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We introduced linear systems analysis for respiratory system. The bronchial systems were
described by an electrical circuit model which temporal changes of airway driving pressure and
airway flow rate were described by five simultancous linear differential equations. To elucidate the
mechanical differences between the right and left lobes, we have separated the electrical system to
two parts each of which is further consisted of the proximal and distal subdivisions. The resistance
and capacitance were set to describe the airway resistance and bronchial compliance. The linear
systems analysis disclosed that the system was stable. The singular values were changed
significantly when the proximal resistance and compliance were changed. The linear system analysis
will be available for evaluating the mechanical changes in proximal respiratory system.
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1. Introduction.

Respiratory system is the first step for gas exchange in
the biological system. We introduce linear systems
analysis for the repiratory system described by an
equivalent electrical circuit.

2. Modeling.

Fig1 is the model of right and left lungs which were
comprised of proximal and peripheral of bronchus.
The proximal one was consisted of the parallel
combination of compliance Ca with series combination
of Rr and Cr. The peripheral bronchus was expressed
by resistance Rrl. The pressure across the compliance
Cr and CL were set to be X2(t) and X3(t) respectively.
3. Results.

The linear systems analysis disclosed that the system
is stable. Fig 2 shows the sigma values
C(jwi-A)1B
where A is the eigen matrix, Cis out put matrix and B
is control matrix when the system was expresed by
X'=AX+BU, Y=CX
The standard values of system parameters are
Rrl =4, Rr=3, R=2(H20sec/L), Cr = 0.007,Ca=0.07,
C=0.5( L/H20)
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[ MATHEMATICAL EXPANSION ]
1. For the right respiratory tract.
The flow at Cr is Cr X2'(t). Thus the pressure
atRr is Rr ( Cr X2'(t) ). Since the Cr-Rr and Ca is

and Conmuni cati on Engi neers

parallel, the pressure atCa is equivalentto X2(t) + Rr
Cr X2'(t) and the airway flow at Ca is
Ca d(X2(t) + Rr Cr X2'(t) ) /dt
= Ca (X2'(t) + Rr Cr X2"(t) ).

The airway flow rate at the Rrl is the sum of
flow at Rr-Cr and Ca. Thus Cr X2'(t) + Ca X2'(t) + Ca
Rr Cr X2"(t). The pressure atRrl is thus

Rrl [ X2'(t) (Cr+ Ca) + CaRr Cr X2"(t) ].
Consequently the total pressure at the right respiratory
tract is

Rrl [ X2'(t) (Cr+Ca) + CaRrCrXZ"(t) ]

+ X2(t) + Rr Cr X2'(t).

By setting
al=Rr Cr, a2=Ca, a3=CaRrCr=a2al
ad=Cr+Ca, a5= CaRr Cr,

a6=Rrl (Cr + Ca) = Rrl a4,
a7=Rrl CaRr Cr=Rrl a5,
Then
The Pressure across Ca = X2(t) + al X2'(t)
The Flow at Ca = a2 X2'(t) + a3 X2"(t)
The Flow atRrl =a4 X2'(t) + a5 X2"(t)
The pressure at Rrl = a6 X2'9t) + a7 X2"(t)
Thus the total pressure at right lung is
X2(t) + a8 X2'(t) + a7 X2"(t)
2. The left respiratory system.
By the same consideration the airway pressure and
flow in the left bronchial system are by setting
bl=RICl, b2=Cb, b3=CbRICI
b4 =Cl+Cb, b5=CbRICI, b6 = RI1 b4
b7=RI1 bS, b8=bl+b6
The pressure across the Cb = X3(t) + bl X3'(t)
The flow at Cb = b2 X3'(t) + b3 X3"(t)
The flow atRI1 = b4 X3'(t) + b5 X3"(t)
The pressure at R11 = b6 X3'(t) + b7 X3"(t)
Then the total pressure on the left bronchus is
X3 + b8 X3'(t) + b7 X3"(t)
Since the pressure on the right and left bronchus is
equivalent
X2(t) + a8 X2'(t) + a7 X2"(t)
= X3(t) + b8 X3'(t) + b7 X3"(t)
The total flow volume is equivalent to the C X1'(t)
a4 X2'(t) + a5 X2"(t) + b4 X3'(t) + b5 X3"(t) = C X1'(t)
s ()

aB=al + ab

The total driving pressure P(t) is

P(t) = X2(t) + a8 X2'(t) + a7 X2"(t) + R (a4 X2'(t)

+ a5 X2"(t) + b4 X3'(t) + b5 X3"(t)) + X1(t) ----~3)
3. System ecquations.

Assuming that the P(t) is the unknown optimal input
pressure, from the equations (1) and (3), X2"(t) and
X3"(t) can be expressed as  functions of ( X2'(t),
X2(t), X3'(t), X3(t), X(t), P). From the equation (1),

a7 X2"(t) - b7 X3"(t) = X3(t) + b8 X3'(t) - X2(t)

- a8 X2'(1)
rearranging the equation (3),
P(t) = X2"(t) (a7 + Ra5) + X2'(t)( a8 + R a4 ) + X2(1)
+X3"(t) ( Rb5) + X3'(t) (Rb4) + X1(t)
Setting

a9=a7+RaS, al0=a8+ Ra4,

all=RbS5, al2=Rb4
P(t) = a9 X2"(t) + al0 X2'(t) + X2(t)+ all X3"(t)

