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Linear system analysis was applied for the coronary circulation system. The system was
expressed by an equivalent electrical circuit. It is consisted of the arterial and venous sites each of
which is separated to the epicardial and the end cardial regions. The mechanical properties of the
vessels were expressed by resistance and capacitance which values were adopted from the reported
animal experiments. The system was expressed by 4 linear differential equations. The control
inputs to drive the blood during the systolic phase were set by the active elastance of cardiac
muscles. At the physiological resistance and capacitance, the system was stable and controllable.
Expressing the coronary arterial sclerosis by reducing the capacitance and arterial stenosis by
increasing the resistance, we can evaluate the pathophysiological changes in coronary circulation.
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1. Introduction.

A lot of experimental studies have performed ( Kajiya
1990 ) to characterize coronary circulation. By associating
those findings and to understand intuitively, several
models ( Downey 1975, Spaan 1981, Krams 1989 )

Tablel. Definition of the Electrical Circuit
Pa(t) : aortic pressure driving the coronary circulation.
P1(t) : epicardial surface arterial pressure degraded by
arterial resistance R1 at the mnear to aorta.
F1: coronary arterial blood flow rate from aorta.
F2: coronary arterial flow rate at the epicardium
immediately before the artery runs into myocardium.

l%avc been proposed. N In the present WOrl?, we ap pl_y R1: fluid resistance for blood flow at the epicardium near to aorta,
linear systems analysis to evaluate an entirc systemic C1: arterial compliance at the epicardium near to aorta.
properties of the systolic coronary circulation. R2: epicardial arterial resistance at the epicardium

F3: arterial flow at near the epicardium region .
P . F5: venous flow at near the epicardium region
2- Mathematlcal methOd- R3: arterial resistance for F3(t) at near the epicardium region.
2-1. Construction of equivalent electrical model of RS : venous resistance for FS(t) at near the epicardium region.
coronary circulation. C2: arterial compliance at near the epicardium region.
Fi g 1 shows the e quivalcnt electrical circuit of the P2(t) : passive extra vascular pressure on C2(t) at the epi cardium.

irculati C - 1 ties in each Pepi(t) : active pressure generated by active contraction of cardiac muscle
coronary circulation. oronary vessel properties 1n ea at nearthe  epicardial region .

compartment are CompriSCd of blood flow resistance Rn F4 : arterial flow at near the end cardium region.
and compliance Cn. The left part describes the epicardial F6: venous flow at near the end cardium region.
surface arterial system. Exogenous input for the coronary R4 : arterial resistance for F4(t) at near the endocardium region.

R6: venous resistance for F6(t) at near the endocardium region.

C3: arterial compliance at near the endocardium region.

P3(t) : passive extra vascular pressure on C3(t) at the endocardium
Pend(t) : active pressure generated by active contraction of cardiac

circulation system is supplied by aortic pressure Pa(t). The
middle part illustrates circulation within the myocardium.
It is comprised of the region near to the epicardium (
upper portion ) and the region near to the endocardium muscle fiber at near the endocardium region .
(lower portion ). The blood flow in each region of the Pe : pressure at right atrium,
is controlled by the pressures produced by the active F8 : the extra myocardial venous flow before the venous flows
elastance of cardiac muscle ( at near the epicardium R8: resistance for venous flow F8(1).
Pepi(t) and at near the endocardium : Pend(t) ) and the C4 : compliance for the epicardial vein.

N F7: venous flow in the epicardium.
passive pressures ( P2(t), P3(t) ). The left half of the R7: resistance for FI(t).
middle part expresses the intramyocardial  arterial P4(t): pressure on vein at the epicardium.

system and right one the intramyocardial venous system. Fig 2. .ot mpzow .
The right part expresses the epicardial surface venous 8 &. a0t mpazos s mpmzou:p,u.rz
system.  Atrial  pressure Pe was set to be constant. 2 T ‘ T
Derivation of mathematical equations are shown in T~ R

L2 ] B T
ol 2 k
Appendix1. The resistance ( mmHgsec/ml ) are g° g’
R1=1; R2=1; R3=50; R4 =100; R5=25; R6=75; 2 // !
R7=0.5; R8 = 0.5 and 3 . |
. -1.5 -1 05 0 0.999 0.9995
capacitance ( ml/mmHg ) are Real Axis 4103 Real Axis
Cl1=0.1; C2=0.05; C3=0.01; C4=0.2 01 Input 2 Qutput 3 X107 Input 2 Qutput 4
Eigen values of the system were examined by the

[}

characteristic equation of the system. 2 005 /—\ : S R
The singular values of the system C (j wl- A)! B are g _ 5o T
shown in Fig 3. The left column is obtained by setting all 0081 e y |
the control inputs unity while the right column is obtained o _2 }
by setting b4, b5, b10, b1l et as exact form that were ° R T B RosAKs o 1g0
Fig 1. An equivalent electrical circuit for coronary circulation.
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Fig 3.
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given in the APPENDIX 1 for the coefficients of the
control inputs Pei ( epicardial active pressure) and Pend
(endocardial one ).

