sech(n+2)o n(n+1)
(hp-1)2- n(n+1)
(2n-1)

(ha+1)2- (n+1)n o
) (20+3) A““]

+[Eg_1+3cG- sin2x: Aa-1 sech(n-3)a- (2-1)n
+(hn.1-1)2' (n-1)n
(2n-3)

(ha-1+1)2- (n-1)n , 4
) (2n+1) A“]

+[52+1+3cc- sin2x* Ags1° scch(n+%)a- (n+1)(n+2)
(has1-1)- 2 (n+1)(n+2) .o
* (Gn+l) Ax

(has1+1): 2(n+1)(n+2) o
i (2n+5) A“Z]

AY .,

0
Ap.2

About An, from equation (28), we have
-5¢G- sin2x° An- sech(n+“2L)a-10hnA8

A%, +10(h,,+1)(n+1)Ag+1
(2n-1) (2n+3)

-_n[-cc- sin2x* Aa.1v sech(n-2)a-2ha1A7

+10(ks-1)n

. An.2 . Ay
+2(hgp.1-1)(n 1)———2“_3-0'2(}1,,.1+1)112“+1
+(n+ 1)[-cG- sin2x- Aps1- sech(n+%)a
-2hn+1An+1

+2(hn+1-1)(n+1)(—2~nA:—1—)—

+2(h..+1+1)(n+2)(2i;f§—)

Rearrange those with respectto Ans+m
@An-2
-n* 2(hn-1-1)(n-1)-~—1——(2n‘3)
4+(hg-1-1)" 2 (n-1)n

®@An+2
(Il+ 1)' 2 (hn+1+1)

—1 __ =90
(2n-3)

(n+2)m1;~5—)
-(hn+1+1)" 2° (n+1)(n+2)

@An-l
10(ha-1) n

1 -9
(Zn+3)

1 .9
(2n-1)+n 2° hy-1

(ha-1)* 2 n(n+1)
-2 (Zn-1) -2n

[ (2n-1)(hn-1-1)-(hn-1)(2n-3)],

-_nr2
“(2n-1)
@An+l

1
10(hn+1)(n+1)(2n+3) +2

“(n+1)2- hns1-2(n+1)
——("—““ll[ (ha+1): 2° (20+5)

(ha+1): 2 n(n+l)
(2n+3)

“(2n+3)

-2(2n+3)(hn+1+1)]

®As

10h, AY-n- 2 (h.,-,+1)n(—2—n1;ﬁ

+(n+1)-2- (hno,l'l)(“”)(zml)

-(hn.1+1)- 2" (n-l)n(—i—;l;—l—)

+(hns1-1)- 2- (n+1)(n+2)(2n+1)
+2- (2n+1)
=(_2%Ii_1_)_[ ‘n(hn.1+1)~(hn-1+1)(“'1)]

2(n+1)

+—~_(2n+1) [ (n+1)(ha+1-1)+(n+2)(ha+1-1) ]

=(—2?51«1+1—)('1)(2n-1)(hn.1+1)

2(n+1
+Zi2_ﬁﬁ%(hn+l-1)(2n+3)
-10hy+2(2n+1) |
“(2n+1) ['“(ZH'l)(hn-l-1)-2n(2n-1)

+(n+1)(hn+1+1)(2n+3)-2(n+1)(2n+3)
-(2n+5)(n+1)(hp+1)+(2n-3)n(ha-1)

+(2n+5)(n+1)+(2n-3)n+(2n+ 1)2]

=—?Ln——(2n+1) [-(Zn-l)(hn.l-1)+(2n-3)(hn-1) ]
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+(2—§%%% [(hnn+1)(2n+3)-(2n+5)(hn+1) ]

2o+ 1) [‘2"(2“'1)-2(n+1)(2n +3)
+(2n+5)(n+1)+(2n-3)n+2. (2n+1)2]

Thus, the coefficient of A} are

(Zn+1) ['(2“'1)(hn-1-1)+(2n-3)(hn-1)]
+%§—2% [(2n+3)(hn+1+1)—(2n+5)(hn+1)]

-cGsin2x {Sanech(n+]2~)a-nkn.1scch(n-li)a
+(n+1))\.n+1sech(n+%—)a

+67»nscch(n+%)a~ n(n+1)
-3).n.1scch(n-%)a- (n-1)n
‘3}.“1sech(n+%)o.' (n+1)(n+2)}

=-cGsin2x
{knsech(ni-%)a' (5+6n(n+1))

-x,,.lsech(n-lz-)a- (n+3: (n-1)n)
“Masrsech(n+2)ar (-(n+1)+3- (n+1)(n+2))}
=-cGsin2x {(3n-2)n(7»nscch(n+%)a

