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We  introduced a rigorous physico-chemical theoretical method to determine the shear, bulk
viscosity and thermal conductivity of bio molecular particles that has been proposed by Curtiss and
Muckenfuss (1957 ). The Boltzmann equation was solved by the perturbation method by assuming
that the system does not deviate excessively from the equilibrium state. The collision integral was
expressed by the Sonine Polynomials which was based on the Chapman and Enskog method. We
introduced this method on the basis of vector analysis and analytic integration. We computed shear
and bulk viscosity and thermal conductivity of  sphero-cylindrical particles as functions of
parameter that include the principal moment of inertia. The present method will be available for
cvaluating the gene regulation molecules.
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1. Introduction.

Genetic expression  onsets by molecular-molecular
interactions between the gene regulating particles - inducer
and target bases region in the DNA. We introduce
mathematical methods to compute  viscosity and
conductance of two molecular systems which are firstly
proposed by Curtiss and Muckenfuss 1957.

2. Mathematical modeling.

Fig 1a shows trajectories of colliding two molecules. A
and B are the centers of the two molecules. g21 and g21'
are initial and relative velocities. The trajectory LMN is
traced by B. The orientation of the plane LMN about AP
is independent of the velocities. It is specified by the angle
¢ between the plane LMN and a plane containing AP'.
The angle y through which g21 is deflected depends on the
magnitude of g of the initial velocity and on the distance b
of A from either of the asymptotes. b is a collision

parameter. It has a relation to two diameters (d1, d2) of

two molecules such that b = (d1 + d2)/2*cos(  /2) = (dl
+ d2)/2*sin(1p ). The most important integral variables for
the collision integral is the vector k ( collision direction )
over the collision cylinder.

we define the “brace expressions,”
{S,mr(') W, Smmt P W}

1
=— ff‘nz* Sinﬂ{[SL ant® Wx('); S1,mm Wl"’]lz
8a’n

F-[S2 an @ W05 Sy me @ W1 iz |daydag.  (0-9)

The Spar ™ (and Sy, an” and Sy, n ) are products of
Sonine polynomials depending on the index » defined
by Egs. (4-12) to (4-18) of reference 1, and the W
(and W, and W,®) are certain vectors and tensors
also depending on the index » defined by Eq. (4-4)
of reference 1. The integrations on the right are over
all orientations of both molecules, #.* is the number
density of molecules of orientation ez and B; is the
second Eulerian angle of the rotation e;. The “square
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bracket integrals” in the integrand are defined by
1
[G; Hlu=—— [ - [rerm-Hy

” l*n 2=|=

X f19£20 (k-8)S (k) dkdvidodvades.  (0-10)

This integration is over all collisions of molecules of
specified orientations, @; and «j. Here, k is the unit
vector normal to the plane of contact of the collision,
vy and vy are the linear velocities, and w; and wz the
angular velocities of the colliding molecules. The +
indicates the transpose of a tensor, and the prime on
H' indicates the value before a collision in which the
unprimed values are the values after the collision. Also,
S(k) and g are the cross section of the collision and the
relative velocity of the points of contact. These quan-
tities are discussed in detail later.

We now define the reduced relative translational and
rotational kinetic energies

«WO=mV/2kT; i=1,2 (0-11)
e‘(")-"—‘ I;!Q.’Qf/ZkT; i=1) 2 (0-12)

where
V"= Yi— Yo, 1:= 1, 2 (0-13)

is the velocity relative to the local stream velocity, vq,
and
Q= wi—wo; 1= 1, 2 (0-14)

is the angular velocity relative to the local average

angular velocity, wo. We also define the dimensionless
relative velocity

m A\
W= (——) Vi; i=1,2 (0-15)
2kT

and the associated tensor,

m
W.'=— V.'Vr— V,zU H ‘i=1,2 0-16
2kT( 3V2U) (0-16)

