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We introduced a method for analyzing the probabilistic behavior of a biochemical reaction. The
target reaction was simplified to be composed of sufficient amount of substrate, enzyme,
intermediate product and the final product. The random variables E(t), S(t), C(t) and P(t)
represented the number of enzyme, substrate , intermediate complex and product molecules at time t.
Lete, s, c and p denote integer values that these random variables can assume. The Kolmogorov
forward equation was induced for the probabilistic behavior of the system. By defining the
generator function of the system, we obtained the partial differential equation that the probability
generating function satisfies. By expanding the generating function, we could obtain the mean (
expected value ) and the variance of the biochemical behaviors. The present method will be
available for evaluating the stochastic behavior of the single component biochemical reaction.

Biochemical reaction. Probabilistic differential equation, Generator function. Kolmogorov equation.
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1. The Stochastic model.
We consider the general reaction

E+S’—‘ES"‘EP—‘E+P )
ki S~ — k4
C

where k1, k2, k3 and k4 are the rate constants for
individual steps of the reaction. The random variables E(t),
S(t), C() and P(t) represent the number of enzyme,
substrate , intermediate complex and product molecules at
time t. Let e, s, ¢ and p denote integer values that these
-random variables can assume.

State Probability
e—1,s~1,c+1,p kyesAt+o(Al)
etl,s+1,¢c—1,p kycAt+o(Af)
e+l,s,¢c~1,p+1 " kscAt+o(A1)
e—1,5,¢+1,p—1 kqepAt+o(Ar)

e,s5¢p 1_{kles+k4ep}m+0(m)

(no change) +kyc+kye
s+c+p=3S,
e+c=E,,
the stochastic model can be described in the following way:
Transition in time At Probability
(e, p)—>(e—=1,p kiSqeAt+o(Al)
(e, p)—(e+1, p) kao(Eo—e)At+0(A1)
(e, )= (e+1, p+1) ky(Eo—e)At+o(Al)
(e, p)— (e, p) 1—T[k;Soe+(ky+ka)(E—e)]At+o(Al)
(no change)

where the probability of more than one molecular transition in the
interval (¢, 1+ Ar) is o(Af).

3. The Joint Generating Function for E and P

P} (1) = Pr(E(t) = ¢, P(t) = p).
We proceed to derive the forward Kolmogorov equations for
P2 (). We have,
Py (t+ A1) = [1—k;SoeAt— (ky +k3)(Eq — e)AL]PE (1)
+(1~3., gk So(e+1)PY, (DAL @
F(1=8,, ok y(Eg—e+1PI_; (1At
H(1=8,, o)1 =5, o)ks(Eg—e+1)PE
where &, , is the Kronecker delta,
5 = {1 ifj=1k
SET00Fj * k,
and 0 £ e £ Eo, 0L p <8, Then, upon transferring the term P¥ RORL

lefi-hand side of expression (1), dividing by At, and letting Ar—»O
obtain the system of forward Kolmogorov equations,

P:, o) = ~[kiSoe+(ky+k3)(Eq— )Py »()
+(1 =38, k1 Sole+ 1Py, (0
+(1=0., )z (Eo—e+1)PY_, o
+(1—3,,0)(1 =3, )ks(Eg—e+DP?_ g, ,-1(1),
0sesE,0=p= S,

In order to deal with system (2) of difference-differential equations
introduce the generating function

Eo So
P, v, 0) =3 3 uwPE (D), 3)
e=0p=0
0fusl,05v1.

Then, upon multiplying (2) by uv?” and summing over the possible valu
e and p, we obtain, alter some algebra, the partial differential equation

Let

1, p-1(DAL+0(A1)

@

a¢; = [ = (y+ ks)u? = (k; So—ky — k3)u+ ky So]~ )

—Eq[ky+ky—ulk, +k3v)1.
Equation (4) can be solved by standard methods in the theory of
differential equations (see Appendix). The solution is found to be
{L—exp (—k;Sot{u(v) + BN} +u{u(v) Eo
+A(v) exp (—kSot(a(v) +ﬂ(v)))}} ©)
() + f(v)
x exp (Eot(k,Sou(v)— ks~ k3)),

dlu, v, ) =

and Conmuni cati on Engi neers

where

0 - 2k, + kyb)
N e So—ky— Kyt [(kySq—ky— k)2 + 4k So(ky + kyo) ¥
203+ kv)
Bv) = 2