+al2 X3'(t) + X1(t)
Thus
a9 X2"(t) + all X3"(t) = P(t) - a1l0 X2'(t) - X2(t)
- al2 X3'(t) - X1(t)
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From equations (4) and (5), eliminate X3"(t)
equation(4) all + equation (5) b7
(alla7+b7a9) X2"(t) = all ( X3(t) + b8 X3'(t) - X2(t)
- a8 X2'(t) ) + b7 (P(t) - al0 X2'(t) - X2(t) - a12 X3'(t)
-X1(9)
Rearranging the right side of above equation and setting
al3=alla7+b7a9, al4=(-all a8-b7al0)/ al3
al5=(allb8-b7al2)/al3, al6=(-all-b7)/ al3
al7=(all )/al3, al8=-b7/al3, al9= b7/al3
Then
X2"(t) = al4 X2'(t) + al5 X3'(t) + al6 X2(t) + al7 X3(t)
+al8 X1(t) + al9 P(t) B e ()
Substituting the equation (6) into the equation (4),
X3"(t) = ( X3(t) + b8 X3'(t) - X2(t) - a8 X2'(t)
-a7X2"(t) )/(-b7)
= [ X3(t) + b8 X3'(t) - X2(t)
-a8 X2' (t) - a7 (al4 X2'(t) + al5 X3'(t) + al6 X2(t)
+al7 X3(t) + al8 X1(t) + al9P(t) ) ] /(- b7)
=[X3'(t) (b8 -a7al5) + X2'(t)( - aB-a7ald)
+X3(t)(1-a7al7) + X2(t) (-1-a7al6)
+ X1(t) (-a7al8) + P(t) (-a7al9)]/(-b7)
By setting
a20 = (b8 - a7al5)/(-b7), a21=(-a8-a7al4)/(-b7)
a22=(1 -a7al7)/(-b7),a23=(-1-a7al6)/(-b7)
a24=( -a7al8)/(-b7), a25=( -a7al9)/(-b7)
X3"(t) = a20 X3'(t) + a21 X2'(t) + a22 X3(t) + a23 X2(t)
+ a24 X1(t) + a25 P(})

ihen the state equation for the X1'(t) is
X1'(t) = [a4 X2' + a5 X2" + b4 X3' + b5 X3" J/C
=[a4 X2'(t) + a5 ( al4 X2' +al5X3'
+al6X2 +al7X3 +al8X1 +al9P )
+b4 X3' +b5(a20X3' +a21 X2' +a22X3
+a23X2 +a24X1 +a25P )]/C
By setting
a26 = (a4 + aSal4 +b5a2l)/C
a27=(b4 + aSal5+b5a22)/C
a28 = (a5 al6+b5a23)/C, a29=(a5al7+b5a22)/C
a30 = (a5 al8 + b5 a24 ) /C, a31 = (a5 al9 +b5a25)/C
Then
X1'(t) = a26 X2'(t) + a27 X3'(t) + a28 X2(t) + a29 X3(t)
+a30 X1(t) + a31 P(t)
By putting
X2'(t) = X4(t) , X3'(t) = X5(b)
The system equations are
X1'(t) = a26 X4(t) + a27 X5(t) + a28 X2(t) + a29 X3(t)
+ a30 X1(t) + a31 P(t)
X2'(t) = X4(1), X3'(t) = X5(t)
X4'(t) = X2"(t) = al4 X4(t) + al5 X5(t) + al6 X2(t)
+al7 X3(t) + al8 X1(t) + al9 P(t)
X5'(t) = X3"(t) =a20 X5(t) + a21 X4(t) + a22 X3(t)
+ a23 X2(t) + a24 X1(t) + a25 P(t)
APPENDIX I
For the optimal control, we set the total input pressure as
the optimal control input.
1. The flow at Rr and Cr is
CrX2'=CrX4
2. The Pressurc at Rr and Cr is
X2 +al X2'=X2+al X4
3. The flow at Ca is
a2 X2'+a3X2" (=X4')
=a2X4 +a3 *(al4d X4 +215X5 +al6 X2 +al7X3
+al8 X1 +al9P)
putting
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k1 =a3al8, k2 =a3al6, k3 =a3al7,
k4 =a3 ald + a2, k5 = a3 al5, k6 = a3 al9
Thus flow is
k1X1+k2X2+k3X3+k4x4+k5x5+k6P
4. The flow at Rrl is
a4 X2' + a5 X2" (= X4')
= a4 X4 + a5*(ald X4 + al5 X5 + al6 X2 +al7 X3
+al8 X1 +al9P)
putting
k7 =aSal8, k8 =a5al6, k9=a5al7,
k10 = aSal4 + a4, k11 = a5 al5, k12 = a5 al9
Thus flow is
k7x1 +k8x2 +k9x3 +kl10x4 + k11 x5+ k12P
5. The pressure at Rrl
a6 X2' +a7X2" (=X4')
= a6 X4 + a7*(ald4 X4 + al5 X5 + al6 X2 + al7 X3
+al8X1+al9P)
putting
k13 =a7al8, k14 = a7al6, k15 =a7al7,
k16 = a7al4 + a6, k17 = a7alS5, k18 = a7 al9
Thus the pressure is
k13 x1 + k14 x2 + k15 x3 + k16 x4 + k17 x5 + k18 P
6. The pressure at right lung
X2 +a8X2' +a7X2" (=X4")
=X2 + a8 X4 + a7*( al4 X4 + al5 X5 + al6 X2
+al7X3 + al8 X1 +al9P)
putting
k19 =a7al8, k20=a7al6 + 1, k21 = a7al7,
k22 = a7al4 + a8, k23 = a7 al5, k24 = a7 al9
Thus the pressure is
k19 x1 + k20 x2 + k21 x3 + k22 x4 + k23 x5 + k24 P
7. The flow at Rl, C1 is CIX3
8. The pressure at Cb : X3 + RICIX3' = X3 + bl X3'
9. The flow at Cb is
b2 X3' + b3 X3" (= X5')
=b2 X5 + b3 (a20 X5 + a21 X4 + a22 X3 + a23 X2
+a24 X1 +a25P)
putting
k25 = b3 a24, k26 = b3 a23, k27 = b3 a22
k28 = b3 a21, k29 = b3 a20 + b2, k30 = b3 a25
Then
k25 X1 + k26 X2 + k27 X3 + k28 X4 + k29 X5 + k30 P
10. The flow at R11 is
b4 X3' + b5 X3" (=X5')
= b4 X5 + b5*(a20 X5 + a21 X4 + a22 X3 + a23 X2
+a24 X1 +a25P)
Putting
k31 = b5 a24 , k32 = b5 a23, k33 = b5 a22
k34 = b5 a21, k35 = b5 a20 + b4, k36 = b5 a25
Then
k31 x1 + k32x2 + k33 x3 + k34 x4 + k35x5 + k36 P
11. The pressure at R11 is
b6 X3'+b7X3" (=X5")
=b6 X5 + b7*( a20 X5 + a21 X4 + a22 X3 + a23 X2
+a24 X1 +a25P)
Putting
k37 = b7 a24 , k38 = b7 a23, k39 = b7 a22
k40 = b7 a21, k41 = b7 a20 + b6, k42 = b7 a25
Then
k37 x1 + k38 x2 + k39 x3 + k40 x4 + k41 x3 + k42 P
12. The pressure at left is
X3+ b8 X3' + b7 X3" (=X5')
= X3 + b8 X5 + b7*(a20 X5 + a21 X4 + a22 X3
+a23X2+2a24X1+a25P)
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Putting
k43 =b7 a24, k44 =b7a23,k45=b7a22 +1
k46 = b7 a21, k47 = b7 a20 + b8, k48 = b7 a25
Then
k43 x1 + k44 x2 + k45 x3 + k46 x4 + k47 x5 + k48 P
13. The total flow CX1'is putting
k49 = C a30, k50 = C a28, k51 = C a29
k52 = Ca26, k53 = Ca27, k5S4 = Ca3l
Thus
k49 x1 + k50 x2 +k51 x3 +k52 x4 +k53 x5 +k54 P
For the eValuation of the optimality,we set following
performance function as