1=5kT/{W; W}, (0-24)
1. REDUCTION OF THE SQUARE BRACKET INTEGRALS

The integrands of the various square bracket inte-
grals, defined by Eq. (0-10), depend upon the dynamics
of the collisions as expressed by the dependence of the
primed variables on the unprimed variables. For con-
venience in describing this dependence, we define
several new variables. First, we define G as the velocity
of the center of mass of the pair of colliding molecules,

G=§(Vo+Vy) (1-1)
and g as the relative velocity of the pair
$=V,—V. (1-2)

The corresponding dimensionless variables are then [see
Eq. (0-15)],

o= (kl”—T) iG=é(wz+wl), (1-3)
m\% 1
=(12) e WmW). (9
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Solving this set of equations we find that
1
=—(@—r), 1-
1 \/2_( Y) (1-5)
w . (@+) (1-6)
o

We now define the dimensionless vector related to the
change in linear momentum of one of the molecules,

K=é(wll—wl) 1-7) W/=W;+v2x (1-8)
and from the conservation of linear momentum
Wo'=W,—V2x. (1-9)
Then from Egs. (1-3) and (4), we find that

¢'=@, (1-10) y'=y—2x (1-11)
The vector x may be evaluated from considerations
of the dynamics of the binary collisions. It may be

3
=t DE (g I‘=(Z:—T)g (1-13)

is the dimensionless relative velocity of the points of
contact, and

E= 1+—[01Xk] ‘¥ [lek]+—[02Xk] U2+ [w)?k]

In these expressmns k is a unit vector normal to the
plane of contact of the collision, o is the radius vector
from the center of molecule < to the point of contact,
u; is the reciprocal of the moment of inertia tensor of
molecule 7 in the space fixed coordinate system, a
function of the orientation of the molecule, and

g=8—%o (1-15)
= (01X 0e1)— (02X 03). (1-16)

It is also convenient to define a dimensionless relative
angular velocity,

where

(TaLoLy) e
Wi=————=0Q>; (1-17)
(2kT)}
where I'y, T';, and I'y are the principal moments of
inertia of a molecule. Then the expressions for the
angular momenta before the collision in terms of those
after are

L-wy/=11-wit+ Cm)} @DV o1 Xx], (1-18)
lz'W2'= Iz'Wz— (21”)*(1‘11‘711;)1”[01)( K]. (1-19)

The dimensionless translational kinetic energies [see
Eq. (0-11)] before a collision are obtained from Egs.
(1-8) and (1-9), and are

e’ = e O+2V2 (- Wi)+2:2, (1-20)

ez(‘>'= 62(‘)—2\17(K-W2)+21c2. (1-21)
In a similar manner, one finds from Egs. (1-18) and
(1-19) that
2(2m)}
e = —ow; [o X ]
(DALTg) Ve

+2mloiXx ][0 X k] w1, (1-22)

. * 2(2m)}
€Y =€z —"""—-—( z)sz Lo2X K]
+2m[o'z)< K:}[O’zx x:] tte. (1-23)

Then from the first pair of equations, Eqs. (1-20) and
(1-21), along with the definition of y, Eq. (1-4), we
a4 et =4+ —4(x-y)+43,  (1-24)

and from the last pair, Eqs. (1-22) and (1-23), along
with the relations, Egs. (1-12 to 16), we find that

(") e = g (N4, 44 (k- Tﬂ)
+4¢(1-8 (x-T)
—2(m/kT)*(x><o)o) . (01—'02). (1-25)

When the last two relations are combined and use is
made of the expression for x, Eq. (1-12), we obtain

100 608" 4 €, (7" = €, (D g (), () ()
—2(m/kT)}(x X wg) - (01—02), (1-26)

which is, of course for the case in which we=0, the
statement of conservation of energy.