T kySot kg kak (K1 So— kg—kg) + 4k, Solks + Ka0)]F

4. Distributions of the Components of the Reaction
Putting v = 1, we have (1) = (k,So) "}k, +k3), B(1) = 1, and from (5),

o, 1,0 = ii PrE(t) = e)u®

_ [_k_xs_o__ {1—exp [~ (e, So+ha+k)]}  (6)

kiSo+ls + ks

Ey
u
(kg + ks +kySo exp [—(k;So+ ky+ ki)t J
+k150+k2+k3{2 3t kySo exp [~ (k;So+ka+k3)tl}

The distribution of E(¢) is seen to be binomial and, upon expanding in (6),

re0=9=(9) [esr,

<
x (ks ks isSoexp [ (ot k] ¢ )

[ kySo

Eo—e
—{1- —(kySo+ky+ k)t .
leo+k2+k3{ exp [—(k;Sotk,y 3)]}]

05 e S E,. The mean of E(1) is then readily found to be
Eo )
ne= 3, ePr(E(0) =) ®
_ Eo
T ki So+ky+k,
and the variance is
2 Eg 2 Eo 2
0= Zo e*Pr{E(f) = )— [ Zo ePr(E(f) = e)j' ©
__ KiSoEo
(kySo+ky+k3)*
X [1 —exp {—(k(So+k, +k,)t}].

[kl +ky+k;Soexp [—(k;So+k,+ ka)r]],

[k;+k3+kxso exp {—(ka°+k,+k3)t}}

Next, putting u = [ in (5) and noting that
ki So(P(v) —a(v)) = kySo—ky—ks,
we have

Bt v, 1) = 2Pr<P(r> B (10) K

k;,+k3 kiSo oxp {—(ky+ky—k(So+2kSoB(w)i}
[ + Ik So )1 +exp {—(ky + ks —k, S, + 2k, Soﬁ(v))‘g)J
kyt+ks—kySo+2k,SoB(v)
x exp {Eok;Sot(f(v)—1)}.
The mean, yip, and variance o2 of P(t) are then found by tedious but strai
forward calculations to be

ap(1, v, t
b= 3 oPIPO) =) = [»;——)}
v v=y
 EokksS, [ 1
T kySotky+ky kySo+ky+k,

So
d= 3 e =)= [ 3 pprieo = p)

[P e (]
[ kpkySut < kik3s?

kySo+ky+ks  (kiSo+ky+ky)*

% {3(1 —exp {—(k;So+k;+k3)i))

— A4k So+ky+ky)t exp {—(k(So+ka+k3)t}
~(1—exp {-—(kIS%’-l- byt k3)t})?— 4k, So+ k2 +k3)’}j"

an

(1 —exp {—(k;So+ky+k, )t})}

a2

The correlation between E(f) and P(1) is
corr (E(1), P(1)) = a5 a5 ! cov (E(1), P(1))

¢
= orls! - 13
e e {[@u@v]u:l et l‘r#e} 13)

Eok?l,S2
= _grignt  EokiksSs 1
Gp Of UeiSot Ky 47 {21(k150+k2+k3) 1

x exp {—(k So+ky+k)t}

~(=exp (=20ksSo s kD),

—_ 2 J—
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APPENDIX
A] Induction of equation (4)
Multiply uevp onbothsides of (2)

£0 SO

d/dty, YuVE,(t)
S:-OP- EQ SO .
- 2 kSoeu v, (©)= 3, 3, + ko) BV EL, 1)
ewlp=0 e=0p=0
E0 50 E0 SO
£ 2 (ky +hs)ew VB () + Y Y kSy(e + DuvE,, (¢)
e=0 p=0 en0 pw0
EQ pS‘O EQ S0 ?
+ 2 Sk EvP L, () - EEk (e—l)z”v P,
e=0 pe0
F(())pm I~0 90
+22k Eu‘v'P pa(®) - E Ek (e -1uVPP. 1pa®)
e=Q p=0
? FO S()
Now we set  ¢(u,v,t) = E Eva’Pe,p(t)
e p =l
Then,
E0 SO .
9/ ou = E}:eu’ WE (1)
e=0p=0