J= §al(CrXd)+ q2(X2+alX4)2+ g3 (a2X4
+a3X4' )2+ g4(ad4 X4 +a5X4' Y2+ ¢5(abX4
+a7X4' )2+ q6(X2+a8 X4 +a7 X4')2
+ B1(CIX3' )2+ B2(X3+RICIX3')?

+ B3(b2X3' +b3X3")2+ B4(bd X3 +b5X3")2
+ B5(b6X3"+b7X3" )2+ 6 (X3 + b8 X3'
+b7X3")2+ ¢ (CX1')2]dt

Expanding each term as
@3[klx1+k2x2+k3x3+k4x4+kS5x5+k6P]2
= @3 [ k12 x12 + k22 x22 + k32 x32 + k42 x42

+ k52 %52 + k62 P2 + 2 (k1 k2 x1x2+kl1k3x1x3

+ k1 k4 x1 x4 + k1 kS x1 x5 + k1 k6 x1 P + k2 k3 x2 x3
+k2k4x2x4+k2k5x2x5+k2k6x2P +k3k4x3x4
+k3Kk5x3 x5 + k3k6x3 P + k4 k5 x4 X5 + k4 k6 x4 P
+k5k6x5P)]

a4[k7x1 +k8x2+k9x3 +k10x4 + k11 x5+ k12P ]2
= a4 [k72x12 + k82 x22 + k92 x32 + k102 x42

+Kk112 x52 + k122 p2 + 2 (k7 k8 x1 x2 + k7 k9 x1 x3
+k7k10x1 x4 + k7k11x1 x5+ k7k12x1 P

+ k8 k9 x2 x3 + k8 k10 x2 x4 + k8 k11 x2 x5
+k8Kk12x2 P + k9 k10 x3 x4 + k9 k11 x3 x4
+k9Kk12x3 P + k10 k11 x4 x5 + k10 k12 x4 P
+k11k12x5P)]

5[ k13 x1 + k14 x2 + k15 x3 + k16 x4 + k17 x5
+k18P ]2
= a5 [k132x12 + k142 x22 + k152 x32 + k162 x42
+ k172 x52 + k182 P2 + 2 (k13 k14 x1 x2
+ k13 k15 x1 x3 + k13 k16 x1 x4 + k13 k17 x1 x5
+k13 k18 x1 P + k14 k15 x2 x3 + k14 k16 x2 x4
+k14 k17 x2 x5 + k14 k18 x2 P + k15 k16 x3 x4
+k15k17 x3 x5 + k15 k18 x3 P + k16 k17 x4 x5
+k16k18 x4 P +k17k18x5P) ]
@6 [ k19 x1 + k20 x2 + k21 x3 + k22 x4 + k23 x5
+k24P ]2
= @6 [ k192 x12 + k202 x22 + k212 x32 k222 x42
+ k232 x52 + k242 P2 + 2 (k19 k20 x1 x2
+k19k21 x1 x3 + k19 k22 x1 x4 + k19 k23 x1 x5
+ k19 k24 x1 P + k20 k21 x2 x3 + k20 k22 x2 x4
+ k20 k23 x2 x5 + k20 k24 x2 P + k21 k22 x3 x4
+k21 k23 x3 x5 + k21 k24 x3 P + k22 k23 x4 x5
+k22k24 x4 P + k23 h24x5P) ]

B3 [ k25 x1 + k26 x2 + k27 x3 + k28 x4 + k29 x5
+k30P )2

= B3 [ k252 x12 + k262 x22 + k272 x32 + k282 x42
+ k292 x52 + k302 P2 + 2 (k25 k26 x1 x2

+ k25 k27 x1 x3 + k25 k28 x1 x4 + k25 k29 x1 x5
+ k25 k30 x1 P + k26 k27 x2 x3 + k26 k28 x2 x4

+ k26 k29 x2 x5 + k26 k30 x2 P + k27 k28 x3 x4

+k27 k29 x3 x5 + k27 k30 x3 P + k28 k29 x4 x5

+k28k30x4 P +k29k30x5P) ]

B4 [ k31 x1 +k32x2 + k33 x3 + k34 x4 + k35 x5
+k36P ]2
= B4 [k312x12 + k322 x22 + k332 x32 + k342 x42
+ k352 x52 + k362 P2 + 2 (k31 k32 x1 x2
+k31 k33 x1 x3 + k31 k34 x1 x4 + k31 k35 x1 x5
+k31 k36 x1 P + k32 k33 x2 x3 + k32 k34 x2 x4
+ k32 k35 x2 x5 + k32 k36 x2 P + k33 k34 x3 x4
+k33 k35 x3 x5 + k33 k36 x3 P + k34 k35 x4 x5
+k34k36 x4 P +k35k36x5P) ]