“Ap.1° sech(n--;:)a)
+(3n+5)(n+1)(xnsech(n+12~)a

Ane1- sech(n+%)a)}

4. Induction of equation (36)
From the continuity equation
5 Cnm - (n-m) Cn-1,m + ( n+m+1) Cn+1,m
+2 Enm - En-1m - En+1 m - 2 (n-m)(n+m+1) Gnm
+(n-m-1)(n-m) Gn-1,m + (n+m+1)(n+m+2)Gn+1,m
+2(2n+1)Anm -2(n-m) An-1,m -2(n+m+1)An+1,m =0
Putting m=1
5Di-(n- l)D 1+(n+2)1)Ml
+2F}-F n .1 Fn+1
-2(n-1)(n+2)Hi+(n-2)(n-1)H),
+(n+2)(n+3)Hl,,
+2(2n+1)Bi-2(n-1)Bl
-2(n+2)Bl,1=0
Substitute equations (31)(32)(33)into Da Fn Hn
l“c!i 2 A.n.] _ )\nq.l 1
simha °% *\20.1 2n+3)°°s°°h(“+2)°‘
1
- 1 - _1yBa-1
10kn B} +10(ka 1)(n 152t

+1
+10(kn+1)(n+2)—L—2 2L

—(n-l)fmi%sm x %}‘% m)coscch(n-l)a

#(n-1)* 2ka-1Bl1-(n-1)- 2- (kn 1-1)(n- 2)’3n 2

-(n-1)- 2 (ka- 1+1)(n+1)2 3

2 l_a_G_ An_Mnez 3
+(n+ ) sin?x Tntl 2I_H_s)cosec:h(n+ Ja

-(n+2)" 2kn+1B},142(0+2)(kns1-1)n5

+1

B!
+2(n+2)(kn+1+1)(n+3)2 “:25

ggsi 22 -
smha sim=x {(n 1)HZn 1

. }\-n-c—l
(n+1)(n+2) ot 3

-coszx(n+%)(kn.1-)\n+1)] cosech(nﬂi)a

Bnl

-2(ka-1)(n-1)nz2l

Bl
+2(kn+1)(n+1)(n+2)——m

2n+3
.2¢G [ g2
5% [on?x
- }\n
(m)(a+ 1)z
-cosz‘x(n-%)(kn-z-kn)]cosech(n-%)a
+(kn-1-
-(kp-1+1) n-* (n+1)2n+1
.2¢cG
pern sin? x {n(n+1)2 1

- Ane2
(n+2)(n+3)2n+5

-coszx(n+3—)()»n-k“z)] cosech(n+g-)a

+(kn+1-1) n(n+1)——

2n +1
-(k.m+1)(m~z)(n+3)%‘;—2s
. 2¢cGsin®x
+2(n-1)(n+2) prarn
Ap.1 _Ans 1
2n-1 2n+3)""S"’d‘(“““z)OL
-2(n-1)(n+2)(kn‘1)fr+%
1
+2(n-1)(n+2)(ka+1) 2221

- - - sm_x l‘.n_-_z_-._)in_._
(n-2)(n-1)2¢G o (303 Tnt1l

cosech(n-%)a

+(n-2)(n-1)(kn.1-1)~}-3—u

-(n-2)(n-1)(kn. 1+1)2n+1

. 2¢Gsin?x
(n+2)(n+3) praca

A Ansz )cosech(n+3—)cn

2n+1 2n+5
+(n+2)(n+3)(kns1-1)

2+1

- Bn+2
(n+2)(n+3)(k,,.|.1+1)2n+5

+2(2n+1)Bi-2(n-1)Bl.;-2(n+2)Bl,;

@ The coefficients of Bn-2
Ba. 2( (n-1)2(kn-1- 1)('(5'5)7

+ (kn-1-1)(n-2)(n- l)ml-—ii—)

+(n-2)(n.1)(kn.1-1)(—2—rll_7))=o

@ The coefficients of Bn+2
Bn+2(2(n+2)(kn+1+1)(n+3)(751§7
-(kn+1+1)(n+2)(n+3)ml;—§—)—

-(n+2)(n+3)(kn+1+1)(—5—£1;—5)=0

® The coefficients of Bn-1

Ba. 1(10(1:,,-1)( n- 1)

-2(k..-1)(n l)m‘n_—l—)‘
“2(n-1)(n+2) (ka- D)y -2(n-1))

+(n‘1)'<2' kn.]
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=Ba. 1((2“ 1) [10(kn 1)+2 ko1 (2n-1)
-2(ka-1)n-2(n+2)(kn-1)-2 (22- 1)]
=Bag. 1((n2nl)1)2[(2n 1) (kn-1-1)

-(ka-1)(2n- 3)]

@ The coefficients of Bn+1

10(ka+1)(n+2)
Bns+1 [ (2n+3) ( +2) kn+1
L2(knt1)(n+1)(n+2) 2(n 1)(n+2)(ka+1)
(2n+3) (2n+3)

-2(n+2)]