- E[O-u“-P0 +1-4° - P, +2-u~P2+~--]"’

E0 SO

(e+Du'P,,,, (1)

en0 pa

The 4th term

u-dplou=S10uP+1-u' P +2u* Pyt y?
s ]

EQ SO
ZeuePg‘p(l)v”

e=0 p=0

. rh o= e+l p D*
u = zu VB,

em0 pml)

= Ev”[u-Po +u’P, +u3PZ+---J

=0

= ZV”[IJ"-P_l +u-Py+u* P, +u3-P2--~]

=0

- AN
Ev Zu Pe—lp
p=0 e=

uvegp= Ez)v”u Py
pelew

: The 5 th term

: The 7thterm

o
u? 9 _ eu"“v"PW
ou &
E[Ou Py +1-u? P +2u Py+3u* Py }
p=0

= Zz[(%)-u P, +0u' P41 P 247 P, +3'14“-P3+-~E"
?
SO C V AE |

S (e~ 1y v P, (1)

p=0e=0

81/ 22(6 - 1)”

p=0enl

=Y (e~ 1)/"[\)’ Py +v3- P+ VP -P2+--}
¢=0

. The 6 th term

Next we seek

= Z(e—l)ue[vO P, +V' Py +Vv* P +v3-P2~~]
=>N(e-1p YVvP .
;( )’ ; Le-1

Substitute these transformations to the right side
=k Sy u-opou-(k, +k)E, ¢

+(ky + kY u-dg[ou+ kS, ¢ [ou
+hEgug—ku*- oo
+hEgusveg-kyvou?-opou

- [— (ki Sy =k, =k Wi + k.S, = (ky + v, )ﬂ]a¢/au

- E(,[k2 + ky = kyu = kyu 'v}p ———————————— (4)

: The 8 th term

B] Solution of the equation (4).
Setting
go(u, vt)=
We have
:?_tp=E_,dlog¢ 1 1d¢

E;' log ¢(u,v,()

a " ° a E, ¢
dp 1 144
ou E, ¢ ou

Hence

E, ¢-—-=[(kS ~ky- ks Y+ kS, (k2+vk3)u]56¢——-—
—Efk, +k; - kou = ku-vp

Eliminate

=[S0 & - Rt K S0 (k. +vk3)ﬂ}‘;%’

—[k2 +ky - ku -k 'v]

E, ¢ onboth sides

Putting K, =kS, K,=k,+k, wehave
-k +Vi W ~ (K, -K,u+ K ]é- - ule, + vks)]

e e (A D)

We solve aboveequation by Lagrange method.
The first term in the right side can be regarded as the
quadratic equation.

(b + VR Y +(K, - K, y- K, =0
(K, -K>)= (K, - Ky ) +4(ky + VK, ) K,
2(k, +vky)

U=

Hence

(k, +vE Y +(K - K, )= K, = Kl[a(v)u + IIﬂ(v)J— 1]

1 (K=K« VK, - K, ) + 4K, (k, + vk,

a v) 2(k2 + vk3)
1 (CK K ) (K, - KLY +4K (K, +vk,)
vy 20k, +vh)
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We seek
(bt Y* (K, - K, Ji- K, = Kl[a(v)u + II/J’(V)l - 1]
the coefficients of a(v)
the both sides and the right side is
=(apy* + (B-ay -1
and )
= (k2 + vk, )/Kl
f-a= (Kl —KZ)/Kl
We have

(K, +K)= (K, - K, ) +4K, (k, +vk)

“= 2K,
1_ (K- K)v (K, - K, ) +4K,(k, + k)
a . 2(/(2 + Vk;)

Similarlly , we have
(Ky - K=y (K, - K, ) + 4K, (k, +vk,)
2K,
1=K =K)v (K - K,) + 4K, (k, + v,
B 2(k; + Vi)
In addition, from another auxially equation In (A2)
u-(ky + kv)=u-K,-a-p
Then, we have