B85 [ k37 x1 + k38 x2 + k39 x3 + k40 x4 + k41 x3
+k42P ]2
= B5[k372x12 + k382 x22 + k392 x32 + k402 x42
+ k412 x52 + k422 P2 + 2 (k37 k38 x1 x2
+ k37 k39 x1 x3 + k37 k40 x1 x4 + k37 k41 x1 x5
+ k37 k42 x1 P + k38 k39 x2 x3 + k38 k40 x2 x4
+ k38 k41 x2 x5 + k38 k42 x2 P + k39 k40 x3 x4
+ k39 k41 x3 x5 + k39 k42 x3 P + k40 k41 x4 x5
+k40 k42 x4 P + k41 k42x5P) ]
B 6 [ k43 X1 + kd4 x2 + k45 x3 + k46 x4 + k47 x5
+k48P ]2
= (36 [ k432 x12 + k442 x22 + k452 x32 + k462 x42
+ k472 x52 + k482 P2 + 2 (k43 k44 x1 x2
+ k43 k45 x1 x3 + k43 k46 x1 x4 + k43 k47 x1 x5
+ k43 k48 X1 P + k44 k45 x2 x3 + k44 k46 x2 x4
+ k44 k47 x2 X5 + k44 k48 x2 P + k45 k46 x3 x4
+ k45 k47 x3 X5 + k45 k48 x3 P + k46 k47 x4 x5
+Kk46 k48 x4 P + k47 k48 xS P ) ]

7 [ k49 x1 + k50 x2 +k51 x3 +k52 x4 +k53 x5 +k54 P | 2
= r [ k492 x12 + k502 x22 + k512 x32 + k522 x42

+ k532 x52 + k542 P2 + 2 (k49 k50 x1 x2

+ k49 k51 x1 x3 + k49 k52 x1 x4 + k49 k53 x1 x5

+ k49 k54 x1 P + k50 k51 x2 x3 + k50 k52 x2 x4

+ k50 k53 x2 x5 + k52 k54 x2 P + k51 k52 x3 x4

+ k51 k53 x3 x5 + k51 k54 x3 P + k52 k53 x4 x5

+k52k54x4 P +k53k54x5P)]

Gathering the similar terms and rearrange
x12[ a3k12+ ¢4%k7%2 + q5k13%2+ @6k192
+ B3Kk252 + B4Kk31%2+ B 5k37%2+ B6Kk432
+ 7'492] 1 dl
x22[ @3k22+ q4k8%+ g5k142 + o 6k20?

+ @2+ 83k26% + B4Kk322+ B 5k382+ B6k442
+ 7502 :d2
x32[ @3k32+ q4k92+ a5k152+ q6k212+ 32
+ B3k27% + B4Kk332+ B 5k392 + (6k452
+ 1512] :d3

x42[ @3k42+ q4k10%2 + ¢5k162 + o6 k222
+ @lCr+g2al?2+ 33k282 + B4 k34%2+ 35k402
+ B6k462 + 1522 1 d4
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x52[ @3k52+ @4kl112+ o5k172+ a6 k232

+ B1CI2+ B2b12+ 33k292 + B4k352+ B5k412

+ B6 k472 + 1532 :ds
P2[ ¢3k6%+ qd4k122+ o5k182+ o6Kk242

+ B3k302+ B4k362+ 35Kk422 + B 6Kk482

+ 7542 + 6] :d6

2x1x2{ ¢3klk2+ a4k7k8+ o5k13k14
+ a6k19k20+ 33 k25k26 + B4 k31 k32
+ B5k37k38 + 36k43 k44 + y kd9kS50] :d7

2x1x3[ ¢3klk3+ ¢4k7k9+ o5k13k15
+ ¢6kl9k21 + 33k25k27 + 34k31Kk33
+ B5k37k39+ 36k43k45+ v k49kS1] :d8

2x1x4[ a3klk4+ a4k7k10+ oSk13k16
+ a6kl9k22+ 33k25k28 + 34k31k34
+ B5k37k40 + B6k43 k46 + v kd9k52] :d9

2x1x5[ a3k1kS + q4k7kll+ oSk13k17
+ a6k19k23 + B3k25k29 + B4k31Kk35
+ B5k37k41 + B6k43k4T + 1 k49kS3]: d10

2x1P[ ¢3klk6+ @4k7k12+ o5k13k18
+ a6kl19k24 + 33k25k30 + B4 k31k36
+ B5k37k42+ 36k43 k48 + r k49 k54 ]: d11

2x2x3[ a3k2k3 + a4k8k9+ o 5kl4 k1S
+ a6k20k21 + B3k26 k27 + B4Kk32Kk33
+ B5k38K39 + B6k44 K45+ 1 kSOkS1]: d12

2x2x4[ a3k2kd + 4 k8Kk10+ aSk14 k16
+a6k20k22 + B3k26 k28 + B4 k32 k34 + 35 k38 kd0
+ B6k44kd6+ q2al+ y kS0kS2] : d13

2x2x5[ a3k2k5 + q4k8klIl + ¢5kl4 k17
+ a6k20k23 + 33k26k29 + B4k32k35
+ BSk38k4l + B6k44 k47 + 7 KSOKS3 ] : d14

2x2P[ a3k2k6+ q4k8k12+ o5ki4 kI8
+ a6k20k24 + B3k26 k30 + B4 k32Kk36
+ B5k38k42 + B6K44 k48 + 1 kKSOKkS4 ] : d15

2x3x4[ @3k3k4+ ad4k9k10+ ¢5k15kl6
+ ¢6k21k22 + 33k27k28 + 34k33 k34
+ B5k39k40 + 36 k45k46 + r k51k52]: d16

2x3x5[ a3k3k5+ a4k9kll + gSk15k17
+ a6k21 k23 + 33k27k29 + 34 k33k35

+ B5k39k41 + B6Kk45Sk4T + S2b1 + 7 kS1k53]:d17

2x3P[ a3k3k6+ a4k9Kk12+ a5k15Kk18
+ a6k21k24 + B3Kk27 k30 + B4k33 k36
+ B5k39k42 + B6Kk45k4B + 7 kS1k54]: d18