3. Results and Discussion. The system was

judged to be stable and controllable. All the real parts of
the eigen values were negative. The nyquist loops escaped
the critical point -1 + 0j. The singular values converged to
0 as the frequency ( rad/sec ) increased. As the control
inputs have realized to be physiological ones ( right
column ), all the singular values decreased. The magnitude

A . mathematical method for computing the
optimized present system characterized by
minimizing the performance function

te 4
L= { [ S anPn(t)2+ 81U+ B2 Ue(t)*
0 n=1

+B3Ui(M 2+ B4Un()? ]dt
is shown in APPENDIX 2.
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of the feed back on the control inputs influenced strongly
on the singular values. :
4. Conclusion.

The coronary circulation may be stable and controllable
but an intense comparison to experiments is necessary.
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[ APPENDIX 1 ].

The differential equations for the coronary blood flow are

fiiY)-f2()=C1 dPL(t) / dt = - '6))
R)=8¢ +f4t 0 e ¥)
f3(t) - f5() = C2 dP2(t) / &t - 3)
fa(t) -fo(t)y=C3 dP3(t) / dt =~ ----eee 4
I =5 +f6(t) 0000 emeee- ®)
£7(t) - £8(t) = C4 dP4(t) /dt - (6)

The equations for the coronary vessel pressures are

PO(t) - P1(t) = R1 f1(t) —
P1(t) - (P2(t) + Piep(t)) = R2 f2(t) + R3 £3(t) --~(8)
P1(t) - (P3(t) + Pied(t)) = R2 £2(t) + R4 f4(t) -—-(9)
(P2(t) + Piep(t)) - PA(t) = RS £5(t) + R7 £7(t) —~(10)
(P3(t) + Pied(t)) - PA(t) = R6 £6(t) + R7 £7(t) ---(11)
P4(t) - Pe(t) =R8£8() - (12)

To obtain the differential equations for the pressure, we
express fn(t) by pn(t). From equation (2),(8) and (9), we
have equations containing only f3(t) and f4(t). From (8)
and (9),

R2 f2 + R3 f3 = P1 - P2 - Piepi

R2 f2 + R4 f4 = P1 - P3 - Pied
Substitute

2 = £3+f4

and rearrange

(R2 + R3) f3 + R2 4 = P1 - P2 - Piepi
R2 f3 + (R2 + R4) 4 = P1 - P3 - Pied

Here, we set
al=R2+R3 , a2=R2
a3=R2 , a4=R2+R4
and

gl(t) = P1(t) - P2(t) - Piep(t)

g2(t) = P1(t) - P3(t) - Pied(t)
Then, we have

alf3+a2f4=gl

a3f3+a4f4=g2

Here we set
aS =al a4 -a3 a2 , ab=a4/ a5, a7=- a2/aS

" We eliminate f4(t). Then we have
f3(t) = a6 gl(t) + a7 g2(t)
= (a6+a7) P1- a6 P2 - a7 P3 - a6 Piepi - a7 Pied --(13)

f4(t) = a9 gl(t) + al0 g2(t)
= (a9 + al0) P1 - a9 P2 - al0 P3 - a9 Piepi - al0 Pied
--(14)

from equations (5), (10) and (11), we have

(RS + R7) 5 + R7 £6 = P2 + Piepi - P4
R7 £5 + (R6 + R7) f6= P3 + Pied - P4
Setting
all=RS5 + R7, al2 = R7
al3 =R7 ,al4 =R6 + R7
and
g3(t) = P2(t) + Piepi(t) - P4(t)
g4(t) = P3(t) + Pied(t) - P4(t)

We have two simultaneous equations

and Conmuni cati on Engi neers

all f5(t) + al2 f6(t) = g3(t)
al3 £5(t) + al4 f6(t) = gd(t)
Putting i
al5 =al4 all -al2 al3 , al6=al4/alS
al7=-al2/als

We obtain
5(t) = al6 g3(t) + al7 g4(t)
=al6 P2 + al7 P3 + al6 Piep + al7 Pied
+P4 (-al6 - al7)
f6(t) = al9 g3(t) + a20 g4(t)
= al9 P2 + a20 P3 + al9 Piep + a20 Pied
+ P4 (-al9 - a20) s ¢ 1)
Thus, the differential equations for P1(t) is from the
equations (1) and (2).
Cl1P'1(t)=1f1-f3-14
Substitute this by the equations (7), (13) and (14)

C1P'1=(P0-P1)/ R1
-(a6+a7) P1+a6 P2+a7 P3+a6 Piep+a7 Pied
-(a9+a10) P1+a9 P2+al0 P3+a9 Piep+al0 Pied
Putting
b0=1/(R1C1 )
bl= [-1/R1 -(a6+a7)-(a9+al0) )/C1
b2=( a6+a9)/Cl1 , b3=(a7+al0)/ C1
b4=( a6+a9)/C1  , b5=b3
Then we have