B =

_d_t ~ du _dv _
1 Kl[a(v)u+ 1:[/3’(v)u— l]_ 0

One integral is clearly
V=

de
K,-Ka-B-u

We use this to find another two solutions. We have
do (K2 - K]a(c)ﬂ(c)u)
du Kl[a(c)w lIﬁ(c)u—l]
By partial fractuation,
d_cp=(Kl/3+K2)a 1 +(K1a-K2)ﬁ 1
du K (a+B) (ou+1) K \(a +ﬁ) (/J’u—l)
(K B+ K, ) (K
du mlog(au + 1) X ( IOg(ﬂll 1)

From this we have
¥=(KI 8+ K2)/[(K1 (a+ )] log(a u +1)
+ (K1 e~ K2)K1(a+3)]log(Bu-1)
where a,B8 are functions of ¢

About the second solution

Kp()+K, Ka(v)- K,
= alviu+l)+ log(A(v)u-1
K0 O g =)
Then, for the final combination, we have
dt ~ du
T K [ou+1Tpu 1]

and B (v). Eliminate K,on

Engi neers

Therefreo, we have

d/l[/f a

Yau (@+B)|(Bu-1) _(au+1)
=1/(a+B)d{logl(Bu-1)/ (au+1]1/du

K t= ! log
[2()+ B(v)]
Therefore, the general solution of (A2) is

(K. - Kia ()

Then
ﬂ(v) u-1
a(v) u+1

@, v,i )+ gl B(vi-1
) Kl[a(v)+ﬁ(v:r [ ¢ ]
K,+K
) ( L+ 1/3(1’)) log[a(v)t +1]
K, [a(v) + (v)]
[ 1 [ ﬂ(v)u -1 Tl
=®  Kl'¢t- ! (A3)
l (a(v)+ B0)) Og[a(v)u+ 1“
Here, @ isan unknown function. We determine this
by using the initial conditon at =0
$(,v,0)=ug
In another form,
@(u,v,0) = log u
Putting t=o (A —3) , we have
[_L fAen] ( ') )t k)
i
[ a+ﬂ au+l J og(ﬂu (a+ﬂ)lo€(w+1)

=logu + { (K2~ K1 a) log(B8 u-1) -(K2-K1 «a
+Klea +K1B) log{eu+DV[Ki(ae + 8)]

=log u + (&, - K‘a)!og pu-l]_ log (au +1)
K(a+B) |ou+l
Now, we set W=—— og[ﬂ” - 1]
a+f au+1
1+e-larsh
Then U =~_—G-T
B-a-e

Substitute this to (4, )

u (K, -Ka) Bu-1
D(w) =1 ‘lo
@) Og[au+l}+ K (a +£5) g[aw—l]
=lo g[ ] (Ka-K )—~
au+l= (a+/})
B-a-e e
Therefore, _
o “ N 1+ -(aple
g(au+1) - o8 a+p

Associating them, we have

1 +e~(a+ﬂ)m

CD(w)=log[ =

_4_.._
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Consequently,

(45) s

@(u,v,t) = %Z—(—-—f’ﬁ))-log(azw 1)- (——(—ﬁgj)log(ﬂu -1)
1 u -1
+ QK ¢ —-(—a—:—ﬁ—)log (m—l—)}

3k 3k 3k 3 3k ok 3K 3k ok 3k 3K % 3k K K ok ok 3k 3k ok 3k ok ok 3k ok ok K 3k ok Rk Kok K
The functional form of (D[] canbe givenby

ﬁu—-l)

w=K/t-
! i +1

—l—loa (
(a + ﬂ) N
Substitute this, we have

N e-(m ﬂ)[k’,b{;_ﬂ)lag(%:.})]

a+f

" T ——

=log [ {1 +exp(-(a+ B8)kt) *(8 u-1)/(a u+D}/(a+ B)}
+ (akl-k2)t-(a -K2/K1)/( a+8)logl(B u-1)/(c

u+1) 1]
e
- s 1)t 1)
——
o) LBy 1) G g )
B
D

=log [ {( u+l) + exp((-Ca+B)kt) *(Bu -1) }/(a+8)
(au+DN+ (e k1 -k2)t
+[K2+K1l 8+a K1-K2))log (@ u+l)/Ki(a+8)