2x4x5{ a3k4k5+ o4k10k1l + g5k16k17
+a@6k22k23 + 33 k28k29 + 34 k34k35
+ B5k40k41 + B6k46 k47 + v k52k53]: d19

2x4P[ @3k4k6+ q4k10KI2 + o Sk16k18
+ a6k22k24 + §3k28k30+ B4k34 k36
+ B5k40k42 + B6 k46 k48 + 7 k52k54] : d20
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2x5P[ ¢3k5k6+ a4kl1kl12+ o5k17k18

+ @6k23k24 + 33k29k30+ 34k35Kk36

+ 85k41k42+ B6k47Tk48 + v k53k54] :d21
Hamiltonian is
H =d1 x12 + d2 x22 + d3 x32 + d4 x42 + d5 x52 + d6 P2
+d7x1x2 +d8x1x3+d9x1x4+dl0x1x5+d11x1P
+d12x2x3 +d13x2 x4 + d14x2 x5+ d15x2 P
+d16 x3 x4 + d17x3 x5 + d18 x3 P + d19 x4 x5 + d20 x4 P
+d21x5P '
+ql (a30x1 + a28 x2+ a29x3 + a26 x4 + a27 x5+ a31P)
+q2(x4) +q3(x5)
+q4 (al8x1 +al6x2 +al7x3 +aldx4 +al5x5+al9P)
+q5 (a24x1 + a23x2 + a22x3 + a21 x4 + a20x5 + a25P)

This Hamiltonian will be added by some other similar terms
when we set P = X6, x6' = U as an optimal control input.
The mathematical procedure is given in the next.

APPENDIX II.
For the second case where we set P = x6 and putting
X6' = U as an optimal control. Then the state equations are
X1'=2a30X1 + a28 X2 + a29 X3 + a26 X4 + a27 X5
+a31 X6
X2'=X4 X3'=X5
X4'=al4X4 +al5X5+al6X2+al7X3 +al8X1
+al9 X6
X5'=a20 X5 + a21 X4 + a22 X3 + a23 X2 + a24 X1
+a25 X6
X6'=U
The terms that have to be newly involved other than the
previous expansion in APPENDIX 1 in the prformance
function relating to the second order differentiation of the
airway flow rate are
A1 (Crx4'),
A2(a2X2" (=a2X4') +a3X4")?
A3 (a4 X4' +a5X4" )2 for the left lobe and
1 1(CLX5")?
©2(b2X5' +b3 X5" )2
13 (b4 X5' + b5 X5" )2 for the right lobe
e1(CX1")2, § U2
Hence, the newly added terms in the criterion function are
X42 [ A1Cr2+x2a22+x3a42):¢1
X4"2 | A2a32+23a52):¢2
2X4'X4" (A2 a2a3+ A3 a4 a5): £3
X52 [ £1CL%Z+ 2 b22+ 43 b4 2] : 91
X5"2 [ ©u2b32+ 430652 : 92
2X5'X5" (12 b2b3+ 43 b4 b5): n3
X1"2 [ e1C2] (=Kp)+ § 6 U2
Expanding each term such as

E1(X'4)?
=£1(al8X1 +al6 X2 +al7 X3 +ald4 X4 + al5 X5
+al19X6)?2

= £1[(al182X12 + a162 X22
+al172 X32a142 X42 + a152 X52 +a192 X62
+2(al8al6 X1 X2 +alB8al7 X1 X3 +al8ald X1 X4
+al8al5 X1 X5 + al8al19 X1 X6 + al6al7 X2 X3
+al6ald X2 X4 +al6al5 X2 X5 + al6 al9 X2 X6
+al7al4 X3 X4 + al7 al5 X3 X5 + al7 al9 X3 X6
+al4 al5 X4 XS + ald al9 X4 X6 + al5a19 X5 X6)]
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n1(X'5)?2
=71(a24 X1 +a23 X2 + a22 X3 + a21 X4 + a20 X5
+ a25 X6 )2

= 1] a24? X12 + a232 X22 + a222 X32
+a242 X42 + 2202 X52 + a252 X62 + 2 (a24 a23 X1 X2
+a24 a22 X2 X3 + a24 a21 X1 X4 + a24 a20 X1 X5
+a24 a25 X1 X6 + a23 a22 X2 X3 + a23 a21 X2 X4
+a23 a20 X2 X5 + a23 a25 X2 X6 + a22 a21 X3 X4

+a22 a20 X3 X5 + a22 a25 X3 X6 + a21 a20 X4 X5
+ a2l a25 X4 X5 + a20a25X5X6) ]

X1" =a30(a30X1 +a28 X2 +a29 X3 + a26 X4
+a27X5+a31X6)+a28(X4)+a29(XS5)
+a26 (al8 X1 + al6 X2 + al7 X3 + al4 X4 + al5 X5
+2al9X6) +a27 (a24 X1 + a23 X2 + a22 X3 + a21 X4
+a20X5+a25X6)+a31(u)

By setting
L1 : X1 (a30a30 + a26 al8 + a27 a24)
L2 : X2 (a30a28 + a26 al6 + a27 a23)
L3 : X3 (a30a29 + a26 al7 + a27 a22)
L4 : X4 (a30a26 + a26 al4 + a27 a21 + a28)
L5 : X5 (a30a27 + a26 a25 + a27a20+ +a29)
L6 : X6 (a30a3l + a26 al9 + a27 a25)

L7 : u(a3l)
Then
X1" =L1X1+12X2+13X3+14X4+1L5X5
+L6X6+L7u

X4'" =al8(a30X1 + a28 X2 + a29 X3 + a26 X4
+a27X5+2a31X6) +al6(X4)+al7(Xs)
+al4 (al8 X1 + al6 X2 +al7 X3 + al4 X4 + al5 X5
+al9X6)+al5(a24 X1 + a23 X2 + a22 X3 + a21 X4
+a20X5+a25X6) +al9(u)