P'1(t)=b0 PO(t)+b1 P1(t) + b2 P2(t) + b3 P3(t)
+b4 Piep(t)+b5 Pied(t)

The differential equation for P2(t) is
C2 P2(t)=£3(t)-f5(t)
=( a6 + a7) P1 - a6 P2 - a7 P3 - a6 Piep - a7 Pied
-al6 P2 - al7 P3 + (al6 + al7) P4
- al6 Piep - al7 Pied
Putting
b6=( a6+a7)/C2 , b7=-( ab+al6)/C2
b8= -(a7+al7 )/C2 , b9= -(al6+al7 )/C2
b10=b7 , b11=b8
We have
P'2(t) = b6 P1(t) + b7 P2(t) + b8 P3(t) + b4 P4(t)
+ b10 Piep(t) + bl1 Pied(t)

The differential equation for P3(t) is
C3 P'3=f4(t) - fo(t)

P'3(t)=b12 P1(t) + b13 P2(t) + bl4 P3(t) + b15 P4(t)

+ bl6 Piep(t) + b17 Pied(t) = -------- (19)
The differential equation for P4(t) is
C4 P'4=15(t) + £6(t) - £8(t)
P'4(t) =b18 P2(t) + b19 P3(t) + b20 P4(t)
+ b21 Piep(t) + b22 Pied(t) + b23 Pe(t) -------- (20)

[ APPENDIX 2 ].

The terms involved in the performance function are
expanded as

al(P'1)?

=1 (b0 UO + bl P1 + b2 P2 + b3 P3 + b4 Ui + b5 Un )?
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=a1[b02 U02 + b12 P12 + b22 P22 + b32 P32 + b42 Ui2
+ b52 Un?
+2 (b0 b1 U0 P1 + b0 b2 UO P2 + b0 b3 U0 P3
+ b0 b4 U0 Ui + b0 b5 U0 Un
+b1 b2 P1 P2 + b1 b3 P1 P3 + bl b4 P1 Ui
+ bl bSP1 Un
+b2b3 P2 P3 + b2 b4 P2 Ui + b2 b5 P2 Un
+ b3 b4 P3 Ui+ b3 bS P3 Un
+b4 b5 Ui Un|

a2 (P'2)?
= a2 (b9 P4 + b6 P1 + b7 P2 + b8 P3 +b10 Ui +b11 Un )2
= @ 2 [b92 P42 + b62 P12 + b72 P22 + b82 P32 + b102 Ui
+b112 UnZ
+2 (b9 b6 P4 P1 + b9 b7 P4 P2 + b9 b8 P4 P3
+1b9b10 P4 Ui + b9 b11 P4 Un
+b6 b7 P1 P2 + b6 b8 P1 P3 + b6 b10 P1 Ui
+b6b11 P1 Un
+b7b8 P2 P3 + b7 b10 P2 Ui + b7 b11 P2 Un
+b8 b10 P3 Ui + b8 b11 P3 Un
+b10b11 Ui Un |

a3 (P'3)?
" =q3(bl5P4+b12P1 +bl3P2 +b14 P3 +b16 Ui + bl7
Un )?
=a3 [b152 P42+b122 P12+b132 P22 +b142 P32 +b162 Ui2
+b172 Un?
+2 (b15 b12 P4 P1 + b15 b13 P4 P2 + b15 b14 P4 P3
+ bl5b16 P4 Ui + bl5 bl7 P4 Un
+b12 b13 P1 P2 + b12 b14 P1 P3 + b12 b16 P1 Ui
+b12b17 P1 Un
+b13b14 P2 P3 + b13b16 P2 Ui + b13 b17 P2 Un
+b14 b16 P3 Ui + b1l4 b17 P3 Un
+b16b17 Ui Un ]

a4 (P'4)2
= 4 (b20 P4+b23 Ue+b18 P2+b19 P3+b21Ui +b22 Un )2
= 4 [b202 P424b232 Ue2+b182 P22+b192 P32 46212 Ui2
+ b222 Un?
+2 (620 b23 P4 Ue + 20 b18 P4 P2 + b20 b19 P4 P3
+b20 b21 P4 Ui + b20 b22 P4 Un
+b23 b18 Ue P2 + b23 b19 Ue P3 + b23 b21 Ue Ui
+1b23b22 Ue Un
+b18 b19 P2 P3 + b18 b21 P2 Ui + b18 b22 P2 Un
+b19b21 P3 Ui + b19 b22 P3 Un
+b21b22 Ui Un ]

By gathering the similar terms such that

U02 (@ 1 b02+ 1)

Ui2 (a1 b4%+ @2 b10%+ ¢ 3 b162+ g 4 b212+ B8 3)
Un2 (@ 1552+ a2b11%2+ @ 3 b172+ a 4 b222+ 54)
Ue? (a4 b232+ 82)