=log (@ u+1) +log [ {{ @ u+1) + exp((-(a+ B)kt) *
(Bu-D}(a+B8)1-log (¢ u+D}+ (akl -k2) t

(au+ 1+e @k “(Bu - 1))
(a+8)

=log [ {(a@ u+1) + exp((-(a+ B)kt) *
(Bu-=1)}/(a+B) *expla K1 -K2)t)

(ak1-Ka )t

= log {-loge

=E;' log¢

Then,we have the equation (5)

(45)

and Conmuni cati on Engi neers

4 . Distribution of the components of the reaction

k, +k
At v=1 (1)—( - 3) B=1
Then,
_ e—k,SDI((kl w)piSer) } u{k2 ;k3 N e.)‘,s,,:((klur1 Yiso+1)
¢(u,1,1)= kS,

{k +k kS, +1}

. eEo'l (/Cnsv(kz +/‘3)ﬁ(1$o—kz -k3)

kS,
+h+k$,

B

_e"("l**zd‘lﬁ)]*‘

i {(kz

= 2% (E(t)= e)f

u . ol eS,)
w1k, +hy tES
(kz+k,+k1So)[z+ T ]

’("z*kﬁ“lsb)_
Putting 4 = 3 +k +kS )[1 |
(ko + ks + by Sy o))
- (ks + Ky + 1S,
We have

The left side=[A4 + Bul’® = £oC,(u-B) - A%~
(i + s kgt {k,so(l el “**’)]E"'
(k2 +k + quo) (k2 +k, +k§o)
Finally, we have the equation (7). From these,

Themean of E (l)ls obtained by differentiating
~ withrespect to » and setting

DXACORD ™

- :;-i—[A + Buf* ()
=E[A+Bu]"" B (.

=£ol,

(6)

u=1

)=E,(4+B)"" B
k S (l e (ke +£3+k|5)) (kz +k3 +k1Soe ~t{ky+ks+ So)
(K + ky+kS,) (k, + s+ kS,)

)]

(e +ly + ki See )
(kz +hs +kSo )

(k2 +k, +k1SOe"("‘*"’*k§°))
(s + K, + 5aSo)

=ET"
Varlation
o? = Ee Prob(E(t e)

¢u0
¢

Zeu P
u &
u—-—=2@u

du

=0
J . 222

9¢
— U —
[ 811] “~

du
ez-Py(E(t e)——[u ———] )

[Ee Prob(E(!) - e)}

ul-P
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[ A+u- B }
u=l

—_ A+u B)E" B]

QB QJIQ.

Q.»

= EO-B[A +u~B) +u~( o= 1Y4 +u~B)E"'2 -B]_l
=E,B-(A+BY"(4+E,B)
Therefore,
0f =Eq-B-(A+BY"7 (4 +EB)-E}(A+B)“ "B’
(k +k + k S e"(k“k“k‘&’)}k S )(1 -(k1+/<3+k150)1)
(kS +k,+k )

@

5. Derivation of the equation (1 1)
Putting u=l1 on the equation (5)

k5.(60)- ()

= k8, 20 + v ) !

[i65, -4 -+ bt k) T - (5, -1

1

[(k,Su — ke —ks ) + 4o (ks +k3v)jé+(k1So -k, —k,)l
Ak Sy(ky vk YK, S, ~ K, — )
4k.S, (k2 + k3v)
= (kSy ~ Ky =)

Then,

8o (a+ §) Aasofarg)] 15
{l—e }+{a+ﬂe }} Folbatah)
a+
¢ J

[
¢(u =lyt)= |
[

Since
kSo(B-a)=kSo—k,~k, .we have
a+ =28+ (k +k)(k:S, )-1
_ 2B kSo+ (K, + ka)— (leo)
kS,

By these relations

{l —e -k Sort( 28k, Sor kg k3= kiS, )ﬁ So } leO
¢(u = l,v,t) =

(2Bk,S, +ky + k3~ K,S,)

{u (hy + 1)/ (k ;)= 1+ pr &7 CForharbsch) }kS]
(26,8, + ky + ke — kS ]

oFatles o)
£
Ekl +k3 —leOe {28k, Sqrk yeky +,S0) + ﬂ 'leO (1 + c""(zﬂ‘lso*’ﬁkJ -*1&)))]