By setting
L8 : X1 (al8a30+al4al8 +a25a24)
L9 : X2 (al8a28 +al4al6 +al5a23)
L10 : X3 (al8a29 +al4al7 + al5a22)
L11 : X4 (al8a26 + al4 al4 + al5 a2l + al6)
L12 : X5 (al8a27 + al4 al5 + al5a20 + al7)
L13 : X6 (al8a3l + al4al9 + al5a25)
L14 : u(al9)

Then

X4" =18X1+L9X2+L10X3 +L11 X4 + L12X5

+L13X6 + L14u

XS" =a24 (a30X1 +a28 X2 + a29 X3 + a26 X4
+a27X5+a31X6)+a23(X4)+a22(X5)
+a21(al8 X1 +al6 X2 +al7 X3 +al4 X4 +al5 XS
+al9X6)+ a20(a24 X1 + a23 X2 + a22 X3
+2a21 X4 +a20X5 + a25X6 ) + a25(u)

By setting

L15 : X1 (a24a30 + a21 al8 + a20a24)

L16 : X2 (a24 a28 + a21 al6 + a20a23)

L17 : X3 (a24a29 + a21 al7 + a20a22)

L18 : X4 (a24 a26 + a2l al4 + a20 a21 + a23)
L19 : X5 (a24a27 + a21 a28 + a20 a20 + a22)
L20 : X6 (a24a31 + a2l al9 + a20 a25)

L21 : u(a25)
Then

X5" =L15X1+L15X2+L17X3 +L18 X4

+L19X5+L20X6 +L21u
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The expansion of powers are
Kp (X1")?
=Kp[L1X1+12X2+L3X3+14X4+L5X5
+L6 X6+ L7u]?
=Kp[L12X12 + L22 X22 + 132 X32 + 142 X42
+L52X52 + L62 X62 +L7%2u2 + 2 (L1 L2 X1 X2
+L1L3X1X3 + L1 L4 X1X4 + L1 L5 X1X5
+L1L6X1X6+L1L7X1u+L12L3X2X3
+L214X2 X4 + L2 L5 X2 X5 + L2 L6 X2 X6
+L2L7X2u +L3 14 X3 X4 + L3 L5 X3 X5
+ L3 L6X3 X6 + L3 L7 X3 u+L4 L5 X4 X5
+IAL6X4X6+IAL7X4u+L5L6XSu+L6L7X6u

£2(X4" )y
=£2[L8X1+L19X2+L10X3 +L11 X4 + L12 X5
+L13X6 + L14u J?

= £2[L82X12 + L92 X22 + 1102 X32 L112 X42
+ L122 X52 + L132 X62 + L142 u2
+2 (L8 L9X1 X2 + L8 L10 X1 X3 + L8 L11 X1 X4
+L8L12X1X5+L8L13X1X6+L8L14Xu
+L9L10 X2 X3 + LIL11 X2 X4 + LI L12 X2 X5
+L9L13 X2 X6+ L9 L14 X2 u + L10 L11 X3 X4
+L10 L12 X3 X5 + L10 L13 X3 X6 + L10 L14 X3 u

+L11 112 X4 X5+ L11 L13 X4 X6 + L11 L14 X4
+L12L13X5X6 +L12L14 X5u+L13 L14 X6 u

n2(Xs" )

=[L15 X1+ L16 X2 + L17 X3 + L18 X4 + L19 X5
+120 X6+ 121 u]

=[L152X12 + 1102 X22 + L172 X32
+ 1182 X42 + 1192 X52 + 1.202 X62 + 1.212 u2
+2(L15L16 X1 X2 + L15 L17 X1 X3 + L15 L18 X1 X4
+L15SL19X1 X5+ L15L20 X1 X6 + L1521 X1 u
+L16 L17 X2 X3 +L16 L18 X2 X4 + L16 L19 X2 X5
+L16 120 X2 X6 + L16 L21 X2 u + L17 L18 X3 X4
+L17L19X3 X5+ L1720 X3 X6 + L1721 X3 u
+L15L19 X4 X5 + L18 L.20 X4 X6 + L18 L21 X4 u
+L19120 X5 X6+ L19L21 X5u+ L20 L21 X6 u

£3X'4X"4
=£3(al8X1+al6X2+al7X3+ald X4 +al5 X5
+al9X6)* (L8 X1 + L9 X2 +L10 X3 + L11 X4

+ L12XS +L13 X6 + L14 u)

= £3 [ X12(al8L8) + X22 (al6 L9 )+ X32(al7L10)
+X42 (al4 L11) + XS2 (alSL12) + X62(al9L13)
+X1X2[L8al6+al819]+ X1X3[L8al7+al8L10]
+X1X4[L8al4+al8L11]
+X1X5[L8al5+al8L12] +X1 X6 [ L8 al9+al8L13]
+X1u[ al8L14)

+X2X3[L9al7 +al6L10 |+ X2 X4 [L9ald + al6 L11]
+ X2X5{L9al5+al6L12]
+X2X6[L92al9+al6L13] + X2u[al6L14 ]

+ X3 X4 [ L10 al4 +al7 L11]
+X3XS[L10al5+al7L12] +X3X6[L10L19
+al7L13] +X3u[al7L14]
+X4X5[L11al5+al4L12] +X4X6[L11al9
+al4L13] + X4u[al4Ll14]
+X5X6[L12a19+alSL13] +XSu[al5L14]
+X6u[al9L14] ]
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putting

L8al6+al8L9 =127
L8al7+al8L10 =L28
[8al4+al8L11 =129

L8al5+al8L12 =130
[8al9+al8L13 =131
+al8L14 =132

L9al7+al6 L10 =133
L9al4+al6L11 =134
L9al5+al6L12 =135
19a19+al6L13 =136

al6 L14 =137

o

L10al4+al7L11 =138
L10al5+al7L12 =L39
L10L19 +al7L13 =140

al7L14 =141
L1l al5+al4L12 =142
L11al9+al4L13 =143
al4L14 =144
L12a19+al5L13 =145
alS5L14 =146
al9L14 =147
We have
£3X'4X"4

= £3 [ X12(al81L8)+ X22(al6L19)+ X32(al7L10)