P12 (a1 b12+ g2 b6%+ ¢ 3b122)

p22 (al b22+ @2 b7+ a3b132 + g4 b182)
P32 (q1b32+ a2 b8+ a3 bl42+ a4 b192)
P42 ( a2b9%+ ¢ 3b152 + @ 4 b202)

2U0P1(alb0bl)
2U0P2(@1b0b2)+2U0P3(al1b0b3)
2U0 Ui (@1b0b4) +2 U0 Un (e 1b0b51)

and Conmuni cati on Engi neers

2P1P2( @1blb2+ @2b6b7+ @3b12bl13)
2P1P3( alblb3+ a2b6b8+ a3bl2bl4)
2P1 P4 ( a2b6b9+ ¢3b12b15)

2P2P3( a1b2b3+ a2b7b8+ a3bl3bl4

+ ¢4 b18b19)
2P2P4(a2b7b9+ @3bl3bl5+ ¢4 b18b20)
2P3P4( a2b8b9+ @3bl4bl5 + g4b19b20)

2P1Ui( a1blbd+ q2b6b10+ ¢3b12b16)
2P2Ui( @1b2bd+ @2b7b10+ a3 bl13b16
+ a4b18b21)
"2P3Ui( al1b3b4+ q2b8b10+ a3bl4bl6
+ a@4b19b21)
2P4Ui( @2b9b10+ a3bl5bl6+ ¢4b20b21 )

2P1Un( @1blb5+ a2b6bll + ¢3b12b17)
2P2Un( a1b2b5+ a2b7bll+ @3 bl3bl7

+ a4b18b22)
2P3Un( ¢1b3b5+ @2b8bll + @3bl4bl7

+ a4b19b22)
2P4Un(a2b9bll+ a3bl5bl7+ ¢4 b20b22 )

2Ue P2 (a4 b18b23) +2 Ue P3 (a4 b19b23)

2 Ue P4 (@4 b20b23)

2UnUi(a1b5b4+ ¢2bl0bll + @3 bl6bl7
+ a4 1b21b22)

2Ui Ue (@4 b21b23) +2 Un Ue (@ 4 b22 b23)

Then, the Hamiltonian function is obtained as following
by setting co-state variables as qn (n=1,2,3,4)

H=d1 U02 + d2 Ui2 + d3 Un2 + d4 Ue?
+d5 P12+ d6 P22 + d7 P32 + d8 P42
+d9 U0 P1 + d10 UO P2 + d11 U0 P3 + d12 UO Ui
+d13 U0 Un .
+d14 P1 P2 + d15 P1 P3 + d16 P1 P4 + d17 P2 P3
+d18 P2 P4 + d19 P3 P4
+d20 P1 Ui + d21 P2 Ui + d22 P3 Ui + d23 P4 Ui
+d24 P1 Un + d25 P2 Un + d26 P3 Un + d27 P4 Un
+d28 P2 Ue + d29 P3 Ue + d30 P4 Ue
+d31 Ui Un + d32 Ui Ue + d33 Un Ue
+ql (b0 UO + bl P1+ b2 P2+b3 P3 + b4 Ui + b5 Un)
+q2(b6 Pl+b7 P2+b8 P3+b9 P4+b10 Ui+bll Un)
+ g3 ( b12 P1+b13 P2+b14 P3+b15 P4+b16 Ui+bl7 Un)
+q4 ( b18 P2+b19 P3+b20 P4+b21 Ui+b22 Un+b23 Ue)

[ APPENDIX 3].

The optimal control Ui, Un, Ue and U0 can be obtained
by differentiating the Hamiltonian with respect to them.

oH
--------- =2d1 U0 +d9P1 +d10 P2 + d11 P3 +d12 Ui
800 +d13 Un + q1 b0=0
Then, we have
2 d1 U0+d12 Ui+d13 Un=G1
where
G1=-d9P1-d10P2-d11P3-b0ql
oH
------ =2 d2 Ui + d12 U0 + d20 P1+ d21 P2 + d22 P3
o Ui + d23 P4 + d31 Un + d32 Ue
+ b4 ql+ b10 g2+ b16 q3 + b21 g4=0

NI | -El ectronic Library Service



Then, we have
d12'U0 + 2 d2 Ui + d31 Un + d32 Ue=G2
where
G2 =-(d20 P1+ d21 P2 + d22 P3
+d23 P4 + b4 ql+ b10 g2+ bl6 g3 + b21 q4)

0H
e =2 d3 Un + d13 U0 + d24 P1+ d25 P2 + d26 P3
0 Un +d27 P4 +d31 Ui + d33 Ue
+ b5 ql+ bll q2 + b17 g3 + b22 q4=0

Then, we have
d13 U0+2 d3 Un+d31 Ui+d33 Ue=G3
where
G3=-(2d3Un +d24P1+d25P2 + d26 P3
+d27P4 +b5ql+bllq2+bl7qg3+b22q4