Let us now consider the sum of the square bracket
integrals appearing in the expression for the viscosity,
Eq. (0-24). From the definition, Eq. (0-10), and the
symmetry relation! it is seen that

[Wl; Wl:]u'H:Wn Wz]xz

"Mf"'f(w‘

X Wi+ Wy'— Wi— Wy) /19 f,®@(k-g)
XS(k)dde]d(ﬂ)ded(og. (1-27)

Then introducing the equilibrium distribution functions
and the dimensionless velocity variables we find that

[:Wl; W1:|12+[W1; Wz]xz

1 7kT\}
()Y
X(WY/+ W)/~ W;— W,)]

Xexp(— e1(? — eV — e, — ™) (k- T)
XS (k)dkdWdWdwidw.. (1-28)

- fowe-wa:

The quantity in brackets, in the integrand may be
expressed in terms of the unprimed variables and the
vector x by means of Egs. (1-4), (1-8), and (1-9)

(W1'- W1)2 ( w1’+ Wz'— Wl— Wﬁ)
42
== ——S—(K"‘() ('K‘Wl) —4\0’8(7'W1)

16v2 16 16
+TK2(K -Wy) """'3""'(2 (%) +—3—K‘. (1-29)

We now cnange integration variables from W; and W,
to & and «. The Jacobian of the transformation is unity
and

a4+ 62(')=@2+'72- (1‘30)
Thus after integration over @,

- 3 —
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W;; W Wi; W
LW 1]12+[ 1; Walu depends parametrically on vector k and scalar (k + v o0 ).

_ ) f f [y 43 (x-7)? Since the integral is a sca}ar, it depends only on the square
of the single vector,k which is unity. So integral I, ®can
. be expressed as a function of the single scalar, (k « 70 ).

= (8/3)¢(x-v)+4xt] exp(—1— e — ;") To obtain (k « 7 0) we evaluate by using coordinate

X (k-T)S(k)dkdydwidw,. (1-31)  System in which k lies along the positive z axis. Then

It is convenient to define the following functions of ke o
k and the orientation of both molecules: L= f f f ¥ (v trd)r

Twr= [ [ [ errteyarr
( ° Xexp(—vl—vt—ydyidyadys, (2-2)

< e:?p(— i e () — ez(’;))dydW1sz, (1-32) and on carrying out the integration we find that

- k.70
where O=qg f ~a” exp(—a?)dx 2-3
o= (m/4ET) e (1-39) I, 5 xp(—a*)dx, | (2-3)
Then introducing the expression for x, Eq. (1-12), and .0
the expression for T, Egs. (1- 13) and (1-15) into Eq. LW=qp f 2 (1+4?) exp(—a?)da =LO+1 2 @.(2-4)
(1-31) we find that the sum of square brackets may be —
written as a sum of integrals of the J ,,: ) in the follow- Similar recursion relations for higher values of r may

‘also be easily obtained, but only the values 0 and 1
[Wi; Wilot+H[ Wi Welis= ——( ) f S (k)dk(1-34) occur in the discussion of Sec. 1. Since each of the six

sets of integrals mentioned above are integrals of 1,7,
8200 —3Tn®+37 12— T 03 ®) + 3£ (1— 85+4£)T 50 it is clear that similar recursion relations apply to each

— U TAR)) L 12(3—4851-40£2) T 50 of the six. In the remaining portion of this section, we
38 (3—3264+208) T 0O+ 3EK( £+H408)] 3 consider the evaluation of the sets of integrals for, the

— 31— 326+408) T2 — 82— 58T O — 4 E‘Jos(o)_] case of r=0
To carry out the integration over w; and w2, we

ts.
To evaluate the next sum of square bracke change variables to the new set of six,

[S}l(eiw)Wﬁ S;l(61('))W1]12+[Sg‘(£1(‘))w1; 5;1(62('))Wg]12

wi-Liow;

= ! f . j 6N =——— =12 (2-5)
m*ng* (Plrzra)*

[Sil(el(l) :)Wll__S’l(el(n) Wx]" [Sél(fl('))wl+5;1(ez(’))Wg:] Yol =w;- (u‘.xk)’ i=1,2 (2-6)
X 19£,0 (k- 0)S (k)dkdvidv.doide, - (1-38) pW=wi-(e:X[oexXk]). i=1,2.  (Z7)

which after integra,tion over @ is Hence 1et us consider the ]acoblan

Let a;=o.Xk, 1=1,2 (2-8)
) f f[ (e~ 52(')) bi=0;X [q;Xk], c;=a;Xb,. (2-10)
Then clearly the Jacobian of the transformation from
(5/4)(1: 1) — 32 (e )+ 2(x ) = 26 (x: ‘r)]] Wit, Waa, wia 10 €7, 7o, oD is
(3= =) (k- y =) B(a1o,0) corlows