+X42 (al4 L11) + X52 (al5L12) + X62 (al9L13)
+ 127 X1X2+ 128 X1 X3 + L29 X1 X4

+ L30 X1 XS5 +L31 X1X6 + L32X1u

+ L33X2X3 + L34 X2 X4+ L35X2X5

+ L36X2X6 + L37X2u + L38X3 X4

+ L39X3 X5 +140 X3X6 + [41X3u

+142 X4X5 + 143X4 X6+ 144X4u

+ IA5X5X6 + LA6X5u + L47X6u

n3X's X"s

=13 (a24 X1 +a23 X2 +a22 X3 + a21 X4 + a20 X5
+2a25X6) (L15X1 +L16 X2 + L17 X3 + L18 X4
+ L19X5+1L20X6 + L21u)

=73 [X12(a24 L15) + X22 (a23 L16) + X32 (a22 L17)
+X42(a21 L18) + X52(a20 L19) + X62 (a251.20)
+X1X2[L15a23 +a24 L16] + X1 X3 [ L15 a22
+a24 L17] + X1 X4 [ L15 a21 + a24 L18 ]
+ X1 X5[L15a20 +a24 L19] + X1 X6 [ L15 a25
+a24120] +X1lu[ a24121]
+X2X3[L16a22 +a23L17] + X2 X4 [ L16a21
+a23 L18] + X2 X5 [ L16 220 + a23 L19 ]
+X2X6[L16a25+2a230L20] + X2u[a23121]
+X3 X4 [L17a21 +a22 L18]
+X3XS5[L17a20 +a22L19] + X3 X6 [L17 L2S
+a22120] + X3u[a22121)
+X4 X5 [L18a20 +a21 L19] + X4 X6 [L19 a25
+a21L20] + X4 u[a21L21]
+X5X6[L19a25+a20L20] +X5u[a20L21)
+ X6u[a25L21]

Setting
L15a23 +a24 L16 = L54
L15a22 +a24 L17 = LS55
L15a21 + a24 L18 = L56
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L15 a20 + a24 L19 = L57
L15a25 +a24 L20 = LS8
a24 L21 = LS9

L16 a22 + a23 L17 = L60
L16 a21 + a23 L18 = L61
L16 a20 + a23 L19 = L62
L16 a25 + a23 L.20 = L63

a23 121 = L64

L17 a21 + a22 L18 = L65
L17 a20 + a22 L19 = L66
L17 a25 + a22 L.20 = L67

a22 121 = L68

L18 a20 + a21 L19 = L69
L18 a25 + a21 L20 = L70
a2l 121=171

L19 a25 + a20 .20 = L72
a20L21 =173
a25121 =L74

T'hen,we have

=13 [X12(a24 L15) + X22(a23L16) + X32(a22 L17)
+X42 (221 L18) + X52 (220 L19) + X62 (a25120)
+ L54X1X2 + L55X1X3 + L56 X1 X4

L57 X1XS5 + L58X1X6 + L59X1u

L60 X2 X3 + L61X2X4 + L62X2X5

L63X2X6 + L64X2u + L65X3 X4

L66 X3X5 + L67X3X6 + L68 X3 u

L69 X4 X5 + L70X4X6 + L71 X4u

L72 X5X6 + L73X5u + L74X6u

+ 4+ + + + +
+ 4+ + +

Thus the additional. terms are

X12(KL12+ £218%2+ n2L152+ £3 121 + 3148
+ £1al82+ n1a242) : ddl

X22(KL22+ £219%2+ 21162+ £3122+ n3L49
+ £1lal6?+ nl1a232) : dd2

X32(KL32+ 21102+ n2L172+ £31L23+ n3L50
+ £1al72+ n1a222) : dd3

X42(K 142+ £2L112+ n2L182+ £3 124+ 3 L51
+ £lald?+ n1a212) :dd4

X52(KL52+ £2L122+ n2L192+ £3125+ n3L52

+ £1al52+ n1a20%) :dds

X62(KL62+ £21132+ 21202+ £3126+ n3L53
+ £1al9%+ n1a252):dd6

w2 (KL72+ £21L142+ 21212 ):ddU

2X1X2 (KL1L2+ £2L8L9+ n2L15L16
+£3127+ n3L54+ £1al8al6+ n1a24a23):dd7
2X1X3 (KL1L3+ £2L8L10+ n2L15L17
+£3128+ n3LS5+ £1al8al7+ 11a24a22):dd8
2X1X4 (KL1L4+ £2L8L11+ n2L15L18
+£31L29+ n3156+ £1alBald+ nla24a2l):ddo
2X1X5 (KL1L5+ £2L8L12+ n2L15L19
+£3130+ n3L57+ £1al8alS5+ n1a24a20):dd10
2X1X6 (KL1L6+ £2L8L13 + 2 L15L20
+£31L31+ 3158+ £1alBal9+ n1la24a25):ddll
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2X1lu (KL1L7+ £21L8L14+ p2L15L121
+£31L32+ n3L59):ddUx1
2X2X3 (KL2L3+ £219L10+ n2L16 L17
+£3133+ n3L60+ £1albal7+ nla23a22):dd12
2X2X4 (KL214+ £219L11+ n2L16L18
+£3134+ n3L61+ £1albald+ nla23a2l):dd13
2X2X5 (KL2L5+ £219L12+ n2L16L19
+E3L35+ n3L62+ £1lalbal5+ nla23a20):dd14