0H
-------- =2 d4 Ue + d28 P2 + d29 P3 + d30 P4 + d32 Ui
0 Ue + d33 Un+b23 q4=0

Then, we have
d32Ui+d33Un +2d4 Ue =G4
where
G4 =-( d28P2 +d29P3 +d30 P4 +b23 g4)

Therefore we have four linear simultaneous differential
equations for Un, Ui, U0 and Ue

2 d1 U0+d12 Ui+d13 Un=G1

d12 U0+2 d2 Ui+d31 Un+d32 Ue=G2
d13 U0+2 d3 Un+d31 Ui+d33 Ue=G3
d32Ui+d33Un +2d4 Ue =G4

By solving these linear algebraic equations, we have

Un=d55 G1+d56 G2+d57 G3+d58 G4
Ui=d46 G1+d47 G2+d48 G3-d45 Un

U0=( G1-d12Ui-d13Un) /(2dl)

Ue=( G2- d12 U0~ 2d2 Ui - d31 Un )/ d32

G2= - d20 P1 + d21 P2 + d22 P3 + d23 P4
+ b4 q1+ b10 g2 + b16 g3 + b21 q4)

G3= -( d24 P1 + d25 P2 + d26 P3 + d27 P4
+b5ql + b1l q2 + bl7 g3 + b22 q4)

G4= -(d28 P2+d29 P3+d30 P4+b23 q4)

Un is thus, obtained by substituting Gn(n=1,2,3,4)

Un= -d55 (d9 P1 + d10 P2 + d11 P3 + b0 q1)
-d56 (d20 P1+ d21 P2 + d22 P3 + d24 P4
+ b4 ql+ b10 g2 + b16 g3 + b21 q4)
-d57 (...+b22 q4)-d58 (d28 P2+...+b23 q4)

Rearrange ‘
Un=P1(- d55 d9 - d56 d20 - d57 d24 )
+ P2 (-d55 d10 - d56 d21 - d57 d25 - d58 d28)

+ P3 (-d55 d11- d56 d22 - d57 d26 - d58 d29)
+ P4 ( - d56 d23 - d57 d27 - d58 d30)
+ ql (-d55b0 - d56 b4 - d57 b5 )
+ q( -d56b10 - d57 b1l )

+ q3( - d56 b16 - d57 b17 )
+ q4( -d56 b21 - d57 b22 - d58 b23)

Institute of Electronics, Infornmation, and Conmunication Engi neers

Putting

hl = - d55 d9 - d56 d20 - d57 d24

h2 = -d55 d10 - d56 d21 - d57 d25 - d58 d28
h3 = -d55 d11- d56 d22 - d57 d26 - d58 d29
h4 = - d56 d23 - d57 d27 - d58 d30

hS = -d55 b0 - d56 b4 - d57 bS

h6= -d56b10-d57 b1l

h7 = -d56 bl6-d57 bl7

h8 = -d56b21 - d57 b22 - d58 b23

Then, we have
Un=h1 P1+h2 P2+h3 P3+h4 P4+h5 ql+h6 g2
+h7 q3+h8 q4

Ui= -d46 (d9 P1+d10 P2 + d11 P3 +b0 ql)
-d47 (d20 P1+ d21 P2 + d22 P3 + d23 P4 + b4 q1
+b10 g2 + bl16 g3 +b21 q4)
-d48 (d24 P1+ d25 P2 + d26 P3 + 27 P4 + b5 gl
+bl1 g2 + b17 q3 +b22 q4)
-d45 ( h1 P1+h2 P2+h3 P3+h4 P4+h5 q1+h6 g2
+h7 q3+h8 q4)

Ui=P1( - d46 d9 - d47 d20 - d48 d24 - d45 h1)
+ P2 (-d46 d10 - d47 d21 - d48 d25 - d45 h2)
+ P3( -d46 d11 - d47 d22 - d48 d26 - d45 h3)

+ P4( - d47 d23 - d48 d27 - d45 h4)

+ q(-d46 b0 - d47 b4 - d48 b5 - d45h5)

+ q2( - d47 b10 - d48 b11 - d45 h6)

+ g3( -d47b16 - d48 b17 - d45 h7)

+ q4( -d47b21 - d48 b22 - d45 h8)
Putting

h9 = -d46d9 - d47 d20 - d48 d24 - d45 hl
h10 = -d46 d10 - d47 d21 - d48 d25 - d45 h2
hil= -d46 d11 - d47 d22 - d48 d26 - d45 h3

hl2 = - d47 d23 - d48 d27 - d45 h4
h13 = -d46 b0 - d47 b4 - d48 b5 - d45 h5

hl4 = -d47b10 - d48 b1l - d45 h6
hl5 = - d47b16 - d48 b17 - d45 h7
h16 = - d47 b21 - d48 b22 - d45 h8

Thus, we have
Ui=h9 P1+ h10 P2 + h11 P3 + h12 P4 + h13ql
+h14 g2 + h15q3 + h16 g4