Xexp(—'yz— €1(') €2 (')) (k . F)S(k)ddedWldWQ (1—39)

two additional sets of integrals similar to the J,,/ (",

= . (@1
9 (Wi1, Wi, Wiz) (TyTp)d )

o evaluate this expression in terms of the new vari-

. ; , o2 ables, it is necessary to solve Egs. (2-5), (2-6), and
KWW:I f f (a0 =af ))(k ) (ko)™ (2-7) for the components of w; in terms.of the new
exp(-'y’— 61(')—62('))d'rdW1dW2, (1—40) variables. T}}at S e (C'- I '):EA s
Ln"')=ff'f(3—el("—-ezf")(k"r)’(k"ro oyt TPV (2-12)
exp(—n2— e, — M) dvdwidWas 1-41 where :
xp(—7'— & 2(7) YOW10W2 (1-41) Si=obi— pa; (2-13)
2. INTEGRATION OVER THE VELOCITIES and
Let us now consider the six sets of integrals over the
velocities, J, ), K@, Ly ™, Mppe @, N,y ) 0,0, - A2=e; (T ¥e;-1i-¢)— (Plrzrz)(s: ‘ui'Sy) (2 14)
We consider first the integration over . In all six cases First, since
this involves the evaluation of the integral, a;ci=0 (2-15) a:XSi=v0¥¢c,, (2-16)
it follows on direct substitution that the solution, Eq.
I, = f(k--()”y" exp(—vHdy, k-y<k-yo (2-1) (2-12), satisfies Eq. (2-6). Also since
The range of integration 1s restricted to those values of 7 bi-c;=0 (2-17) b;XS:i=pWe; (2-18)
for which the impulse is positive. This integral it follows on direct substitution that Eq. (2-7) is also
— 4 —
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satisfied. The proof that Eq. (2-5) is also satisfied
depends upon the identity

L[S.X (C,;‘ l;)]"—‘ (I‘II‘gI‘a)(g,S‘)Xc., (2-19)

which may be proved by expansion in terms of com-
ponents. It then follows upon direct substitution of
Eq. (2-12) into Eq. (2-5) and use of known vector
identities that Eq. (2-5) is also satisfied. Thus Eq.
(2-12) gives w; in terms of the new variables.

Upon substitution of Eq. (2-12) into Eq. (2-11), we
find that the Jacobian of the transformation is

a(€i<r))70(i))¢(i)) 2Al
(TyTaTy)d

The range of integration of w; is from —» to 4+« on
each of the three components. It may be shown that
the equivalent range of integration of the new variables
consists of those values for which 42 Eq. (2-14), is
positive. The transformation, however, is two to one,
so that it is necessary to integrate over this range of the
new variables twice. This is equivalent to using as the
Jacobian a value half that given by Eq. (2-20).

Since the integrands in which we are interested are
independent of ¢(?, we now consider the integral,

(2-20)
(Wi, Wiz, W53)

1
(0T} f e (2-21)

From the definition, Eq. (2-14), it follows that 42 is

quadratic in ¢(¥ and may be written in the form

A 2= (DiTaTs) (a: 52 (0 P — o) (90— o 9) (2-22)
where ¢, (% and @9 are the upper and lower roots of
the quadratic. Thus the integral of Eq. (2-21) is

1 dp™
(DLl V8 (ai-ys- a0 ), (g, (0 — o) () — o ()
(2-23)

R

This integral is a standard integral,
dep® T
(Plrzrs)*f == . (2-24)
A (Dalal)Yo(a; s ag)t
From Eq. (2-14) it is clear that the roots are