2X2X6 (KL216+ £219L13+ 12L16L20
+£3L36+ n3L63+ £1al6al9+ nla23a25):dd15

2X2u (KL2L7+ £219L14+ n2L16 121
+ £31L37+ n3L64):ddux2

2X3X4 (KL3I4+ £2L10L11 + n2L17L18
+£E31L38+ n3L65+ £1al7ald4+ nla22a2l):d4d16

2X3X5 (KL3L5+ £2L10L12+ n2L17L19
+E3L39+ n3L66+ £1al7al5+ nla22a20):dd17

2X3X6 (KL3L6+ £2L10L13+ n2L17L20
+E3140+ 3167+ £1al7al9+ nla22a25):dd18

2X3u (KL3L7+ £2L10L14+ n2L17121
+£3141 + n3L68):ddUx3

2X4X5 (KI4L5+ £2L11L12+ n2L18L19
+E3142+ 3169+ £1aldal5+ n1a2la20):dd19

2X4X6 (KI4AL6+ £2L11L13+ n2L18L20
+£3143+ n3L70+ £1al4al9+ n1a2la25):dd20

2X4u (KLAL7+ £2L11 L14+ n2L18 L21
+£3144 + n3L71):dduX4

2X5X6 (KLSL6+ £2L121L13+ n2L19L20
+E3L45+ n3L72+ £1al5al9+ n1a20a25):dd21

2X5u (KL5L7+ £2L12L14+ n2L191L21
+£3146 + 3 L73):ddux5

2X6u (KL6L7+ £2L13L14+ n2L20121
+£3147+ n3L74) :ddux6

Summing with the previous terms and setting
ml =d1 + ddl ----mn=dn+ddn--- m21 =d21 + dd21
m22 = ddu, m23 = ddux1, m24 = ddux2
m25 = ddux3, m26 = ddux4, m27 = ddux5, m28 = ddux6

The Hamiltonian function is

H = mil X12 + m2 X22 + m3 X3? + m4 X42 + m5 X52

+m6 X62 + m7 X1 X2 + m8 X1 X3 + m9 X1 X4

+ml10 X1 X5 + m11 X1 X6 + m12 X2 X3 + m13 X2 X4

+ml4 X2 X5 + m15 X2 X6 + m16 X3 X4 + m17 X3 X5

+ m18 X3 X6 + m19 X4 X5 + m20 X4 X6 + m21 X5 X6

+m22 U2+ m23 X1 U + m24 X2U + m25 X3 U

+m26 X4 U + m27 X5 U + m28 X6 U

+pl (a30 X1 + a28 X2 + a29 X3 + a26 X4 + a27 X5
+a31X6)

+p2 X4 +p3 XS5

+p4 (al8 X1 +al6 X2 +al7X3 +ald X4 +al5 X5
+al9X6)

+p5(a24 X1 +a23 X2 + a22 X3 + a21 X4 + a20 X5
+a25X6)+p6U

The optimaL controL is obtained by differentiating H
with respect to U.

2m22 U + m23 X1 + m24 X2 + m25 X3 + m26 X4
+ m27 X5 + m28 X6 + p6 =0

Thus

U=nl1X1+n2X2+1n3X3+n4X4+n5X5+n6X6
+ 17 p6

Then the optimal state equation is modified onLy for
X6'. The optimized differential. equations for the co-
state variabLes are on the other hand,

pl'=- dH/dX1 =- (2 m1 X1 + m7 X2 + m8 X3 + m9 X4
+ml10 X5 + m11 X6 + m23 U + a30 pl + al8 p4
+a24ps)

Substituting U to above equation, the optimized form is

pl'= X1(-2ml-m23nl)+ X2(-m7-m23n2)
+X3(-m8-m23n3)+X4(-m9-m23n4)
+X5(-ml0-m23n5) + X6 (-mll -m23n6)
+pl(-a30)+p4(-al8)+p5(-a24)
+p6(-m23n7)

By simiLar procedure optimized differentialL

p2'=- dH/dX2 =- (2 m2 X2 + m7 X1 + m12 X3
+ml3 X4 + m14 X5 + m15 X6 + m24 U + a28 pl
+al6 p4 +2a23pS)

=X1(-m7-m24nl)+ X2(-2m2-m24n2)
+X3(-ml2-m24n3) + X4 (-ml13 -m24 nd)

+ X5 (-ml4-m24nS) + X6 (-mlS-m24n6)
+pl (-a28) + p4 (-al6) + p5 (-a23 ) + p6(-m24 n7)

p3'=- dH/dX3 =- (2 m3 X3 + m8 X1 + m12 X2

+ml6 X4 + m17 X5 + m18 X6 + m25 U + a29 pl
+al7 p4 +a22p5)
=X1(-m8-m25nl)+X2(-ml2-m25n2)
+X3(-2m3-m25n3 )+ X4 (-ml6-m25n4)
+X5(-m17-m25n5)+ X6 (-m18 -m25n6)

+pl (-a29) + p4 (-al7)+p5(-a22) + p6( -m25n7)

p4'=- dH/dX4 =- (2 m4 X4 + m9 X1 + m13 X2
+m16 X3 + m19 X5 + m20 X6 + m26 U + a26 pl
+p2+ald p4 +a2lp5)
=X1(-m9-m26nl)+X2(-ml13-m26n2)

+ X3 (-m16 - m26 n3) + X4 (-2m4 -m26 n4 )

+ X5 (-ml19-m26 n5 ) + X6 (- m20 - m26 n6 )
+pl(-a26) + p2 (-1) + p4 (-al4)
+p5(-a21) + p6 (-m26 n7)

p5'=- dH/dXS5 =- (2 m5 X5 + m10 X1 + m14 X2
+ml17 X3 + m19 X4 + m21 X6 + m27 U + a27 pl
+p3+al5 p4 +a20p5)
=X1(-ml10-m27nl) + X2 (-ml14 -m27 n2)
+X3(-ml17-m27n3) + X4 (- m19 -m27n4)
+ X5(-2m5 -m27 n5) + X6 ( -m21 - m27 n6)
+ pl (-a27) + p3(-1) + p4 (-al5)
+ p5 (-a20) + p6 (-m27 n7)

p6'=- dH/dX6 =- (2 m6 X6 + m11 X1 + m145X2
+ml18 X3 + m20 X4 + m21 X5 + m28 U + a31 pl
+al9 p4 +a25p5)
=X1(-ml1-m28nl )+ X2(-ml5-m28n2)
+X3(-ml8-m28n3) + X4 (- m20 - m28 n4)

+ X5 (-m21 -m28n5 ) + X6 (-2 m6 -m28 n6 )
+pl(-a3l) + p4(-al9) + p5 (-a25) + p6 (-m28 n7 )
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