U0 =(G1-d12Ui-d13Un)/(2d1)
=[ -d9 P1-d10 P2-d11 P3-b0ql
-d12 (h9 P1+ h10 P2 + h11 P3 + h12 P4 + h13 ql
+h14 q2 + h15 g3 + h16 g4 ) - d13 (h1 P1+h2 P2+h3 P3
+h4 P4+hS q1+h6 q2+h7 q3+h8 g4 ) /(2 d1)
=P1(-d9 -d12h9 -d13hl)/2dl)
+P2(-d10-d12h10-d13 h2)/2d1)
+P3(-dl1-d12h11-d13 h3)/2d1)

+P4(  -d12h12-d13h4)/2d1)

+ql( b0 -d12h13 -d13h5)/2d1)
+q2(  -di2hl4 -dI13h6)/A2d1)
+q3(  -d12h15 -d13h7)A2d1)
+q4(  -d12h16 -d13h8)/2d1)

- =h17 P1+ h18 P2 + hi9 P3 + h20 P4 + h21 q1

+h22q2 + h23 g3 + h24 q4
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Ue = (G2 - d12 U0 - 2 d2 Ui - d31 Un )/d32
=[- (d20 P1 +d21 P2 + d22 P3 + d23 P4
+ b4 g1+ b10 g2 + b16 g3 + b21 g4)
-d12 (h17 P1+ h18 P2 + h19 P3 + h20 P4 + h21 q1
+h22q2+h23 q3 + h24 q4)
-2d2 (h9 P1+ h10 P2 + h11 P3 + h12 P4 + h13 ql
+h14 q2 + h15 g3 + h16 g4)
-d31 (b1 P1+h2 P2+h3 P3+hd P4+hS q1+h6 g2
+h7 q3+h8 q4 ) )/d32
=P1(-d20-d12h17 -2d2h9 -d31h1)/d32)
+P2(-d21-d12h18 -2d2h10-d31 h2)/(d32)
+P3(-d22-d12h19 -2d2 h1l-d31 h3)/d32)
+P4(-d23-d12h20 -2d2h12-d31 h4 ) /(d32)
+ql(-b4 -d12h21 -2d2h13 -d31 h5)/(d32)
+q2(-bl0 -d12h22 -2d2h14 -d31h6)/d32)
+q3(-bl6 -d12h23 -2d2h1S -d31h7)Ad32)
+q4(-b21 -d12h24 -2d2h16 -d31h8)/d32)
=h25 P1+ h26 P2 + h27 P3 + h28 P4 + h29 q1
+h30q2 + h31q3 +h32 g4

[ APPENDIX 4].

The optimized differetial equations for the pressures are

P1'= b0 UO + bl P1 + b2 P2 + b3 P3 + bd Ui + b5 Un
P'1=b0 (h17 P1+h18 P2+...+h24 qd)+bl P1+b2 P2+b3 P3
+b4 (h9 P1+h10 P2+...+h16 q4)+b5 (h1 P1+...+h8q4)

P'1=P1(b0 h17 + b4 h9 + b5 hl + bl)

+ P2( b0 h18 + b4 h10 + b5 h2 + b2)

+ P3 (b0 h19 + b4 h1l + bS5 h3 + b3)

+P4 (b0 h20 + b4 h12+b5Sh4 )

+ql (b0 h21 +b4 h13+b5h5 )
+q2(b0h22 +b4h14+bSh6 )
+q3(0h23 +b4h15+b5h7 )

+q4 (b0 h24 + b4 h16+b5h8 )
=J1P1+J2P2+J3P3+J4P4+J5ql+J6q2
+J7q3+J8q4

P'2(t) = b6 P1(t) + b7 P2(t) + b8 P3(t) + b4 P4()
+b10Ui+bll Un

P1(b10h9 + b1l hl +b6)

P2 (b10 h10 + b112 +b7)

P3 (b10hll + b1l h3 +b8)

P4 (b10 h12 + b1l h4 + b96)

ql (b10h13+b11h5 )

q2 (b10 h14 + b11 h6 )

q3(b10h15+b11h7 )

g4 (b10 h16 + b11 h8 )

=J9P1 +J10 P2+ J11 P3 + J12 P4 + J13 ql + J14 q2

+ 115 q3 + J16 g4

P'3(t)=b12 P1(t) + b13 P2(t) + bl4 P3(t) + b15 P4(t)
+bl6 Ui+ bl7 Un

=P1(bl6h9 + bl7hl +bl2)

+P2(bl6 h10 + b17h2 + b13)

+P3(b16hll + b17h3 +bl4)

+P4 (b16 h12 + b17 h4 + b15)

+ql(b16h13 + b17h5 )

+q2(bl6hl4 + bl7h6 )

+q3(bl6h15 + b17h7 )

+q4 (b16h16 + b17h8 )

=117 P1 + J18 P2 + J19 P3 + J20 P4 + J21 q1
+122q2+123 @3+ J24 ¢4

+ 4+ + + + + 40
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P'4(t) =b18 P2(t) + b19 P3(t) + b20 P4(t)
+b21 Ui + b22 Un +b23 Ue

P1(b21h9 +b22hl1 +b23h25 )

P2 (521 h10 +b22h2 + b23 h26 +b18 )

P3 (b21 h11 +b22h3 + b23 h27 + b19 )

P4 (b21 h12 + b22 h4 + b23 h28 + b20 )

ql (b21h13 +b22h5 +b23h29 )

q2 (b21 hi4 +b22h6 +b23h30 )

q3(b21 h15 +b22h7 +b23h31 )

q4{b21h16 +b22h8 +b23 h32

=J25 P1 + J26 P2 + J27 P3 + J28 P4 +J29 q1
+7130q2 +J31 q3 +J32 q4

+ 4+ + 4+ 4+ 4+l

[ APPENDIX 5].