‘a;-pi-by
i = ———yo®
a; Y- ag

[[(aa-us- b
a;t+ (Tl Has- ue-

1

9t (a5 yi-ay) (b."yc-b;)]'Yo“)"l}
ag)(ci-lircde

a;i-yi (2_25)

c,"l."C"
b)=—- (2-26)

Tl

[Tl as yi- 2 et —yoH ]b

(as-pi-b)?—(ai-ps-a;)(b; y;-
(D= )*

(cs-li-c
(1Tl
a; -y g (2-27)
7o/ (TiTaTs) H(as- wi-as) (2-28)
to infinity and that then the integration over 7 o) is taken
from -00 to + oo.
ni= (DiToT'a) % (a; i 2t (2-29)

From Eq(1-32), the expression for I, (® Eq 92-3) and the
result of integration over ¢ (VEq(2-24), it follows that

Px
(ai-gi-b)yex

and Conmuni cati on Engi neers

(0)=__

k-yo
fff f f % (ko)
M2 7o /3% g2 /g0

exp(—#*— e — eg"))dxdeg(')del(')d'yo(‘)d'yo“) (2-30)
“Then after integra.tion over € and ;" we find that

o= [ [ [ et

n172
'Yo“’ Yo®*
—? 1) @)
exp( 2= 7 )dxd'yo dyo?, (2-31)

X+ y0 [¢3L] 2)2

Yo ’Yo ,

fff (Y
ﬂmz 72

Yo 7@
( x?— ———;—)dxdw“’d'yg“)

f f fk ‘rox'(l—'ro(l)’—;’,oﬂ)’) (k Yo)

0"~ —0
2
70(1) 70(2)

w'

(2-32)

L" ,00) =

mne

exp( = )dxd‘ya(l)dyo(”. (2-33)
N7
From the deﬁmtlons, Egs. (1-33) and (2-6), it follows

( )w. (o:Xk)

(2m)! (>+(m ' k) (2-35)
=———y, % — (o X -
(CuTs0g) Vs kT) w- (o (
k ____(.m_)*_.( W) — @)
Yo \/f(I‘lI‘zl"a)”“ Yo Yo

+ (%) 5(01—_ o) (kX mu)- (2-36)

Now since we are considering only the specxal case in
Whlch wo=0, we transform to new coordinates defined

VoW —7® - 7270 M +nity @
u——(k v)=— (2-37) gm0 TN T 3g)
(22t nma(m?+n2)?
( )* (n+n2')t
2/ (@rarve
n’u+nmav —n2U+nmey
=TT (030) o=
(m+n?)t (m*+n?)}
and the Jacobian of the transformation is
6(70(1),70(2))
——=1m. (2-41)

8 (uy0)

The integrals of Egs. (2-31) to (2-34) are then of the

form
f f f ( Ydedudy,

.The integrals over vare compxete mregrals

qu
7. (°)=7r7/277,’f f ow' exp( x2_u2)dxdu, (2-43)

f - f (= xw’

—

(2-42)

K, © :,,7/2,,v'

Xexp(—a?—u?)dxdu, (2-44)
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- +0 .w
L,, @@=zl f f G—Dxrw’

—0 Y —00

Xexp(—a?—u)dudu, (2-45)

Myv’ 0= 1I27",
(n*+n2%)?
Xw' exp( x”—u’)dxdu

2, L ,
Nrr’ 0= T’Izﬂ,’ 2 2 f f u(%_uz)x’u’
7 +7I2 — YV—oo

(2-46)

Xexp(—at~—ut)dxdu, (2-47)
Then as a final change of variables we let
“u=r sind. (2-49) x=r cos? (2-50)
The Jacobian of the transformatioﬁ is clearly
(x,u)/0(r,9)=r. - (2-51)

The limits of integration on r are from 0 to «, while ¢
goes from ¥y to ¢+ where

tando=1/7. (2-52)