(n+2) A
(2n+3)

-(20+3) (ka1 +1)]

=Bpa1 2- [(k,,+1)(2n+5)

® The coefficients of Bn

Bl (-10ka-(a-1)" 2* (kn1+ 1) (n+ 1) zkgs
+2(n+2)(kn+1- 1)2“+1
-(k,..1+1)n(n+1)(*2—;,]+—1)

+<kn+1-1)n(n+1)m

-(n-2)(n-1)(kn.1+1)(—2—n%1)

+(n+2)(n+3)(kn+1-1) +2(2n+1))

—1
(Zn+1)
rm( 10kn (211+1)

-2(n-1)(n+1)(kn-1+1)
+2(n+2)n(kn+1-1)-n(n+1)(kn.1+1)
+n(n+1)(kns1-1)-(n-2)(n-1)(kn-1+1)
+(n+2)(n+3)(kns1-1)
+2(2n+1)2)

Bi
=(2n+1)
-2:20(2n-1)+2(2n+1)?
+(kas1+1)2(20+3)(n+1)
-2'2(2n+3)(n+1)]

[-10kn(2n+1)-(kn.1-1)2n(2n-1)

2Bin
- 2B [(2n-3) (- 1)- (201 (ka1 - D) ]
(ZZanl) (n+1)[-(2n+5)(kn+1)+(kn+1+1)(2n+3)]
(zanh) [(22®-30)+(20%+7n+5)

-4n2+2n-2(2n2+5n+3) .
+(4n2+4n+1)]

_2Bin_ [(Zn -3)(ka-1)-(28-1) (ka1 - 1)]

“(Zo+1)
+2Ba_ ~(20+5)(ka+1)+(kne1+1)(20+3
+ B (4D [-(2045) Gar D+ (s #1)(2043) ]
Then, the reight side of the equation is

Mn-1 . Aoy

i x o] )
sinhasm x[lo 2n-1 2n+3 cosech(n+

a2l omean(s- Y
(n+%)o.

Aq 7\-n+2)
+(n+2)2t2n+1 2n+5 cosech

Yo

xn+1

2n+3

+{4(n.1)n ;‘;-_11-4(n+1)(n+2)

}cosech(n+%)a

{-2(n-2)(n-1)—2‘-“—‘1—+2n(n+1)——&“——-}msech(n-l)a
{ 2n(n+1)2 }cosech n+3)
+4(n- 1)(n+2)(

-2(n-2)(n- 1)(

xn+2

e

)cosech (n - %) a

+2(n+2)(n+3)

—”—-L—-J—M" )coscch
-1 2n+3

kn 2 A
-3 2n+1

2(n+2)(n+3)( IVS] _;;:25)Wh(n+%)a]
Then,

<G

smhczsm x[

o _(ﬂ-1)7~n-2 (n-1)A
Zcosech(n z)a a3yt (ant1)
(0= (n-Dd.2 n(n+1)d

(2n-3) (20+1)
-(n-2)(n-1))»n.z+(n-2)(n-1)xn}
(2n-3) (2n+1)

1 Shy- Shas
+2 cosech (n + ) o 11) (2“;)

2(n-1)nha.1 2(n+1)(n+2)Masy
(2n-1) (2n+3)

L2(0-D(+2) Mg 2(n-D(0+2) Maan
(2n-1) (2n+3)

0+ (0+2D A4

+2cosechfn +3)a { §2n+)1) '((211)+5)2
(n+2)(n+3)M42

(2n+5)

+(n+2)(n+'3o)}\,,+2

(2n+5)

+

}

. n(n+1)xn+
(2n+1)
) (n+2)(n+3)A\,y

(2n+1)
2cG
P sin x[

cosech n~%~)a{

}

(—5’:‘%—%—)(@ 1)+2(n2-30+2))

An _ 2 2 .
(2n+1)((n D+n+n+n 3n+2)}
+cosech(n+l)a{ Mol (542n2-2n+202+2n-4)
2 (2n-1)
Xn-&l 2 2 )
s (5+2(2+3n42)+2(x2+ 4))}
+cosech(n+3-) (2;“;1)(n+2-n2-n-n2-5n-6)

(2""125)( n-2+2(m+50+6)) }
;?rfh%sm x[cosech %)a{-kn.z(n-l)
(2—+—1~)((n 1)2+n(n+1))}
+cosech(n+]2~a{)~,,-1(4n2+1)

s
-(2n+13)(4(n+1)2+1)}
+ cosech n+3- {(2n+1)( (n+2?2-n(n+1))
+M+z(n+2)}

Finally the terms multiplised by cos®x are

smho.[ -4 cos? x (n+1-) )»n 1- )»n+1)coscch(n+1-)o.

+Zcoszx(n-]2~) (An.z-xn)oosech(n-lz-)u
+2cos? x n+g-)()\n-x“2]coscch(n+%)a]
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