The optimized differential cquations for ~ the co-state
variables.

oH

q'l= - ~meee = - (2dS P1+d9 UO+d14 P2+d15 P3+d16 P4
§P1

+d20 Ui+d24 Un+bl ql+b6 q2+b12 g3)

Substituting the optimized control inputs

Un=h1 P1+h2 P2+h3 P3+h4 P4+h5 q1+h6 g2
+h7 q3+h8 q4

Ui=h9 P1+ h10 P2 + h11 P3 + h12 P4 + h13 q1
+hl4 g2 + h1593 + hl6 g4

UO =h17 P1+ h18 P2 + h19 P3 + h20 P4 + h21 q1
+h22q2 +h23q3 + h24 g4

Ue =h25 P1+ h26 P2 + h27 P3 + h28 P4 + h29 q1
+h30q2 + b31 g3 + h32 g4

We have
=-d9 (h17 P1+ h18 P2 + h19 P3 + h20 P4 + h21 g1

+h22 g2 + h23 g3 + h24 q4)

-d20 (h9 P1+ h10 P2 + hll P3 +h12P4 + h13ql
+hl4 g2 + h15q3 + h16 q4)

-d24 (h1 P1+h2 P2+h3 P3+h4 P4+h5 ql+h6 g2
+h7 q3+h8 q4)

-2 d5 P1-d14 P2 - d15 P3-d16 P4

-b1ql -b6q2-bl2g3

Rearrange

q'1=P1(-d9 h17 - d20 h9 - d24 hl -2 d5)
+ P2(-d9 h18 - d20 h10 - d24 h2 - d14)
+ P3(-d9 h19 - d20 h11 - d24 h3 - d15)
+ P4(-d9 h20 - d20 h12 - d24 h4 - d16)
+ql(-d9 h21 -d20h13-d24h5-b1 )
+q2(-d9 h22 -d20 h14 - d24 h6 - b6 )
+g3(-d9 h23 - d20 h15 - d24 h7-b12)
+ q4( -d9 h24 - d20 h16 - d24 h8 )

ql' = J33 pl + J34 P2 + J35 P3 + 136 P4
+137 q1 + J38 2 + J39 q3 + J40 g4

q2' =dH/dP2

=- (2 d6 P2 +d10 U0 + d14 P1 + d17 p3 + d18 P4
+d21 Ui+ d25Un +d28 Ue + b2 ql + b7 q2
+b13g3 +b18g4)
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Substitute the optimized control inputs

=-d10 (h17 P1+ h18 P2 + h19 P3 + h20 P4 + h21 g1
+h22q2+h23q3 +h24 q4)
-d21 (h9 P1+ h10P2 + h11 P3 + h12 P4 + h13 q1
+h14q2 +hl15g3 +hl6q4)
-d25 ( h1 P1+h2 P2+h3 P3+h4 P4+h5 q1+h6 q2
+h7 q3+h8 q4)
- d28 (h25 P1+ h26 P2 + h27 P3 + h28 P4 + h29 q1
+h30q2 + h31q3 + h32g4)
-(2d6 P2 +d14P1 +d17p3 +d18P4 +b2ql
+b7q2+b13g3 +b18g4)

Rearrange

=P1(-d10h17-d21 h9 -d25hl-d28h25-d14)
+ P2 (-d10 h18 - d21 h10 - d25h2 - d28 h26-2d6)
+P3 (-d10 h19 - d21 h11 - d25 h3 - d28 h27 - d17)
+ P4 (- d10 h20 - d21 h12 - d25 h4 - d28 h28 - d18)
+ql (-d10 h21 - d21 h13 - d25 h5 - d28 h29 - b2)
+q2 (-d10 h22 - d21 h14 - d25 h6 - d28 h30 - b7 )
+q3 (-d10 h23 - d21 h15 - d25 h7 - d28 h31 - b13)
+q4 (-d10 h24 - d21 h16 - d25 h8 - d28 h32 - b18)

q2' = J41 P1 + J42 P2 + J43 P3 + J44 P4
+J45 q1 + J46 2 + J47 q3 + J48 g4

' g3'=dH/dP3
= «(2d7P3 +d11 U0 +d15 P1 + d17 P2 + d19 P4
+d22 Ui+ d26 Un + d29 Ue + b3 q1 + b8 q2
+bl4g3 +b19g4)
Substitute the optimized control inputs