We now define

o+
A= f cos™¥ sin*’'9dd. (2-53)
Jo

Then after carrying out the integration over » we find

vy
Ty @ =1772p'T (T+ 1 ) Ay (2-54)
1112—"7122
Lw' = 'I'J"' (0)__.__]",,_‘_2(0), K, O = — . 2Ln' ©
oo 73+14
(2-56) (2—55)
21712 -
M, @ =—*——‘2—2[ (B2 —3n), r'+1(°){- 2] rr43%
(n2+n2?) U
2n? 1 (2—57)
N,y = [%J" »'+1 ©® —’.—J" "+3(0)]’ (2_58)
1“2_‘_’722 ’12
2 m2 3 2 2 2
Q@ =— [1 } T Ll )]J,,.(o)'
4(n>+ns) 4(1112"‘7122 2
22 2
[ 12— 92 % (m~n2%)*—8ni*ns? ] L ®
2(ni*+ns?) 20t P

2 2 o2
_n—_————l (1“ K )],',,_H(O)_ (2_59)
nl (7) 12+.”22)2
From the definition of £, Eq. (1-14), and the defini-
tions of this section, it follows that

1 2 2’
m{n+n; )=1+"2' (2:60)

£ 2(ITaly)}

Thus .
= szt’o.

(2-61)

The evaluation of the A, may be carried out by
straightforward methods. The expressions for the J,,®
obtained by substituting the results into Eq. (2-54)

The expressions for the various sets of integrals
derived in the foregoing may be used in the expressions
for the square bracket integrals derived in the previous
section. Thus we find from Eq. (1-34) that

2,’,1112 +<w0 qu
| Lttt

and from Eq. (1- 37) that
LS (e 9)Wy; S (O Wy i H LS (e 0) Wi S () W o

mzﬂlzﬂz
(T1ely) i

and Conmuni cati on Engi neers

[Wi; Wi+ [ Wi Weln
2 kT

=3 ) f 8(5—-2S(k)dk (2-62)
from Eq. (1-35) that

[Sit(a™®); S Jut[Sia); S ;'(62“))]12

( ) [su-psmaee

=E(;;) f #(15—118)S(k)dk. (2-64)

Then from Eq. (1-42) we find that
[Sil(flw)wl: SH{a)Wilut-[Si(a)Wy; Sit CLOLA
—_ ___( ) f g(1— g)s(k)dk—l—anusymmetnc terms (- 65)

and from Eq. (1-48) that

[Si(e™)Wy; S (61('))W1]12+[S§ (a™)Wy; S (62('))W2]12

__,%(Z)* f [5*(5 2e)+#£*(1 £)?

32 (3'———3)]5 (k)dk -+-antisymmetric terms(2-66)
4 .

In the latter two expressions we have not written down
the terms which are antisymmetric with respect to an
interchange of 1 and 2 since these terms do not con-
tribute to the brace expression defined by Eq. (0-9) in
the case under consideration in which w=0.

3. THE INTEGRATION. OVER k AND THE '

ORIENTATIONS
From Eq. (0-9) and the definition of #2*, if w,=0,

(S @ wm ; St @ W)

OW, 08,0 W, s

+[S L nn’(') Wl(” Sw. — Wz"’]u] Smﬁl Smﬁzdozldom(3 -1)

" The square brackets have been reduced to an mntegra-
tion over k. Thus the problem is reduced to an eight-
fold integration over the two angles (¢,¢) of k and the
six Eulerian angles (a;, i, ) specifying the orienta-
tions of the two molecules.

To carry out the eightfold integration, we change
variables to a new set of angles. Let K;;, Ry, and
R;;® be the elements of rotation matrices associated
with thesetsof angles (ga, 4, 0) (al, [31,’)’1), and (az, Bz,’}'z),
respeétlvely We then deﬁne the angles %, @, ¥, and
@2’ by the relations