20808, +h,+ k- &S,

- Fthisls-)

Differentiate this with respect to v. Taking into mind
that B isafunction of v, setting
ky+ky=f

k, +ky kS, =n kS, =g

®@3term =

Institute of Electronics, Infornmation, and Conmunication Engi neers

208 +n -t +1 Eo
et (N e
2Bg+n

We have differentiation by parts
©) % =2 J

— (k2 +y k3) l
M NSl k) S+ vks)]ﬁ(k1 5k ks)]

a (ky+vky)
» [1 +4g(k, +vk )]44—;1
ky [n2 +ag(k, +vk,)]'{ +n} -2 'g-k,-[4g~(k2 x~vk,)+nl]%(k2 +vk)
4 {[nz +dg(kyt vkz)}ﬁ n}z

settin (v =1)

-2

=2

k3 ("2 vigle, + k})y +kn-2- g‘lg(ztg(kZ +h)+ nz)%(}g +k,)
((112 + 4g(k2 + k;)% +n)

Since
n? +4g(k2 +k3)=(f +g)2
s k(f +8)+ k3-n—2g-k3(f7+g)‘l-(k2 +k,)
((f +g)+n)'

(k, + K&y + K5, )

de” l~(2gp+ n)

N
aefo"s(ﬁ'l)

=-2+f .g,ﬂ',e-l'(2$w1)

— = rove(A) “Eytogef
6¢ f _ g_e-t-(ZgﬁHr) + ﬂ g (1 +e-l-(2gﬂ+n)) Eo-l
E(V'” =E,

2gB +n

Y 2gB+n

f _g.e-l(zsﬂw)+ ﬂ'g'é'*e-l(zgﬂm))ro
2gB +n

[{_ g.e-f(wm)}’Jr g%(1+e"‘(?""*"’)}’} (2g8+n)
Cepeny
I’f - g.evl'(zw+n)+ﬂ,g(l +e-r(zgﬂm))‘|
(&b +ny
[_ g-(2g)pe e g {g (‘ w-x-mw)), ﬂ(_ 2 ﬂ,e-r(:gp«.))ﬂ
(25841}

,I—f _g_e_/-&gam) +ﬁ'g(1 +e—t(2g)+n)) (Zgﬂ +I1)2
-2gp8 '[J’(v=1)=]

+

.e%"g(ﬁ-l).Eo. { .g.ﬂ’

-2gp’

__6_

NI | -El ectronic Library Service



Institute of Electronics, Information,

P_,gZ 'ﬁ’e"‘(zg‘”) +g ﬂ'(l +e"(23""))- ZIgz'ﬂ’e"(zg*”)]
(2g+n)2
I—f _ g.e—'-(ng) + g(l +e-r(2g+n))-‘
(2g +n)2
|@g+nyr@erny ) o(r 4 g)]

~-2gB’

o1
P (2g +n)
p—_t 5 [ (S, +ky +k) + (k,So+k2+k,)e'*(“'**‘z*"’]

S sk

(le() ) _ (kS +kq +k3 )
(le0+k2+k3)[ fre ]

. (1 4 o-aen) ]

=B
~{2epen) | B-g
2gB+n

B'(k:Sy)
(le0+k2+k3)

+ o For(s). E,t g B

ks ) gl e-’(“r?o*"z*"x))
, +k kS| kS ik ik

f-ge

®

vl

o

e - S ekek) | Bre(p1)
@ — 1) = [ l+e ]e

= E,

ek ok o 2k sk ok ok ke ok s sk ok sk ok ok sk sk ok Kook sk ok ok Kok sk sk Kk ok ok Kok ok ok

6. Derlvation of the equatlon (12)
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Fig 1. Computed rcsults of gx and ¢ as functions of K1, K2 and so.
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3. Results and conclusion.

Fig 1 shows expected values ( Mux ) as functions of rate
constants k1 and k2 while setting so=100. The lower part
of Fig 1 shows standard deviation ( SG ) . These two
quantities changed significantly as functions of biochemical
parameters. The present method will be available for
predicting the probabilistic behaviors of the biochemical
reaction system.
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