=-d11(h17 P1+ h18 P2 + h19 P3 + h20 P4 + h21 q1
+h22q2 + h23q3 + h24 q4)

-d22 (h9 P1+ h10 P2 + h11 P3 + h12 P4 + h13 q1
+h14 g2 + h15q3 + h16 g4)

-d26 ( hl P1+h2 P2+h3 P3+h4 P4+hS ql+h6 q2

+h7 q3+h8 q4)

- d29 (h25 P1+ h26 P2 + h27 P3 + h28 P4 + h29 q1
+h30g2+h31q3 +h32q4)

-(2d7P3 +d15P1 +d17P2+d19P4 +b3 ql + b8 q2
+b14g3+b19g4)

Rearrange

P1(-d11h17-d22h9 -d26 hl-d29h25-d15)
P2 (- d11 h18 - d22 h10 - d26 h2 - d29 h26 - d17)
P3 (-d11h19-d22 h11 - d26 h3-d29 h27-2d7)
P4 (-d11 h20 - d22 h12 - d26 h4 - d29 h28 - d19)
ql (-d11 h21-d22h13-d26 h5-d29 h29 -b3)

q2(-d11 h22 -d22 h14 - d26 h6 - d29 h30 - b8)

g3 (-d11 h23 - d22 h15 - d26 h7 - d29 h31 - b14)
g4 (- d11 h24 - d22 h16 - d26 h8 - d29 h32-b19)

+ 4+ A+ o+

q3' = J49 P1 + J50 P2 + J51 P3 + J52 P4
+353 ql + J54 q2 + J55 q3 + 156 g4

q4'=-dH/d P4
=-(2d8 P4 +d16 P1 + d18 P2 + d19 P3
+d23 Ui + d27 Un + d30 Ue + b9 g2 + b15 g3 + b20 q4 )

Substitute the optimized control inputs
=-d23 (h9 P1+ h10 P2 + h11 P3 + h12 P4 + h13 q1
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+hl4 q2 + h15q3 + h16q4)
- d27 ( h1 P1+h2 P2+h3 P3+h4 P4+h5 q1+h6 g2
+h7 q3+h8 q4)
-d30 ( h25 P1+ h26 P2 + h27 P3 + h28 P4 + h29 q1
+h30g2 +h31q3 +h32g4)
-(2d8 P4 +d16 P1 + d18 P2 + d19 P3
+b9q2 +bl5g3 +b20q4)

Rearrange

=P1(-d23h9 -d27hl-d30h25-d16)
+P2(-d23h10 -d27h2-d30h26-d18)
+P3(-d23h1l -d27h3-d30h27-d19)
+P4(-d23h12 -d27h4-d30h28-2d8)
+ql(-d23h13 -d27hS-d30 h29 )
+q2(-d23h14 -d27 h6-d30h30-b9)
+q3(-d23h15 -d27h7-d30h31-b15)
+q4 (-d23h16 -d27 h8-d30h32-b20)

q4' = I57 P1 + J58 P2 + J59 P3 + J60 P4
+161 ql +J62 q2 + 163 q3 + J64 q4

Associatingly, we have eight linear simultaneous otimized
differential equations

P1'=J1P1+J2P2+J3P3+J4P4+15q1+J6q2
+J7q3+J8q4

P2'=J9P1 +J10P2+J11 P3 +J12P4 +J13ql +J14 q2
+J15q3 +J16 g4

P3' = J17 P1 + J18 P2 + J19 P3 + J20 P4 + J21 q1
+122q2+J23q3 +J24 g4

P4' = J25P1 +J26 P2 + J27 P3 + 128 P4 + J29 q1
+J30q2 +J31 g3 +132 q4

ql' =133 pl + I34 P2 + I35 P3 + J36 P4
+J37 q1 + J38 q2 + J39 q3 + J40 g4

q2' = J41 P1 + J42 P2 + J43 P3 + J44 P4
+145 L + J46 q2 + J47 q3 + J48 g4

q3'=J49 P1 + IS0 P2 + J51 P3 + J52 P4
+J53 ql +J54 q2 +J55 q3 + 156 q4

q4' = 157 P1 + J58 P2 + J59 P3 + J60 P4
+J61 ql +J62 q2 + 163 q3 + J64 g4

and four control inputs.
Un=h1 P1+h2 P2+h3 P3+h4 P4+hS q1+h6 q2
+h7 q3+h8 q4

Ui=h9 P1+ h10 P2 + h11 P3 + h12 P4 + h13 q1
+hl4q2 + h15q3 + h16 g4

U0 =h17 P1+ h18 P2 + h19 P3 + h20 P4 + h21 q1
+h22 q2 + h23 g3 + h24 g4

Ue =h25 P1+ h26 P2 + h27 P3 + h28 P4 + h29 q1
+h30 q2 + h31 ¢3 + h32 g4
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