(1)' ZJ K3J um (3‘2)
(2)1 Z: KBJRU( ), (3'3)

where the K ;" and K;;®’ are elements of rotation
matrices. associated with the rotations (go, , %, 0)
and (¢, z‘}z , 0), respectively. Geometncally, the angles
t," and ¢, are the polar angles of the point of contact in
a coordinate system fixed in body 1. Similar considera-
tions apply to ¢’ and ¢,. We next define the angle ¥
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by the relations

sing=Qu"Qu®—Qu®Qu®, (3-4)
cosy =Qu®Qu®+Q0aM0n®, (3-5)
where
Q:iiV=3 KpW' RuWK y, (3-6)
k.l
Q:ii®=% Kp®' Ru®K . (3-7)
k,1

The angle  is an azimuthal angle which, along with
%), ¢, 9, and ¢y, specifies the relative orientation
of the two bodies.

We now consider a change of variables from the set

4, ¢, a1, B1, M (3-8)

to the set -
%, of, %, o, ¥. (3-9)
It is shown in Appendix B that the Jacobian of the
transformation is
8(8, 1,82, 02’ W)
a(dﬂ”alyﬁlﬁ'l)
Thus from Eq. (2-62) and Eq. (3-1), it follows that

(W; ww;é—;(%)' f £(5—26)S (&) sinsy’

X%il’ll?z' sing.dt'd1/dv,'d oo’ Ay dasdSady,, (3-11)

In all of the integrals of the type given in the last

equation the integrand is independent of the Eulerian

angles as, B2, and 2. Thus we can carry out the inte-
gration over these angles and obtain,

{W; W}=——(——) fs*(s 28)S (k)

X smzh smﬂg’dd"d §01’dl’2’d g()z/dfl. (3- 1 2)

The shape of the rigid ovaloids is conveniently
described by means of the supporting functions,
HO(8/,0,') and H® (84, ¢"). Since the two bodies are
assumed to be identical the two functions must be of
the same functional form. Furthermore, since the
center of mass is assumed to be a center of symmetry
the function must be of such a form that

 HO(r—9, o' £m)=HO (Y, o).
In terms of the supporting functions
S(k)=RO'TW’ — §W’SOY 4 @O TV — g2 g’

oY (RW' TV J- W QY — 251§ @)

+sinP (RO R - TW 7@ {250 g@)")

sind sinﬂl

sindy’ sind,’

(3-10)

(3-13)

+2 Sim[/ COSIPES“)'((R(’)'— cI‘(z)’)

s —@V=TW)SOT, (3-14)

R = F O —r (3-15)
92

‘ ] /( 1 9H®W

§O= ) (3-16)

a&;’\simh’ 690."

cosdy dH ¥ 1 H®

TG = H () ! . (3-17)
sim?;’ 3!9';' sin’d‘.-' 617,"2

The integrands in which we are interested depend on
the angle ¥ only through the element of surface, Eq.
(3-14). Thus we integrate S(k) over y to obtain

and Conmuni cati on Engi neers

RO T L ROV @)
f Sk)dp=2r | +3 (RO’ +TONRD 47|, (3-18)
—8)gy — gy g(2)

The remaining portion of the integraﬁds depend upon
the remaining angles through the 5, Eq. (2-29), both
explicitly and through £, Eq. (2-60).

: gw

a xk = ——-——Z K .(l)'R .‘.(l)
( 1 ) Y 25 J

1

1 aH(l)
. ¥ Ky O'R;®, (3-19)
sxmh’ %y i
SH® _
(o’sz)i=‘—' ; Zsz(z)'Rjg(z)
2 7
1 aH(Z)
T K1;®'R;®. (3-20)

Sinﬁzl a ¢2 )

The second expression applies only if the center of mass
is a center of symmetry so that the supporting function
satisfies the identity, Eq. (3-13). If the body fixed
system is such that the moment of inertia tensor is
diagonal (principal axes) then

05

T RaPun PRy =—. (3-21)

P T ~

From Eq. (2-29) it is seen that
nt= (T T (0, XK) ey (0, XK):.  (3-22)
Py

\ (aHm 1 9H®: 2 (Dily)

= Ko — Ku(')') -7
61.9.' sing,’ ago,’ Ty
From Eqgs. (3-12) and (3-18), it follows that (3-23)

w; ww;(f—i)* B(5—2¢)

(RO’ WY — g0)'g))
X| +(qerer_gorger)
F3(RW T (RO T
Xsindy’ sinds/dode,'dd,'doy’.

Let g1 and g, be the principal radii of curvature of
the surface of body 4. Then it may be shown that

RO TE — §O§D = g, (D gy ()

~ and

ROV T =g (D f g, D,
Furthermore,
(RO’ — (D8N sing /di3d o =dS;

is an element of surface of the ovaloid. Thus

(w; W}%C—g)' -2

L

1 1 171
) ) s
L Wg@ gx(” n® 2\gn® gzm n®  g,®
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We have computed following coefficients
1=§T/{W; W},
3T
K=
LESH(e9); 5P (etP)} = {S(et?); S ()} 1

[Q[Sl’(f“’)w; S(D)W)—15{S (D)W S ()W}
3k’T 15{Sy' ()W, S ()W +25{Sy (« )W ; S()W} )

[{S,l(e“’)W SO W) {SP () W; SP(e)W) _
—{SP ()W S (e WH{SPH)W; Spt () W) _'
7+10c a

a \}
1(___) _ sl
i+a/  a(14-2a)} 14a
S 5 a i
+ﬁ[— sinh~lat4— sin—‘( )
ot at 1+4+2a

5
+m[—— sinh?
4ot

oY

at

P ln(1+2a)]

a \t 7 a
)t
14a 8a 14a

{SiH(e®); Sg‘(t‘“)}-—ZA( )|—sm-‘ * )i— 20+o) sin-——

14a a(l+_2a)’ 1+a
. t (2+4a)
HS[—‘h—l *+—'-1( z )— In(1
, sinb~la sin 120) " amiga) (+2a)]
H
ot () o]
14a/ 4o 14all

[SHeOW; Sp (e(‘))W}——( ){ on (1+a> :((i‘jzi;-_ﬁ;

) 15a+26
142/  2a(l+a)?

a \}t 13 a
2 mx__”

+/3[ — smh"a’-f—— sin~! In(1 +2a)]

+ﬁ=[— ot

1+a 4a 1+a
SA rkT\¥[ 2 t 211
{S;‘(e(‘))w;S;‘(e"’)Wl=——(—-) {—sin—l(i) - (1+2) sin’i
: 2 \am/ lat 1+a a(142a)? 1+a
+ﬂ[ b . )‘ (2+a) 1n(1+2a)-|y
-—_S " =
o 142/ 2a(t+a
a t 1 a ]
+ﬁ"‘[—sinh—‘( ) ——sin~* ]
dat 1+a/ 4 1+all
kT 47432 1
(S (€)W, 53 (e"))W}-—-—( ) [ + a ( (12+36a+20a’)
14/ a4
@ 8a+17 '
14+a 2(1+4e)
47432 47-+16a a L]
+/3[ sinhat+ sin“( )
dat 4o 1+ 2a
484172a+794* ) 8a+17
( ) (120t ]
8a(1+a)t 2(1-i:g)*
3 a 47+16a a \! (17+42a+160%)
L ) e
2 1+a 16a 14+a/  16(1+a)(1+2a)1
n shear viscosity , x bulk viscosity , A thermal
conductivity
—- 8 —

Fig 2-a

Ita

0.64

0.63

0.62

0.61

0.60 -

0.59

Lamda

alpha

2.2 T T
0.0 0.2
3. Results.

Fig 2 shows shear viscosity 7 * (kT)/A, bulk viscosity
k*kT /A and thermal conductivity A *8/3(k2T ) as
a@ = m L? /8[") where [ is principal
moment of inertia. 3 = sqr( ['/m a* 2 ). We set
for simplicity beta=1 and m=1. 75 and A showed
definitc peak values. There was significant discrepancy
between the shear viscosity and bulk viscosity.

4. Discussion.

We introduced mathematical method for only a simple
kind particles. An extended version will provide molecular
collision for mixed kind particles.
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